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Abstract. We study the Bishop-Phelps-Bollobás property and the Bishop-Phelps-Bollobás property for numer-

ical radius. Our main aim is to extend some known results about norm or numerical radius attaining operators
to multilinear and polynomial cases. We characterize the pair (`1(X), Y ) to have the BPBp for bilinear forms

and prove that on L1(µ) the numerical radius and the norm of a multilinear mapping are the same. To do so,

we prove a result that relates the numerical radius on a direct sum to the numerical radius of its components
and that L1(µ) fails the BPBp-nu for multilinear mappings although L1(µ) satisfies it in the operator case for

every measure µ.

1. Introduction

This paper was motivated by the Bishop-Phelps-Bollobás theorem [11]. This theorem says that if X is a
Banach space and ε > 0, there exists a positive real number η > 0 which depends only on ε such that whenever
x0 ∈ SX and x∗0 ∈ SX∗ satisfy |x∗0(x0)| > 1 − η, there are x1 ∈ SX and x∗1 ∈ SX∗ such that |x∗1(x1)| = 1,
‖x1 − x0‖ < ε and ‖x∗1 − x∗0‖ < ε. In particular, this gives the Bishop-Phelps theorem which says that the
set NA(X) of all norm attaining functionals is dense in X∗ [14]. In 1963, Lindenstrauss showed that there is
no version of the Bishop-Phelps theorem (and consequently there is no version of the Bishop-Phelps-Bollobás
theorem) for bounded linear operators [30]. On the other hand, he gave positive results by putting conditions
on the domain and range spaces.

Eight years ago, Acosta, Aron, Garćıa and Maestre started a similar work with the Bishop-Phelps-Bollobás
theorem [1]. A pair (X;Y ) of Banach spaces has the Bishop-Phelps-Bollobás property (which is referred simply
as the BPBp) when given ε > 0, there is η(ε) > 0 such that whenever T ∈ L(X;Y ) with ‖T‖ = 1 and
x0 ∈ SX satisfy ‖T (x0)‖ > 1− η(ε), there are S ∈ L(X;Y ) with ‖S‖ = 1 and x1 ∈ SX such that ‖S(x1)‖ = 1,
‖x1 − x0‖ < ε and ‖S − T‖ < ε [1, Definition 1.1]. In this case, we say that the pair (X;Y ) has the BPBp
with function ε 7−→ η(ε) and when Y = K we just say that X has the BPBp (note that this is just the Bishop-
Phelps-Bollobás theorem). The authors showed, for example, that the pair (X;Y ) has this property whenever
X and Y are finite-dimensional. In case that Y has the property β of Lindenstrauss, the pair (X;Y ) also has
the BPBp for any Banach space X. They also gave a characterization for the pair (`1;Y ) via the geometry
of the Banach space Y . More precisely, the pair (`1;Y ) has the BPBp if and only if Y has the approximate
hyperplane series property (AHSP, for short). They proved that finite-dimensional Banach spaces, L1(µ)-spaces,
C(K)-spaces and uniformly convex Banach spaces satisfy this property [1, Proposition 3.5, 3.6, 3.7 and 3.8,
respectively]. Later, Kim, Lee and Mart́ın defined a stronger property [28, see Definition 4] and they called it
as the generalized AHSP. They observed that this property implies the BPBp for the pair (X;Y ) and they gave
an analogous characterization for the pair (`1(X);Y ).

Inspired by the Bishop-Phelps-Bollobás property, some authors studied the Bishop-Phelps-Bollobás property
for numerical radius (see [10, 23, 25, 27]). We recall the concept of numerical radius to give the definition. We
denote by Π(X) the set of all pairs (x, x∗) ∈ SX × SX∗ such that x∗(x) = 1. Given a bounded linear operator
T : X −→ X, we define its numerical radius by

v(T ) := sup{|x∗(T (x))| : (x, x∗) ∈ Π(X)}.
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It is not difficult to see that v is a semi-norm on the Banach space L(X) of all bounded linear operators from
X into X. The inequality v(T ) ≤ ‖T‖ always holds for all T ∈ L(X). We refer the reader to [12, 13] for
more information and background about numerical radius theory. We say that a Banach space X has the
Bishop-Phelps-Bollobás property for numerical radius (BPBp-nu, for short) if for every ε > 0, there exists some
η(ε) > 0 such that whenever T ∈ L(X;X) with v(T ) = 1 and (x, x∗) ∈ Π(X) satisfy |x∗(T (x))| > 1 − η(ε),
there are S ∈ L(X) with v(S) = 1 and (y, y∗) ∈ Π(X) such that |y∗(S(y))| = 1, ‖y∗− x∗‖ < ε, ‖y− x‖ < ε and
‖S − T‖ < ε. The Banach spaces `1 and c0 have the BPBp-nu ([25, Corollary 3.3 and Corollary 4.2] as well as
the finite dimensional Banach spaces [27, Proposition 2] and the Banach space L1(µ) for every measure µ [27,
Theorem 4.1] (see also [23]). Moreover, the Banach space C(K) has this property in some cases [10, Theorem
2.2]. It is known also that the Lp-spaces satisfy the BPBp-nu when 1 < p < ∞ in the complex case and when
1 < p <∞ with p 6= 2 in the real case [27, Examples 3.5].

In this article, we study the BPBp and the BPBp-nu in the multilinear vein. To do so, we define the objects
and tools that we need from now on. Next, we summarize our main results.

Let X1, . . . , XN and Y be Banach spaces. We denote by L(X1, . . . , XN ;Y ) the set of all bounded N -linear
mappings defined from X1 × . . . × XN into Y . We use the letters A, B, C or D to denote members of
L(X1, . . . , XN ;Y ). If A ∈ L(X1, . . . , XN ;Y ), then we define the norm of A by

‖A‖ := sup {‖A(x1, . . . , xN )‖ : (x1, . . . , xN ) ∈ SX1
× . . .× SXN } .

We say that A ∈ L(X1, . . . , XN ;Y ) attains its norm or it is norm attaining when there exists some point
(x0

1, . . . , x
0
N ) ∈ SX1

× . . . × SXN such that ‖A(x0
1, . . . , x

0
N )‖ = ‖A‖. We denote by NA(L(X1, . . . , XN ;Y )) the

set of all norm attaining multilinear mappings. When X1 = . . . = XN = X, we write L(NX;Y ). We say that
A ∈ L(NX) is symmetric whenever A(xσ(1), . . . , xσ(N)) = A(x1, . . . , xN ) for all (x1, . . . , xN ) ∈ X × . . .×X and

every permutation σ on {1, . . . , N}. We denote by Ls(NX;Y ) the set of all symmetric multilinear mappings
from X × . . . ×X into Y . A mapping P : X −→ Y is said to be an N -homogeneous polynomial if there exists
some symmetric N -linear mapping Â ∈ Ls(NX;Y ) such that P (x) = Â(x, . . . , x) for all x ∈ X. We denote
by P(NX;Y ) the set of all continuous N -homogeneous polynomials from X into Y . This space is a Banach
space equipped with the usual norm given by ‖P‖ := supx∈SX ‖P (x)‖ for P ∈ P(NX;Y ). We say that an
N -homogeneous polynomial P attains its norm or it is norm attaining if there exists some x0 ∈ SX such that
‖P (x0)‖ = ‖P‖. We denote by NA(P(NX;Y )) the set of all norm attaining N -homogeneous polynomials.

In the next section, we study the Bishop-Phelps-Bollobás property for multilinear mappings and homogeneous
polynomials (go to this section to see the proper definitions). We extend some known results about norm
attaining multilinear mappings to the BPBp as a stability result which says that we can pass from (N + 1)-
degree to a N -degree in the BPBp. We prove that if Y has property β (see the definition below), then the
N -tuple (X1, . . . , XN ) has the BPBp if and only if (X1, . . . , XN ;Y ) has the BPBp. We also study the BPBp
for compact multilinear mappings and and provide examples satisfying such property.

The main goal of Section 3 is to characterize the pair (`1(X), Y ) to have BPBp for bilinear forms. In order
to do this, we study the generalized approximate hyperplane series property (generalized AHSP) for bilinear
forms.

Section 4 is dedicated to the study of the numerical radius on the set of all multilinear mappings defined in
L1(µ), where µ is an arbitrary measure. We prove that for every A ∈ L(NL1(µ);L1(µ)), its numerical radius
and its norm coincide. To do this, we prove a result that relates the numerical radius on a direct sums with the
numerical radius of each one of its components.

We study the Bishop-Phelps-Bollobás property for numerical radius for multilinear mappings in Section 5.
It is shown that if X is a finite-dimensional Banach space, then X satisfies this property. On the other hand,
L1(µ) fails it although L1(µ) has it in the operator case for every measure µ. We also prove that if a c0 or a
`1-sum satisfies it, then each component of the direct sum also satisfies it.

The results of this paper are valid for real or complex Banach spaces, unless stated otherwise.

2. The BPBp for multilinear mappings

In this section we extend some known results about norm attaining operators and the Bishop-Phelps-Bollobás
property to the multilinear and polynomial cases. We start by defining the BPBp for this type of functions.
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Definition 2.1. Let X1, . . . , XN and Y be Banach spaces. We say that (X1, . . . , XN ;Y ) has the Bishop-Phelps-
Bollobás property for multilinear mappings (BPBp for multilinear mappings, for short) if given ε > 0, there
exists η(ε) > 0 such that whenever A ∈ L(X1, . . . , XN ;Y ) with ‖A‖ = 1 and

(
x0

1, . . . , x
0
N

)
∈ SX1

× . . . × SXN
satisfy ∥∥A (x0

1, . . . , x
0
N

)∥∥ > 1− η(ε),

there are B ∈ L(X1, . . . , XN ;Y ) with ‖B‖ = 1 and
(
z0

1 , . . . , z
0
N

)
∈ SX1 × . . .× SXN such that

(2.1)
∥∥B (z0

1 , . . . , z
0
N

)∥∥ = 1, max
1≤j≤N

‖z0
j − x0

j‖ < ε and ‖B −A‖ < ε.

In this case, we say that (X1, . . . , XN ;Y ) has the BPBp for multilinear mappings with function ε 7−→ η(ε).

When it is of interest we can emphasize the degree of the multilinear mapping by saying that (X1, . . . , XN ;Y )
has the BPBp for N -linear mappings instead of the BPBp for multilinear mappings. We may also define the
BPBp for symmetric multilinear mappings when in the Definition 2.1 we consider A and B both elements in
Ls(NX;Y ). In this case, we say that (NX;Y ) has the BPBp for symmetric multilinear mappings. When
Y = K (R or C), we denote the BPBp for (X1, . . . , XN ;K) just by (X1, . . . , XN ). Analogously, we define the
BPBp for homogeneous polynomials as follows.

Definition 2.2. Let X and Y be Banach spaces. We say that the pair (X;Y ) has the Bishop-Phelps-Bollobás
property for N -homogeneous polynomials if given ε > 0, there exists η(ε) > 0 such that whenever P ∈ P(NX;Y )
with ‖P‖ = 1 and x0 ∈ SX satisfy

‖P (x0)‖ > 1− η(ε),

there are Q ∈ P(NX;Y ) with ‖Q‖ = 1 and x1 ∈ SX such that

‖Q(x1)‖ = 1, ‖x1 − x0‖ < ε and ‖Q− P‖ < ε.

It is worth to mention (and we will use this fact without any explicit reference) that by using a routinely
change of parameters in Definitions 2.1 and 2.2 we may consider the given elements in the unit ball of their
respectively spaces instead of norm-one elements. For example, in the multilinear mapping case, we can say that
(X1, . . . , XN ;Y ) has the BPBp for multilinear mappings if given ε > 0, there exists η(ε) > 0 such that whenever
A ∈ L(X1, . . . , XN ;Y ) with ‖A‖ ≤ 1 and

(
x0

1, . . . , x
0
N

)
∈ BX1 × . . .×BXN satisfy

∥∥A (x0
1, . . . , x

0
N

)∥∥ > 1− η(ε),

there are B ∈ L(X1, . . . , XN ;Y ) with ‖B‖ = 1 and (z0
1 , . . . , z

0
N ) ∈ SX1 × . . . × SXN satisfying the conditions

(2.1).

It was shown in [26, Theorem 2 and Corollary 3] that (C0(K), C0(L)) and (c0, c0) have the BPBp for bilinear
forms in the complex case for every locally compact Hausdorff topological spaces K and L. On the other
hand, (L1[0, 1], L1[0, 1]) fails the BPBp for bilinear forms [15, Theorem 3]. The pair (H,H) has the BPBp
for symmetric bilinear forms on a Hilbert space H [24, Theorem 3.2 and Theorem 3.4]. In [5, Theorem 2.2]
it was shown that if X1, . . . , XN are uniformly convex Banach spaces, then (X1, . . . XN ;Y ) has the BPBp for
multilinear mappings for any Banach space Y . Also, if X is a uniformly convex Banach space then (X;Y ) has
the BPBp for N -homogeneous polynomials for every Banach space Y [3, Theorem 3.1].

We can not expect a BPBp version for multilinear mappings of [9, Theorem 3] which says that if X satisfies
property α, then the set NALN (X) is dense in LN (X), since a typical example of a Banach space with this
property is `1 and (`1, `1) fails the BPBp for bilinear forms [18, Theorem 2]. The same counterexample shows
that there is no BPBp version for multilinear mappings of [1, Theorem 2.2], when we are assuming that the
range space Y has property β, since K satisfies it. Although (`1, `1) fails the BPBp for bilinear forms, the set
NAL(N`1;Y ) is dense in L(N`1;Y ) for every N ∈ N and Banach space Y [17, Theorem 2.4(a)]. The same
arguments of [18, Theorem 2] prove that (`1, `1) does not have the BPBp for symmetric bilinear forms although
it is known that the set NALs(N`1;Y ) is dense in Ls(N`1;Y ) for every N ∈ N and every Banach space Y [17,
Theorem 2.4(b)].

It is known that for every finite-dimensional Banach spaces X and Y , the pair (X;Y ) has the BPBp. Our
first result concerns the analogous version for the multilinear mappings and homogeneous polynomials, and its
proof is just an easy modification of [1, Proposition 2.4] to these cases.

Proposition 2.3. Let X,X1, . . . , XN and Y be finite dimensional Banach spaces. Then

(i) (X1, . . . , XN ;Y ) has the BPBp for multilinear mappings,
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(ii) (NX;Y ) has the BPBp for symmetric multilinear mappings and
(iii) (X;Y ) has the BPBp for N -homogeneous polynomials.

Our next result deals with stability of the BPBp for multilinear mappings. In [32, Proposition 2.1] (see also
[6, Proposition 3.1]) it was proved that if X is a Banach space and N ∈ N is a natural number, then the set
NAL(NX;Y ) is dense in L(NX;Y ) whenever the set NAL(N+1X;Y ) is dense in L(N+1X;Y ). By using the
same argument we show that this result holds for the Bishop-Phelps-Bollobás property.

Proposition 2.4. Let X1, . . . XN , XN+1 and Y be Banach spaces. If (X1, . . . , XN , XN+1;Y ) has the BPBp for
(N + 1)-linear mappings, then (X1, . . . , XN ;Y ) has the BPBp for N -linear mappings.

Proof. For ε ∈ (0, 1), let η(ε) > 0 be the BPBp constant for the pair (X1, . . . , XN , XN+1;Y ). Let A : X1 ×
. . . × XN −→ Y be an N -linear mapping with ‖A‖ = 1 and

(
x0

1, . . . , x
0
N

)
∈ SX1

× . . . × SXN satisfying

‖A
(
x0

1, . . . , x
0
N

)
‖ > 1 − η

(
ε
2

)
. Choose x0

N+1 ∈ SXN+1
and x∗N+1 ∈ SX∗N+1

such that x∗N+1

(
x0
N+1

)
= 1

and define Ã : X1 × . . . ×XN ×XN+1 −→ Y by Ã(x1, . . . , xN , xN+1) := x∗N+1(xN+1)A(x1, . . . , xN ) for every

(x1, . . . , xN , xN+1) ∈ X1×. . .×XN×XN+1. Then we see that ‖Ã‖ ≤ 1 and ‖Ã
(
x0

1, . . . , x
0
N , x

0
N+1

)
‖ > 1−η

(
ε
2

)
.

Hence, there are B̃ ∈ L(N+1X1, . . . , XN , XN+1;Y ) with ‖B̃‖ = 1 and
(
z0

1 , . . . , z
0
N , z

0
N+1

)
∈ SX1

× . . .× SXN ×
SXN+1

such that ∥∥∥B̃ (z0
1 , . . . , z

0
N , z

0
N+1

)∥∥∥ = 1, max
1≤j≤N+1

∥∥z0
j − x0

j

∥∥ < ε

2
and ‖Ã− B̃‖ < ε

2
.

It follows that |x∗N+1

(
z0
N+1

)
| > 1− ε > 0 and we can define C : X1 × . . .×XN −→ Y by

C(x1, . . . , xN ) :=
1

x∗N+1

(
z0
N+1

) B̃ (x1, . . . , xN , z
0
N+1

)
for all (x1, . . . , xN ) ∈ X1 × . . . × XN . Is is not difficult to prove that ‖C‖ = ‖C(z0

1 , . . . , z
0
N )‖ and that

‖C − A‖ < ε. To finish the proof, we put B := C
‖C‖ . Therefore, ‖B‖ =

∥∥B (z0
1 , . . . , z

0
N

)∥∥ = 1, ‖B − A‖ < 2ε

and max1≤j≤N
∥∥z0
j − x0

j

∥∥ < ε.

Note that the converse of Proposition 2.4 is no longer true. Indeed, `1 has the BPBp by the Bishop-Phelps-
Bollobás theorem but the pair (`1, `1) fails the BPBp for bilinear forms [18, Theorem 1]. The next result is
about stability as well and its proof is just an easy consequence of the natural (isometric) identification between
the Banach spaces L(NX1, . . . , XN ;Y ) and L(kX1, . . . , Xk; L(N−kXk+1, . . . , XN ;Y )).

Proposition 2.5. Assume that N ≥ 2 and X1, . . . , XN and Y are Banach spaces. If the pair (X1, . . . , XN ; Y )
has the BPBp for N -linear mappings, then the pair (X1, . . . , Xk;L(N−kXk+1, . . . , XN ;Y )) has the BPBp for
k-linear mappings.

We observe that the converse of Proposition 2.5 is not true in general. If it were true, it were true also for
N = 2, k = 1 and Y = K. But this would imply that if the pair (X;Y ∗) has the BPBp for operators then
(X,Y ) has the BPBp for bilinear forms which is false in general. For this, we take again X = Y = `1 and use
[1, Theorem 4.1], which gives that the pair (`1; `∞) has the BPBp for operators, and [18, Theorem 1], which
shows that (`1, `1) fails the BPBp for bilinear forms.

In [5, Proposition 2.4] or [19, Theorem 1.1], the authors proved that if X is any Banach space and Y is a
uniformly convex Banach space, then (X;Y ∗) has the BPBp for operators if and only if (X,Y ) has the BPBp
for bilinear forms. The analogous for multilinear mappings is the following result.

Proposition 2.6. Assume that N ≥ 2 and X1, . . . , XN are Banach spaces. If XN is uniformly convex, then
(X1, . . . , XN ) has the BPBp for N -linear mappings if and only if (X1, . . . , XN−1; X∗N ) has the BPBp for (N−1)-
linear mappings.

Proof. If (X1, . . . , XN ) has the BPBp for N -linear mappings, then (X1, . . . , XN−1;X∗N ) has the BPBp for
(N − 1)-linear mappings by using Proposition 2.5 with k = N − 1 and Y = K. Now let ε ∈ (0, 1) and N ∈ N
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be given. Assume that (X1, . . . , XN−1;X∗N ) has the BPBp for (N − 1)-linear mappings with function η(ε) > 0
and consider δXN (ε) > 0 the modulus of convexity of the space XN . We take ξ > 0 satisfying that

ξ < Nξ < min

{
δXN (ε)

2
, ε

}
and define

η′(ξ) := min

{
δXN (ξ)

2
, η(ξ)

}
.

Let A ∈ L(X1, . . . , XN ) and
(
x0

1, . . . , x
0
N

)
∈ SX1

× . . .× SXN satisfy ‖A‖ = 1 and
∣∣A (x0

1, . . . , x
0
N

)∣∣ > 1− η′(ξ).
By multiplying A by an appropriate scalar with modulus one, we can assume that Re A

(
x0

1, . . . , x
0
N

)
> 1−η′(ξ).

Define Ã : X1 × . . . ×XN−1 −→ X∗N by Ã(x1, . . . , xN−1)(xN ) := A(x1, . . . , xN−1, xN ) for all (x1, . . . , xN−1) ∈
X1 × . . . ×XN−1 and xN ∈ XN . Then ‖Ã‖ = ‖A‖ = 1 and ‖Ã

(
x0

1, . . . , x
0
N−1

)
‖ ≥ Re A

(
x0

1, . . . , x
0
N−1, x

0
N

)
>

1 − η′(ξ). Hence, there are B̃ ∈ L(X1, . . . , XN−1;X∗N ) with ‖B̃‖ = 1 and (z0
1 , . . . , z

0
N−1) ∈ SX1

× . . . × SXN−1

such that ‖B̃
(
z0

1 , . . . , z
0
N−1

)
‖ = 1, max1≤j≤N−1 ‖z0

j − x0
j‖ < ξ < ε and ‖B̃ − Ã‖ < ξ. Since XN is reflexive,

there is z0
N ∈ SXN such that Re B̃(z0

1 , . . . , z
0
N−1)(z0

N ) = ‖B̃
(
z0

1 , . . . , z
0
N−1

)
‖ = 1. We see that ‖z0

N − x0
N‖ < ε.

Indeed,

Re B̃
(
z0

1 , . . . , z
0
N−1

)
(x0
N ) > Re Ã

(
z0

1 , . . . , z
0
N1−1

)
(x0
N )− ξ

≥ Re A
(
x0

1, x
0
2, . . . , x

0
N−1, x

0
N

)
−
N−1∑
j=1

‖x0
j − z0

j ‖ − ξ

> 1− δXN (ε).

This implies that
∥∥∥x0

N+z0N
2

∥∥∥ > 1 − δXN (ε)

2 and so ‖z0
N − x0

N‖ < ε. An N -linear map B : X1 × . . . ×XN −→ K

defined by B(x1, . . . , xN ) := B̃(x1, . . . , xN−1)(xN ) for all (x1, . . . , xN−1, xN ) ∈ X1 × . . . ×XN−1 ×XN satisfy

that
∥∥B (z0

1 , . . . , z
0
N

)∥∥ = Re B̃
(
z0

1 , . . . , z
0
N−1

)
(z0
N ) = 1 as well as max1≤j≤N ‖z0

j − x0
j‖ < ε and ‖B − A‖ ≤

‖B̃ − Ã‖ < ξ < ε. This shows that (X1, . . . , XN ) has the BPBp for N -linear mappings.

In the next result we prove that we may pass from the vector-valued case to the scalar-valued case in the
Bishop-Phelps-Bollobás property for multilinear mappings.

Proposition 2.7. Suppose that X1, . . . , XN and Y are Banach spaces and Y 6= {0}. If (X1, . . . , XN ;Y ) has
the BPBp for N -linear mappings, then (X1, . . . , XN ) has the BPBp for N -linear forms.

Proof. Let ε ∈ (0, 1) be given and consider the BPBp constant η(ε) > 0 for (X1, . . . , XN ;Y ). Assume that
A ∈ L(X1, . . . , XN ) with ‖A‖ = 1 and

(
x0

1, . . . , x
0
N

)
∈ SX1

× . . . × SXN satisfy Re A
(
x0

1, . . . , x
0
N

)
> 1 − η

(
ε
2

)
.

Define Ã : X1×. . .×XN −→ Y by Ã(x1, . . . , xN ) := A(x1, . . . , xN )y0 for some y0 ∈ SY and for all (x1, . . . , xN ) ∈
X1×. . .×XN . Then ‖Ã‖ = ‖A‖ = 1 and ‖Ã

(
x0

1, . . . , x
0
N

)
‖ > 1−η

(
ε
2

)
. Hence, there are B̃ ∈ L(X1, . . . , XN ;Y )

with ‖B‖ = 1 and
(
z0

1 , . . . , z
0
N

)
∈ SX1

×. . .×SXN such that ‖B̃
(
z0

1 , . . . , z
0
N

)
‖ = 1,max1≤j≤N

∥∥z0
j − x0

j

∥∥ < ε
2 < ε

and ‖B̃− Ã‖ < ε
2 . Choose y∗0 ∈ SY ∗ such that |y∗0(B̃(z0

1 , . . . , z
0
N ))| = 1 and |y∗0(y0)| = y∗0(y0). Then the N -linear

form B : X1 × . . .×XN −→ K defined by B := y∗0 ◦ B̃ satisfies that

‖A−B‖ ≤ ‖y∗0 ◦ B̃ − y∗0 ◦ Ã‖+ ‖y∗0 ◦ Ã−A‖

≤ ε

2
+ |1− y∗0(y0)| < ε

since

|y∗0(y0)| ≥ |A(z0
1 , . . . , z

0
N )y∗0(y0)| = |y∗0 ◦ Ã(z0

1 , . . . , z
0
N )|

≥ |y∗0 ◦ B̃(z0
1 , . . . , z

0
N )| − |y∗0 ◦ (B̃ − Ã)(z0

1 , . . . , z
0
N ))| > 1− ε

2
.
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It is clear that the converse of the previous proposition is false because of the Lindenstrauss counterexample for
the Bishop-Phelps theorem for operators. Nevertheless, we have the following consequence from [3, Proposition
3.3] when the range space has property β of Lindenstrauss [30].

Corollary 2.8. Let X1, . . . , XN and Y be Banach spaces and Y 6= {0}. Assume that Y has property β. The N -
tuple (X1, . . . , XN ) has the BPBp for N-linear forms if and only if (X1, . . . , XN ;Y ) has the BPBp for N-linear
mappings.

In [4], the BPBp for certain subspaces of L(X;Y ) were studied. One of the subspace which the authors
considered is the set of compact operators. According to their definition, we say that the pair (X;Y ) has the
BPBp for compact operators when in the definition of the BPBp we consider compact operators T and S. They
showed that (`1;Y ) has BPBp if and only if (L1(µ);Y ) has BPBp for compact operator when L1(µ) is infinite
dimensional. In [20], it was proved, among other results, that if the pair (X;Y ) has the BPBp for compact
operators, then so does the pair (X;C(K,Y )) for every compact Hausdorff topological space K [20, Theorem
3.5(c)]. In particular, (X;C(K)) has the BPBp for compact operators, a result already proved in [2][Theorem
4.2]. Analogously to the operator case, we say that (X1, . . . , XN ;Y ) has the BPBp for compact multilinear
mappings when in the Definition 2.1 we consider A and B as compact multilinear mappings. We say that the
N -linear mapping A : X1 × . . . ×XN −→ Y is compact if A(BX1 × . . . × BXN ) is a precompact set in Y . We
denote by K(X1, . . . , XN ;Y ) the set of all compact N -linear mappings from X1× . . .×XN into Y . For example,
by adapting [3, Proposition 3.3], we may show that if (X1, . . . , XN ) has the BPBp for multilinear forms, then
(X1, . . . , XN ;Y ) has the BPBp for compact multilinear mappings whenever Y has property β. Another example
is when we assume that X1, . . . , XN are uniformly convex Banach spaces: indeed, we can adapt [5, Theorem
2.2] to get that (X1, . . . , XN ;Y ) has the BPBp for compact multilinear mappings for all Banach space Y . In
[2, Theorem 4.2] it was proved that the pair (X;Y ) has the BPBp for compact operators for any Banach space
X and for a predual of an L1-space Y . We will prove the analogous result for multilinear mappings. To do so,
we use the fact that a predual of an L1-space has the metric approximation property [31, Theorem 1]. We say
that a Banach space Y has the metric approximation property if for every compact set K ⊂ Y and every ε > 0,
there exists a finite rank linear operator F ∈ F(Y ;Y ) with ‖F‖ ≤ 1 and ‖F (y)− y‖ < ε for all y ∈ K.

Theorem 2.9. Let X1, . . . , XN be Banach spaces and let Y be a predual of an L1-space. Suppose that the
N -tuple (X1, . . . , XN ) has the BPBp for multilinear forms. Then (X1, . . . , XN ;Y ) has the BPBp for compact
multilinear mappings.

Proof. Suppose that (X1, . . . , XN ) has the BPBp for multilinear forms. Let ε ∈ (0, 1) and m ∈ N. As a
consequence of [3, Proposition 3.3], we have that (X1, . . . , XN ; `m∞) has the BPBp for multilinear mappings with
some η(ε) > 0. Let A ∈ K(X1, . . . , XN ;Y ) with ‖A‖ = 1 and

(
x0

1, . . . , x
0
N

)
∈ SX1

× . . .× SXN be such that∥∥A (x0
1, . . . , x

0
N

)∥∥ > 1− 1

4
η
(ε

2

)
.

Since Y has the metric approximation property, there exists a finite rank operator F : Y −→ Y with ‖F‖ ≤ 1

and ‖F (y)− y‖ < min
{
ε
8 ,

1
4η
(
ε
2

)}
for every y ∈ A(BX1

× . . .×BXN ) . It follows that ‖FA‖ 6= 0 and then we

define A′ := 1
‖FA‖FA. It is clear that A′ ∈ K(X1, . . . , XN ;Y ) with ‖A′‖ = 1. Moreover,

‖A′ −A‖ =

∥∥∥∥ FA

‖FA‖
−A

∥∥∥∥ ≤ |1− ‖FA‖|+ ‖FA−A‖ ≤ 2‖FA−A‖ < ε

4

and ∥∥A′ (x0
1, . . . , x

0
N

)∥∥ ≥ ∥∥FA (x0
1, . . . , x

0
N

)∥∥ ≥ ∥∥A (x0
1, . . . , x

0
N

)∥∥− ‖FA−A‖ > 1− 1

2
η
(ε

2

)
.

Since dim(A′(X1 × . . .×XN )) <∞, there is k ∈ N such that for every (x1, . . . , xN ) ∈ X1 × . . .×XN ,

A′(x1, . . . , xN ) =

k∑
i=1

Ai(x1, . . . , xN )yi

for some Ai ∈ K(X1, . . . , XN ) \ {0} and yi ∈ BY for i = 1, . . . , k. We set M := max
{∥∥x0

i

∥∥ : j = 1, . . . , N
}

and
we choose α such that

0 < α < min

{
1

4kM
η
(ε

2

)
,

1

8kM
ε

}
.
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By [29, Theorem 3.1], there are a natural number m ∈ N and a subspace E of Y which is linearly isometric to
`m∞ such that d(y,E) < α for every y ∈ BY ∩A′(X1 × . . .×XN ). In particular, for i = 1, . . . , k, there is ei ∈ E
such that ‖ei − yi‖ < α. Define C ∈ K(X1, . . . , XN ;E) by

C(x1, . . . , xN ) :=

k∑
i=1

Ai(x1, . . . , xN )ei ((x1, . . . , xN ) ∈ X1 × . . .×XN ).

Then ‖C −A′‖ < kMα. This implies that 0 < 1− kMα < ‖C‖ < 1 + kMα. Moreover,∥∥C (x0
1, . . . , x

0
N

)∥∥ > ∥∥A′ (x0
1, . . . , x

0
N

)∥∥− ‖C −A′‖ > 1− 1

4
η
(ε

2

)
− kMα.

and then ∥∥∥∥( C

‖C‖

)(
x0

1, . . . , x
0
N

)∥∥∥∥ > 1− 1
4η
(
ε
2

)
− kMα

1 + kMα
> 1− η

(ε
2

)
.

Since E is isometric to `m∞, (X1, . . . , XN ;E) has the BPBp for compact multilinear mappings with the function η
and so there are B ∈ L(X1, . . . , XN ;E) ⊂ K(X1, . . . , XN ;Y ) with ‖B‖ = 1 and

(
z0

1 , . . . , z
0
N

)
∈ SX1

× . . .×SXN
such that ∥∥B (z0

1 , . . . , z
0
N

)∥∥ = 1, max
1≤j≤N

‖z0
j − x0

j‖ <
ε

2
< ε and

∥∥∥∥B − C

‖C‖

∥∥∥∥ < ε

2
.

It remains to prove that ‖B −A‖ < ε. This is true since

‖B −A‖ ≤
∥∥∥∥B − C

‖C‖

∥∥∥∥+

∥∥∥∥ C

‖C‖
− C

∥∥∥∥+ ‖C −A′‖+ ‖A′ −A‖ < ε

2
+ 2kMα+

ε

4
< ε.

This shows that (X1, . . . , XN ;Y ) has the BPBp for compact multilinear mappings.

From Proposition 2.3 and Theorem 2.9, for a predual Y of an L1-space we see that (X1, . . . , XN ;Y ) has
the BPBp for multilinear mappings whenever Xi is finite dimensional for each i. Moreover, it is known that
(C0(L), C0(K)) has the BPBp for bilinear forms in the complex case [26, Theorem 2] and (L1(µ), c0) has the
BPBp for bilinear forms [3, Corollary 2.7(2)]. Also, [5, Theorem 2.2] shows that (X1, X2) has the same property
whenever X1 and X2 are uniformly convex spaces. Hence, we deduce the following corollary.

Corollary 2.10. For a predual Y of an L1-space, (X,Z;Y ) has the BPBp for compact bilinear mappings in
the following cases. (a) Complex Banach spaces X = C0(L) and Z = C0(K) where L and K are locally compact
topological Hausdorff spaces. (b) X = L1(µ) and Z = c0. (c) X and Z uniformly convex Banach spaces.

Adapting Theorem 2.9 we can prove the analogous result for compact symmetric multilinear mappings and
for compact N -homogeneous polynomials.

3. The generalized AHSP for bilinear forms

In this section we study the generalized approximate hyperplane series property for bilinear forms which is
motivated by the AHSP and the generalized AHSP (see [1] and [28]). The AHSP appears for the first time in
[1] where the authors were interested in characterizing the pair (`1;Y ) to have the BPBp for operators. They
showed that the pair (`1;Y ) has the BPBp for operators if and only if the Banach space Y has the AHSP [1,
Theorem 4.1]. Similarly, Kim, Lee and Mart́ın defined the generalized AHSP (see [28, Definition 4]) and they
use it to characterize the pair (`1(X);Y ) to have the BPBp for operators. In this section, we get the analogous
result for bilinear forms.

Definition 3.1. Let X and Y be Banach spaces. We say that the pair (X,Y ) has the generalized approximate
hyperplane series property for bilinear forms (generalized AHSP for bilinear forms, for short) if for every ε > 0,
there is 0 < η(ε) < ε such that for given sequences (Tk)k ⊂ L(X;Y ∗) with ‖Tk‖ = 1 for every k ∈ N and
(xk)k ⊂ SX , an element y0 ∈ SY and a convex series

∑∞
k=1 αk with

Re

∞∑
k=1

αkTk(xk)(y0) > 1− η(ε),

there are u0 ∈ SY , a subset A ⊂ N and sequences (Sk)k ⊂ L(X;Y ∗) with ‖Sk‖ = 1 for every k ∈ N and
(zk)k ⊂ SX satisfying
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(1)
∑
k∈A αk > 1− ε,

(2) ‖zk − xk‖ < ε and ‖Sk − Tk‖ < ε for all k ∈ A,
(3) ‖u0 − y0‖ < ε and
(4) Sk(zk)(u0) = 1 for all k ∈ A.

Although there is no bilinear forms in the above definition, we put its name as AHSP for bilinear forms since
it implies the BPBp for bilinear forms to the pair (X,Y ). As the first result in this section, we observe that
the pair (X,Y ) has the generalized AHSP for bilinear forms whenever X and Y are finite dimensional Banach
spaces. To do so, we will use the following technical lemma which is proved in [1].

Lemma 3.2. Let {cn} be a sequence of scalars with |cn| ≤ 1 for every n ∈ N and let
∑∞
n=1 αn be a convex series

such that Re
∑∞
n=1 αncn > 1 − η for some η > 0. Then for every 0 < r < 1, the set A := {i ∈ N : Re ci > r}

satisfies the estimate
∑
i∈A

αi ≥ 1− η

1− r
.

Proposition 3.3. For every finite dimensional Banach spaces X and Y , the pair (X,Y ) has the generalized
AHSP for bilinear forms.

Proof. We first claim that for arbitrary ε > 0, there exists a positive real number η(ε) > 0 satisfying the
following. For each y0 ∈ SY , there is u0 ∈ SY with ‖u0 − y0‖ < ε such that whenever (x, T ) ∈ SX × SL(X;Y ∗)

satisfies Re T (x)(y0) > 1−η(ε), there exists (z, S) ∈ SX×SL(X;Y ∗) with S(z)(u0) = 1 and ‖S−T‖, ‖z−x‖ < ε.
Otherwise, there are ε0 > 0 and (yn)n∈N ⊂ SY such that for each u ∈ SY with ‖u − yn‖ < ε0, there exists
(xun, T

u
n ) ∈ SX × SL(X;Y ∗) with Re Tun (xun)(yn) > 1 − 1

n satisfying that if (z, S) ∈ SX × SL(X;Y ∗) satisfies
S(z)(u) = 1 then max{‖S − Tun ‖, ‖z − xun‖} ≥ ε0. Since Y is finite dimensional, we assume that yn conveges to
y∞ ∈ SY and ‖yn − y∞‖ < ε for each n. Using compactness again, we may assume that (xy∞n , T y∞n ) converges
to (x∞, T∞) ∈ SX × SL(X;Y ∗). Then T∞(x∞)(y∞) = 1 and this gives a contradiction since we would have that
max{‖T y∞n − T∞‖, ‖xy∞n − x∞‖} ≥ ε0.

Consider the sequences (Tk)k ⊂ SL(X;Y ∗) and (xk)k ⊂ SX , a convex series
∑∞
k=1 αk and an element y0 ∈ SY

satisfying that Re
∑∞
k=1 αkTk(xk)(y0) > 1 − (η(ε))2. By Lemma 3.2, we have

∑
k∈A αk > 1 − ε where A :=

{k ∈ N : Re Tk(xk)(y0) > 1 − η(ε)}. Also, there are u0 ∈ SY and (zk, Sk)k∈A ⊂ SX × SL(X;Y ∗) such that
‖u0 − y0‖ < ε, Sk(zk)(u0) = 1, ‖Sk − Tk‖ < ε and ‖zk − xk‖ < ε for all k ∈ A. This shows that the pair (X,Y )
has the generalized AHSP for bilinear forms.

As we mentioned before it is easy to see that if the pair (X,Y ) has the generalized AHSP for bilinear forms,
then it has the BPBp for bilinear forms. In the following proposition we prove that the converse holds when Y
is a Hilbert space.

Proposition 3.4. Let X be a Banach space and let H be a Hilbert space. The pair (X,H) has the BPBp for
bilinear forms if and only if the pair (X,H) has the generalized AHSP.

Proof. Assume that the pair (X,H) has the BPBp for bilinear forms with function η(·). Note that since H is
a Hilbert space, there exists a function ξ(·) > 0 satisfying that limt→0 ξ(t) = 0 and that for every ε > 0 and
points h1, h2 ∈ SH with ‖h1 − h2‖ < ε, there exits a linear isometry R : H −→ H such that R(h1) = h2 and
‖R− IdH‖ < ξ(ε).

Fix ε > 0 and choose ε′ > 0 so that
√

2(η(ε′) + 3ε)+ε′+ξ(ε′) < ε. Consider a sequences (Tk)k ⊂ SL(X;H∗) and

(xk)k ⊂ SX , an element h0 ∈ SH and a convex series
∑∞
n=1 αn such that Re

∑∞
n=1 αkTk(xk)(h0) > 1− (η(ε′))

2
.

By Lemma 3.2 we get that
∑
k∈A αk > 1− η (ε′) > 1− ε′ where A := {k ∈ N : Re Tk(xk)(y0) > 1− η (ε′)}. For

each k ∈ A, we define a bilinear form Bk on X × H by Bk(x, h) := Tk(x)(h) for all (x, h) ∈ X × H. Then
‖Bk‖ = ‖Tk‖ = 1 for all k ∈ A and Re Bk(xk, h0) = Re Tk(xk)(h0) > 1 − η (ε′), for every k ∈ A. From the
assumption, there are a bilinear form Ck and (zk, uk) ∈ SX × SH such that

|Ck(zk, uk)| = 1 = ‖Ck‖, ‖zk − xk‖ < ε′, ‖uk − h0‖ < ε′ and ‖Ck −Bk‖ < ε′

for all k ∈ A.
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Choose a scalar ck with |c| = 1, such that ckCk(zk, uk) = 1. Then,

|1− ck| ≤
√

2(1− Re ck) =
√

2(1− Re Ck(zk, uk))

≤
√

2 (|1− Re Bk(xk, h0)|+ |Re Bk(xk, h0)− Re Bk(zk, uk)|+ |Re Bk(zk, uk)− Re Ck(zk, uk)|)
<

√
2(η(ε′) + 3ε′)

For each k ∈ A, there exits a linear isometry Rk : H −→ H such that Rk(h0) = uk and ‖Rk − IdH‖ < ξ(ε′).
Define Sk ∈ L(X;H∗) by Sk(x)(h) := ckCk(x,Rk(h)) for every x ∈ X and h ∈ H. Then ‖Sk − Tk‖ <√

2(η(ε′) + 3ε′) + ε′ + ξ(ε′) < ε and ‖Sk‖ = Sk(xk)(h0) = 1 for every k ∈ A.

We now show that the generalized AHSP for bilinear forms characterizes the pair (`1(X), Y ) to have the
BPBp for bilinear forms. This is the analogous version of [28, Theorem 6].

Theorem 3.5. Let X and Y be Banach spaces. The pair (X,Y ) has the generalized AHSP for bilinear forms
if and only if the pair (`1(X), Y ) has the BPBp for bilinear forms.

Proof. The proof will be given for complex Banach spaces since the real case is not only similar but also simpler.
Suppose that the pair (X,Y ) has the generalized AHSP for bilinear forms with 0 < η(ε) < ε for ε ∈ (0, 1).

Let B be a bilinear form defined on `1(X)×Y with ‖B‖ = 1 and (x0, y0) ∈ S`1(X)×SY satisfying |B(x0, y0)| >
1−η(ε/3). Let α ∈ C with |α| = 1 be such that αB(x0, y0) = B(x0, αy0) = |B(x0, y0)|. Define T : `1(X) −→ Y ∗

by T (x)(y) := B(x, y) for all x ∈ `1(X) and y ∈ Y . Then ‖T‖ = ‖B‖ = 1. We denote by Tk the restriction of T
on the k-th coordinate X of `1(X). Then, we see that T (x) =

∑
k∈N Tk(xk) for every x = (xk)k ∈ `1(X). Since

x0 ∈ S`1(X), we may write x0 =
(
αkx

0
k

)
k

with
∑∞
k=1 αk = 1, αk ≥ 0 and x0

k ∈ SX for all k ∈ N. Then

∞∑
k=1

αkTk(x0
k)(αy0) = α

∞∑
k=1

Tk(αkx
0
k)(y0) = αT (x0)(y0) = αB(x0, y0) = |B(x0, y0)| > 1− η

(ε
3

)
.

Then there are u0 ∈ SY , a set A ⊂ N and sequences (Sk)k ⊂ SL(X,Y ∗) and (zk)k ⊂ SX such that

(1)
∑
k∈A αk > 1− ε

3 ,

(2)
∥∥zk − x0

k

∥∥ < ε
3 and ‖Sk − Tk‖ < ε

3 for all k ∈ A,
(3) ‖u0 − αy0‖ < ε

3 < ε and
(4) Sk(zk)(u0) = 1 for all k ∈ A.

Define S : `1(X) −→ Y ∗ by S(x) :=
∑
k∈A Sk(xk) +

∑
k∈N\A Tk(xk) for x = (xk)k ∈ `1(X). Then we get

that ‖S‖ = 1. Define now a bilinear form C on `1(X) × Y by C(x, y) := S(x)(y) for all (x, y) ∈ `1(X) × Y .
So ‖C‖ = ‖S‖ = 1 and ‖C − B‖ < ε. Let βk = αk∑

k∈A αk
for k ∈ A and βk = 0 otherwise. We define

z0 := (βkzk)k ∈ `1(X) where zk = x0
k for all k ∈ N \A. Then ‖z0‖1 =

∑
k∈A βk = 1 and

‖z0 − x0‖1 =
∑
k∈A

∥∥βkzk − αkx0
k

∥∥+
∑
k∈N\A

‖αkx0
k‖

=
∑
k∈A

∥∥∥∥∥ αk∑
j∈A αj

zk − αkzk

∥∥∥∥∥+
∑
k∈A

‖αkzk − αkx0
k‖+

∑
k∈N\A

αk

(1),(2)
< 1−

∑
k∈A

αk +
ε

3

∑
k∈A

αk +
ε

3

(1)
< ε.

Also, by using (3), we get that ‖α−1u0 − y0‖1 = ‖u0 − αy0‖1 < ε. Finally,

1 ≥ |C(z0, α
−1u0)| = |S(z0)(u0)| =

∣∣∣∣∣∑
k∈A

Sk(βkzk)(u0)

∣∣∣∣∣ =

∣∣∣∣∣∑
k∈A

βkSk(zk)(u0)

∣∣∣∣∣ =
∑
k∈A

βk = 1.

Now we assume that the pair (`1(X), Y ) has the BPBp for bilinear forms with function η(ε) < ε for ε > 0.
Let ξ(ε) > 0 be such that

(3.1) ξ(ε) +
2ξ(ε)

ε
< ε and ξ(ε) +

√
2(η(ξ(ε)) + 3ξ(ε)) < ε.
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Consider sequences (Tk)k ⊂ SL(X;Y ∗) and
(
x0
k

)
k
⊂ SX , a convex series

∑∞
k=1 αk and y0 ∈ SY such that

Re

∞∑
k=1

αkTk(x0
k)(y0) > 1− η(ξ(ε)).

We define a norm 1 bilinear form B on `1(X)× Y by

B(x, y) :=

∞∑
k=1

Tk(xk)(y) (((xk)k, y) = (x, y) ∈ `1(X)× Y ) .

Put x0 :=
(
αkx

0
k

)
∈ S`1(X). Then Re B(x0, y0) = Re

∑∞
k=1 Tk

(
αkx

0
k

)
(y0) > 1− η(ξ(ε)). Since (`1(X), Y ) has

the BPBp for bilinear forms, there are a bilinear form C on `1(X)× Y and (z0, u0) ∈ S`1(X) × SY such that

|C (z0, u0) | = 1 = ‖C‖, ‖z0 − x0‖ < ε, ‖u0 − y0‖ < ε and ‖C −B‖ < ξ(ε) < ε.

Let α ∈ C with |α| = 1 satisfy that αC(z0, u0) = C(z0, αu0) = 1. Note that we have

Re C(z0, u0) ≥ Re B(x0, y0)− ‖C −B‖ − ‖z0 − x0‖ − ‖u0 − y0‖ > 1− η(ξ(ε))− 3ξ(ε).

Since |α| = 1, we see that |1 − α| =
√

2(1− Re α) =
√

2(1− Re C(z0, u0)). From the last inequality, we
conclude that

‖y0 − αu0‖ ≤ ‖y0 − u0‖+ |1− α| < ξ(ε) +
√

2(η(ξ(ε)) + 3ξ(ε))
(3.1)
< ε.

To find the desired set A, we write z0 = (z0
k)k ∈ S`1(X) and consider a set Ã :=

{
k ∈ N : ‖z0

k‖ = 0
}

. Note that

(3.2) ξ(ε) > ‖x0 − z0‖1 =
∑
k∈N
‖αkx0

k − z0
k‖ ≥

∑
k∈Ã

αk

and also that

‖x0 − z0‖1 ≥
∑
k∈N\Ã

∥∥αkx0
k − z0

k

∥∥ =
∑
k∈N\Ã

αk

∥∥∥∥x0
k −
‖z0
k‖
αk
· z0

k

‖z0
k‖

∥∥∥∥
≥

∑
k∈N\Ã

(
αk

∥∥∥∥x0
k −

z0
k

‖z0
k‖

∥∥∥∥− ∥∥∥∥ z0
k

‖z0
k‖
− ‖z

0
k‖
αk
· z0

k

‖z0
k‖

∥∥∥∥) .
Observe that for k ∈ N \ Ã∥∥∥∥ z0

k

‖z0
k‖
− ‖z

0
k‖
αk
· z0

k

‖z0
k‖

∥∥∥∥ =

∣∣∣∣1− ‖z0
k‖
αk

∣∣∣∣ =

∣∣∣∣‖x0
k‖ −

‖z0
k‖
αk
·
∥∥∥∥ z0

k

‖z0
k‖

∥∥∥∥∣∣∣∣ ≤ ∥∥∥∥x0
k −
‖z0
k‖
αk
· z0

k

‖z0
k‖

∥∥∥∥ .
So ∑

k∈N\Ã

αk

∥∥∥∥x0
k −

z0
k

‖z0
k‖

∥∥∥∥ ≤ ‖x0 − z0‖1 +
∑
k∈N\Ã

αk

∥∥∥∥x0
k −
‖z0
k‖
αk
· z0

k

‖z0
k‖

∥∥∥∥
= ‖x0 − z0‖1 +

∑
k∈N\Ã

∥∥αkx0
k − z0

k

∥∥ ≤ 2 ‖x0 − z0‖1 < 2ξ(ε).

Define A :=
{
k ∈ N :

∥∥∥x0
k −

z0k
‖z0k‖

∥∥∥ < ε, ‖z0
k‖ 6= 0

}
. We see that

(3.3) 2ξ(ε) >
∑
k∈N\Ã

αk

∥∥∥∥x0
k −

z0
k

‖z0
k‖

∥∥∥∥ ≥ ∑
k∈(N\Ã)\A

αk

∥∥∥∥x0
k −

z0
k

‖z0
k‖

∥∥∥∥ ≥ ε ∑
k∈(N\Ã)\A

αk.

Since 1 =
∑
k∈N αk =

∑
k∈A αk +

∑
k∈(N\Ã)\A αk +

∑
k∈Ã αk, we get that∑

k∈A

αk = 1−
∑
k∈Ã

αk −
∑

k∈(N\Ã)\A

αk
(3.2)
> 1− ξ(ε)−

∑
k∈(N\Ã)\A

αk
(3.3)
> 1− ξ(ε)− 2ξ(ε)

ε

(3.1)
> 1− ε.

Now we define S : `1(X) −→ Y ∗ by S(x)(y) := C(x, y) for all x ∈ `1(X) and y ∈ Y and let Sk be the restriction
of S on the k-th coordinate X of `1(X). Then, we have that ‖Sk − Tk‖ < ‖C −B‖ < ε and

S(z0)(αu0) = C(z0, αu0) = 1.
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Since 1 = ‖z0‖1 =
∑∞
k=1 ‖z0

k‖, we get that Sk(z0
k)(αu0) = ‖z0

k‖ for all k ∈ N. Therefore, for every k ∈ A, we

see that Sk

(
z0k
‖z0k‖

)
(αu0) = 1 which implies ‖Sk‖ = 1. The proof ends if we choose the set A, the sequences

(Sk)k ⊂ L(X;Y ∗) which satisfies ‖Sk‖ = 1 for all k ∈ N and (zk)k :=
(

z0k
‖z0k‖

)
k
⊂ SX and the element αu0 ∈ SY .

4. The numerical radius on L(NL1(µ);L1(µ))

In this section we work with numerical radius of an N -linear mapping. We consider a set

ΠN (X) := {(x1, . . . , xN , x
∗) ∈ SX × . . .× SX × SX∗ : x∗(x1) = . . . = x∗(xN ) = 1} .

When N = 1, we denote Π1(X) by Π(X). The numerical radius of an N -linear mapping A ∈ LN (X;X) is
defined by

v(A) := sup {|x∗(A(x1, . . . , xN ))| : (x1, . . . , xN , x
∗) ∈ ΠN (X)} .

As in the operator case we have that v is a semi-norm on L(NX;X) such that v(A) ≤ ‖A‖ for all A ∈ L(NX;X).
On the other hand, the equality is not true in general. Nevertheless, in [17, Theorem 3.1(i) and Theorem 3.2]
it was proved that v(A) = ‖A‖ for every A ∈ L(Nc0; c0) or A ∈ L(N `1; `1). Also in [16, Theorem 3.2] it was
proved that v(L) = ‖L‖ for every L ∈ L(NAD;AD) where AD is the disc algebra. We start this section by
proving that the same happens in an L1(µ)-space for an arbitrary measure µ. Before we do that, we provide a
technical lemma relating the numerical radius of a multilinear mapping and direct sums.

Given a family {Xλ}λ∈Λ of Banach spaces, we denote by
[⊕

λ∈ΛXλ

]
c0

and
[⊕

λ∈ΛXλ

]
`1

the c0 and `1-sum

of {Xλ}. Letting X =
[⊕

λ∈ΛXλ

]
c0

or
[⊕

λ∈ΛXλ

]
`1

, we consider X∗ =
[⊕

λ∈ΛX
∗
λ

]
`1

or
[⊕

λ∈ΛX
∗
λ

]
`∞

to be

their dual spaces, respectively. We denote by Pλ : X −→ Xλ the norm-one linear projection from X onto Xλ

and by Qλ : X∗ −→ X∗λ the norm-one linear projection from X∗ onto X∗λ. We denote an element x ∈
⊕

λ∈ΛXλ

by x = (xλ)λ∈Λ.

In the next theorem, we prove that the norm and the numerical radius of a multilinear mapping defined on
L1(µ) × . . . × L1(µ) coincide. In what follows, if T ∈ L(X;Y ), then T ∗ ∈ L(Y ∗;X∗) denotes its adjoint and
〈x, x∗〉 means the action x∗(x) for x ∈ X and x∗ ∈ X∗.

Theorem 4.1. Let (Ω,Σ, µ) be a measure space. For each positive integer N and each A ∈ L(NL1(µ);L1(µ)),
we have v(A) = ‖A‖.

Proof. Since v(A) ≤ ‖A‖, we need to prove the another inequality. Without loss of generality, suppose that
‖A‖ = 1. Let ε ∈ (0, 1) and choose f1, . . . , fN ∈ SL1(µ) such that

(4.1) ‖A(f1, . . . , fN )‖1 > 1− ε

2
.

We prove that v(A) > 1− ε. Consider

Ω′ =
(
∪Ni=1{t ∈ Ω : |fi(t)| > 0}

)
| ∪ {t ∈ Ω : |A(f1, . . . , fN )(t)| > 0}.

For a partition π ⊂ Σ of Ω′ into a countable family of disjoint measurable sets with positive measure, define
a projection Eπ : L1(µ) −→ L1(µ) given by for each f ∈ L1(µ)

Eπ(f) :=
∑
F∈π

(
1

µ(F )

∫
F

fdµ

)
χF .

Since Ω′ is a countable union of meaurable subsets having finite measure, we apply [21, Lemma III.2.1, pg.
67] to the finite measurable subsets of Ω′, fi and A(f1, . . . , fN ) to find a partition π0 such that for every π ≥ π0

(4.2) ‖Eπfj − fj‖1 <
ε

2(N + 1)

and that

(4.3) ‖EπA(f1, . . . , fN )−A(f1, . . . , fN )‖1 <
ε

2(N + 1)
.
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We claim that for all π ≥ π0, we have the following inequality

(4.4) ‖EπA(Eπf1, . . . , EπfN )‖1 > 1− ε.
Indeed, note first that since A is N -linear mapping, we have that

A(Eπf1, . . . EπfN )−A(f1, . . . , fN ) = A(Eπf1 − f1, . . . , EπfN )+

A(f1, Eπf2 − f2, . . . , EπfN ) + . . .+A(f1, . . . , fn−1, Eπfn − fn),

and then

‖A(Eπf1, . . . EπfN )−A(f1, . . . , fN )‖1 ≤
N∑
j=1

‖Eπfj − fj‖1 < N · ε

2(N + 1)

This shows that since ‖Eπ‖ ≤ 1,

‖EπA(Eπf1, . . . , EπfN )− EπA(f1, . . . , fN )‖1 < N · ε

2(N + 1)
.

On the other hand, by using (4.3) and (4.1), we get for all π ≥ π0 that

‖EπA(f1, . . . , fN )‖1 > ‖A(f1, . . . , fN )‖1 −
ε

2(N + 1)
> 1− ε

2
− ε

2(N + 1)
.

So

‖EπA(Eπf1, . . . , EπfN )‖1 ≥ ‖EπA(f1, . . . , fN )‖1 − ‖EπA(Eπf1, . . . , EπfN )− EπA(f1, . . . , fN )‖1

> 1− ε

2
− ε

2(N + 1)
−N · ε

2(N + 1)
= 1− ε.

Now we fix π0 = {Fi : i ∈ N} ⊂ Σ. For each j = 1, . . . , N , we put

Eπ0fj =
∑
i

aji ·
1

µ(Fi)
χFi with aji =

∫
Fi

fjdµ.

By using (4.2),

1− ε

2(N + 1)
< ‖Eπ0fj‖1 =

∫
Ω

|Eπ0fj |dµ =

∫
Ω

∣∣∣∣∣∑
i

aji
1

µ(Fi)
χFi

∣∣∣∣∣ dµ
=

∫
Ω

∑
i

|aji |
1

µ(Fi)
χFidµ

=
∑
i

|aji | ≤ 1.

Hence, by using (4.4), we have that

1− ε < ‖Eπ0
A(Eπ0

f1, . . . , Eπ0
fN )‖1

=

∥∥∥∥∥Eπ0
A

(∑
i

a1
i

1

µ(Fi)
χFi , . . . ,

∑
i

aNi
1

µ(Fi)
χFi

)∥∥∥∥∥
1

=

∥∥∥∥∥∥
∑

l1,...,lN∈N
a1
l1 · · · a

N
lNEπ0A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)∥∥∥∥∥∥
1

≤
∑

l1,...,lN∈N
|a1
l1 | · · · |a

N
lN |
∥∥∥∥Eπ0

A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)∥∥∥∥
1

.

and so we conclude that there exist l1, . . . , lN ∈ N such that

(4.5)

∥∥∥∥Eπ0A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)∥∥∥∥
1

> 1− ε.

Now we write

Eπ0A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)
=
∑
i

ai
1

µ(Fi)
χFi ,
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where

ai =

∫
Fi

A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)
dµ.

Define on L∞(µ) the element

g :=
∑
i

ciχFi , where |ci| = 1, ciai = |ai| for all i ∈ N.

Then ‖g‖∞ = 1, we note that for all j = 1, . . . , N , we have that〈
clj

µ(Flj )
χFlj , g

〉
=

∫
Ω

clj
µ(Flj )

χFlj · g(t)dµ(t) =
1

µ(Flj )

∫
Ω

[χFlj (t)]2dµ(t) = 1

and also∣∣∣∣〈g,Eπ0
A

(
cl1

µ(Fl1)
χFl1 , . . . ,

clN
µ(FlN )

χFlN

)〉∣∣∣∣ =

∣∣∣∣〈g,Eπ0
A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)〉∣∣∣∣
=

∣∣∣∣∣
∫

Ω

(∑
i

ciχFi

)
·

(∑
i

ai
1

µ(Fi)
χFid

)
µ

∣∣∣∣∣
=

∑
i

|ai|

=

∥∥∥∥Eπ0
A

(
1

µ(Fl1)
χFl1 , . . . ,

1

µ(FlN )
χFlN

)∥∥∥∥
1

(4.5)
> 1− ε.

Finally, we consider the adjoint operator E∗π0
: L∞(µ) −→ L∞(µ). Then ‖E∗π0

(g)‖∞ ≤ 1. Also for all j =
1, . . . , N , 〈

clj
µ(Flj )

χFlj , E
∗
π0

(g)

〉
=

〈
Eπ0

(
clj

µ(Flj )
χFlj

)
, g

〉
=

〈
clj

µ(Flj )
χFlj , g

〉
= 1

and∣∣∣∣〈A( cl1
µ(Fl1)

χFl1 , . . . ,
clN

µ(FlN )
χFlN , E

∗
π0

(g)

)〉∣∣∣∣ =

∣∣∣∣〈Eπ0A

(
cl1

µ(Fl1)
χFl1 , . . . ,

clN
µ(FlN )

χFlN

)
, g

〉∣∣∣∣ > 1− ε.

Then v(A) > 1− ε. This completes the proof.

5. The BPBp-nu for multilinear mappings

In the section we study the Bishop-Phelps-Bollobás property for numerical radius in the multilinear case.
Before we give the positive and negative results about it, we define this property as follows.

Definition 5.1. We say that a Banach space X has the Bishop-Phelps-Bollobás property for numerical radius
for multilinear mappings (BPBp-nu for multilinear mappings, for short) if for every ε > 0, there exists η(ε) > 0
such that whenever A ∈ L(NX;X) with v(A) = 1 and

(
x0

1, . . . , x
0
N , x

∗
0

)
∈ ΠN (X) satisfy

|x∗0
(
A
(
x0

1, . . . , x
0
N

))
| > 1− η(ε),

there are B ∈ L(NX;X) with v(B) = 1 and (z0
1 , . . . , z

0
N , z

∗
0) ∈ ΠN (X) such that∣∣z∗0 (B (z0

1 , . . . , z
0
N

))∣∣ = 1, max
1≤j≤N

‖z0
j − x0

j‖ < ε, ‖z∗0 − x∗0‖ < ε and ‖B −A‖ < ε.

If N = 1, then we go back to the operator case which we already commented some positive results in the
Introduction. By following the step-by-step of [27, Proposition 2], we have that the finite-dimensional Banach
spaces satisfy the BPBp-nu for multilinear mappings.

Proposition 5.2. Let X be a finite-dimensional Banach space. Then X has the BPBp-nu for multilinear
mappings.
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In the next theorem we prove that the infinite dimensional Banach space L1(µ) fails the BPBp-nu for bilinear
mappings although L1(ν) has it in the operator case for every measure ν ([27, Theorem 4.1]; see also [23, Theorem
9]).

Theorem 5.3. The infinite dimensional Banach space L1(µ) does not satisfy the BPBp-nu for bilinear map-
pings.

Proof. The proof is by contradiction. Suppose that L1(µ) has the BPBp-nu for bilinear mappings with η(ε)
for a given ε ∈ (0, 1). Since L1(µ) is infinite dimensional, we may consider measurable subsets (Ek) ⊂ Σ such
that 0 < µ(Ek) < ∞ and Ei ∩ Ej = ∅ when i 6= j. We define E0 := Ω \

⋃∞
k=1Ek ∈ Σ and a bilinear mapping

A : L1(µ)× L1(µ) −→ L1(µ) by

A(f, g) :=

∞∑
i=1

(∫
Ei

fdµ

) ∞∑
j=1,
j 6=i

(∫
Ej

gdµ

) χE1

µ(E1)

for all f, g ∈ L1(µ). For fn0 :=
∑2n2

k=1
1

2n2 ·
χEk
µ(Ek) ∈ SL1(µ) and gn0 :=

∑2n2

j=1
1

2n2 ·
χEj
µ(Ej)

∈ SL1(µ), we see that

A(fn0 , g
n
0 ) =

∞∑
i=1


2n2∑
r=1

1

2n2
· 1

µ(Er)

∫
Ei

χErdµ

 ∞∑
j=1,
j 6=i

2n2∑
s=1

1

2n2
· 1

µ(Es)

∫
Ej

χEsdµ


 χE1

µ(E1)

=

(
1− 1

2n2

)
χE1

µ(E1)
.

This shows that ‖A‖ = 1 and so we have v(A) = ‖A‖ = 1 by Theorem 4.1. Choose n0 ∈ N so that 1
2n2

0
< η

(
1
2

)
and we consider χΩ ∈ SL∞(µ). Since 〈fn0

0 , χΩ〉 = 〈gn0
0 , χΩ〉 = 1 and 〈A(fn0

0 , gn0
0 ), χΩ〉 = 1 − 1

2n2
0
, there are

B ∈ L(2L1(µ);L1(µ)) with v(B) = 1, f, g ∈ L1(µ) and h ∈ L∞(µ) such that

(a) |〈B(f, g), h〉| = 1 = 〈f, h〉 = 〈g, h〉 = ‖f‖1 = ‖g‖1 = ‖h‖∞ = 1,
(b) ‖f − fn0

0 ‖1 < 1/2, ‖g − gn0
0 ‖1 < 1/2, ‖h− χΩ‖∞ < 1/2 and ‖B −A‖ < 1

2 ,

Let ak :=
∫
Ek
|f |χEkdµ and bk :=

∫
Fk
|g|χFkdµ for k ∈ N ∪ {0}. We have that

1 = |〈B(f, g), h〉| ≤ ‖h‖∞‖B(f, g)‖1 ≤
∞∑
i=0

∞∑
j=0

ai · bj = ‖f‖1‖g‖1 = 1.

This shows that ‖B(f · χEi , g · χEj )‖ = ai · bj for all i, j = 0, 1, 2, . . .. For N := {i ∈ N : ai > 0} and
M := {j ∈ N : bj > 0}, we have that

(5.1)

∥∥∥∥B( 1

ai
f · χEi ,

1

bj
g · χEj

)∥∥∥∥
1

= 1 for all (i, j) ∈ N ×M.

We observe that 0 6∈ N . Indeed, if 0 ∈ N , then by using (5.1), we have that
∥∥∥B ( 1

a0
f · χE0

, 1
bj
g · χEj

)∥∥∥
1

= 1

for all j ∈ M . On the other hand, A
(

1
a0
fχE0

, 1
bj
g · χEj

)
= 0. This gives a contradiction because we have

‖A − B‖ < 1
2 . Similarly we see that 0 6∈ M . Furthermore, we see that N ∩M = ∅. Indeed, if there exists

i ∈ N ∩M , then A
(

1
ai
fχEi ,

1
bi
g · χEi

)
= 0. Hence, (5.1) provides a contraction since we have ‖A−B‖ < 1

2 .

Finally, we show that ‖f − fn0
0 ‖1 < 1

2 implies ‖g − gn0
0 ‖1 ≥ 1

2 which is again a contradiction and it finishes

our proof. We shall show that the cardinality of {1, . . . , 2n2
0} ∩N is bigger than n2

0. Otherwise, there exists a
set S ⊂ {j ∈ N : 1 ≤ j ≤ 2n2

0} with |S| = n2
0 + n1 for some n1 ∈ N∪ {0} such that ai =

∫
Ei
|f |χEidµ = 0 for all

i ∈ S. Then we have that ‖f − fn0
0 ‖1 ≥

∑
j∈S

∫
Ej
|fn0

0 |χEjdµ = 1
2n2

0
· (n2

0 + n1) ≥ 1
2 . Using the same argument

and N ∩M = ∅, we see that ‖g − gn0
0 ‖1 ≥ 1

2 .
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In the next proposition, we deal with an stability result about BPBp-nu for multilinear mappings under
direct sums. This is the multilinear version of [27, Lemma 19]. As we did in Lemma ??, we denote by Pλ the
projection from [

⊕
λ∈ΛXλ] to Xλ and Pλ : Xλ −→ [

⊕
λ∈ΛXλ] the inclusion. We also use Qλ and Qλ for dual

spaces.

Proposition 5.4. Let {Xk : k ∈ N} be a family of Banach spaces. Let X = [
⊕∞

k=1Xk]c0 or X = [
⊕∞

k=1Xk]`1 .
If X has the BPBp-nu for multilinear mappings then Xj so does for all j ∈ N.

Proof. For ε ∈ (0, 1), let η(ε) > 0 be the BPBp-nu constant for the space X. Let Aj ∈ L(NXj ;Xj) with

v(Aj) = 1 and (xj1, . . . , x
j
N ;x∗j ) ∈ ΠN (Xj) be such that |x∗j (Aj(x

j
1, . . . , x

j
N ))| > 1− η(ε). Define A ∈ L(NX;X)

by A(y1, . . . , yN ) := (Pj ◦Aj) (Pj(y1), . . . , Pj(yN )) for all y1, . . . , yN ∈ X. Then v(A) = v(Aj) = 1. Consider for

each l = 1, . . . , N , the point xl := Pj(x
j
l ) ∈ SX and x∗ := Qj(x

∗
j ) ∈ SX∗ . Then x∗(xl) = 1 for all l = 1, . . . , N

and |x∗ (A (x1, . . . , xN ))| = |x∗j (Aj(x
j
1, . . . , x

j
N ))| > 1 − η(ε). Hence, there are B ∈ L(NX;X) with v(B) = 1

and (z1, . . . , zN , z
∗) ∈ ΠN (X) such that

(a) |z∗ (B (z1, . . . , zN ))| = 1,
(b) ‖z∗ − x∗‖ < ε, max1≤l≤N ‖zl − xl‖ < ε and ‖B −A‖ < ε.

Write B = (D1, D2, . . .) with Dk ∈ L(NX;Xk) for each k ∈ N. We define the N -linear mapping Bj ∈
L(NXj ;Xj) by Bj(y

j
1, . . . , y

j
N ) := Dj(Pj(y

j
1), . . . , Pj(y

j
N )) for all yj1, . . . , y

j
N ∈ Xj . Then v(Bj) ≤ v(B) = 1 and

‖Bj − Aj‖ ≤ ‖B − A‖ < ε. Moreover, we have ‖Qj(z∗) − x∗j‖ ≤ ‖z∗ − x∗‖ < ε and max1≤l≤N ‖Pj(zl) −
xjl ‖ ≤ max1≤l≤N ‖zl − xl‖ < ε. We now need to prove that (Pj(z1), . . . , Pj(zN ), Qj(z

∗)) ∈ ΠN (Xj) and
|〈Bj(Pj(z1), . . . , Pj(zN )), Qj(z

∗)〉| = 1. We consider X = [
⊕∞

k=1Xk]c0 and we omit the proof for the case of
`1-sum since it is similar to this one. Since (z1, . . . , zN , z

∗) ∈ ΠN (X), for all l = 1, . . . , N , we have

1 = z∗(zl) =
∑
n∈N

Qn(z∗)Pn(zl) ≤
∑
n∈N
‖Qn(z∗)‖‖Pn(zl)‖.

For n 6= j, we have ‖Pn(zl)‖ = ‖Pn(zl)− Pn(xl)‖ ≤ ‖zl − xl‖∞ < ε and so

1 ≤
∑
n∈N
‖Qn(z∗)‖‖Pn(zl)‖ < ‖Qj(z∗)‖‖Pj(zl)‖+ ε

∑
n∈N,
n 6=j

‖Qn(z∗)‖ ≤ ‖Qj(z∗)‖+ ε
∑
n∈N
n 6=j

‖Qn(z∗)‖ < ‖z∗‖1 = 1.

This implies that ‖Qj(z∗)‖ = 1 and Qn(z∗) = 0 for all n 6= j. Also we see that Qj(z
∗)(Pj(zl)) = z∗(zl) = 1 for

all l = 1, . . . , N . Hence we have (Pj(z1), . . . , Pj(zN ), Qj(z
∗)) ∈ ΠN (Xj). Note that we can write

zl = (1− ε)PjPj(z1) + ε

(
PjPj(z1) +

1

ε

(
z1 − PjPj(z1)

))
for each l = 1, . . . , N . We have that

1 = |z∗B(z1, . . . , zN )| ≤ (1− ε)N |z∗B(PjPj(z1), . . . , PjPj(zN ))|+
∑

γl∈{1−ε,ε}
l∈{1,...,N}

γ1···γN 6=(1−ε)N

γ1 · · · γN |z∗B(Z1, . . . , ZN )|.

where Zl = PjPj(zl) when γl = 1 − ε and Zl = PjPj(zl) + 1
ε

(
zl − PjPj(zl)

)
when γl = ε. Since for every

l = 1, . . . , N we have Qj(z
∗)(Pj(zl)) = 1, Qn(z∗) = 0 and ‖Pn(zl)‖ < ε for n 6= j, we deduce (Z1, . . . , ZN , z

∗) ∈
ΠN (X) and so |z∗B(PjPj(z1), . . . , PjPj(zN ))| ≤ v(B) = 1 and |z∗B(Z1, . . . , ZN )| ≤ v(B) = 1. By the equalities

(1− ε)N +
∑

γj∈{1−ε,ε}
l∈{1,...,N}

γ1···γN 6=(1−ε)N

γ1 · · · γN = (ε+ (1− ε))N = 1,

we have |z∗B(PjPj(z1), . . . , PjPj(zN ))| = 1. Therefore, we see that

|〈Bj(Pj(z1), . . . , Pj(zN )), Qj(z
∗)〉| = |〈Dj(PjPj(z1), . . . , PjPj(zN ), Qj(z

∗)〉|
= |z∗B(PjPj(z1), . . . , PjPj(zN ))| = 1.
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[16] Y. S. Choi, D. Garćıa, S. G. Kim and M. Maestre, The polynomial numerical index of a Banach space, Proc. Edin. Math. 49

(2006), 39-52

[17] Y. S. Choi and S. G. Kim, Norm or numerical radius attaining multilinear mappings and polynomials, J. London Math. Soc.,
54, (1996) 135-147.

[18] Y. S. Choi and H. G. Song, The Bishop-Phelps-Bollobás theorem fails for bilinear forms on `1 × `1, J. Math. Anal. Appl. 360
(2009) 752-753

[19] D. Dai, The Bishop-Phelps-Bollobás theorem for bilinear mappings, Adv. Math. (China), Vol. 44, No. 1 (2015)
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