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Abstract. We study approximation of operators between Banach spaces X and Y that nearly attain

their norms in a given point by operators that attain their norms at the same point. When such
approximations exist, we say that the pair (X,Y ) has the pointwise Bishop-Phelps-Bollobás property

(pointwise BPB property for short). In this paper we mostly concentrate on those X, called universal
pointwise BPB domain spaces, such that (X,Y ) possesses pointwise BPB property for every Y , and on

those Y , called universal pointwise BPB range spaces, such that (X,Y ) enjoys pointwise BPB property

for every uniformly smooth X. We show that every universal pointwise BPB domain space is uniformly
convex and that Lp(µ) spaces fail to have this property when p > 2. For universal pointwise BPB range

space, we show that every simultaneously uniformly convex and uniformly smooth Banach space fails

it if its dimension is greater than one. We also discuss a version of the pointwise BPB property for
compact operators.

1. Introduction and Preliminaries

Let X and Y be Banach spaces over the field K (K = R or K = C). We denote by L(X,Y ) the Banach
space of all bounded linear operators from X into Y and by K(X,Y ) its subspace of all compact linear
operators. By BX and SX , we denote the closed unit ball and the unit sphere of X, respectively. Our
notation is standard and we will include a short list of notation and terminology in subsection 1.1 at the
end of this introduction.

Motivated by the improvement given by Bollobás of the classical Bishop-Phelps theorem on the dense-
ness of norm-attaining functionals, Acosta, Aron, Garćıa and Maestre introduced in 2008 [3] the so-called
Bishop-Phelps-Bollobás property as follows. A pair (X,Y ) of Banach spaces has the Bishop-Phelps-
Bollobás property (BPBp, for short) if for every ε > 0, there exists η(ε) > 0 such that whenever
T ∈ L(X,Y ) with ‖T‖ = 1 and x0 ∈ SX satisfy ‖Tx0‖ > 1 − η(ε), there are S ∈ L(X,Y ) with
‖S‖ = 1 and x ∈ SX such that ‖S‖ = ‖Sx‖ = 1, ‖x0 − x‖ < ε, and ‖S − T‖ < ε. Let us observe that,
trivially, if a pair (X,Y ) has the BPBp, then the set of all norm attaining operators from X into Y is
dense in L(X,Y ) (recall that T ∈ L(X,Y ) is norm attaining if there is x ∈ SX such that ‖T‖ = ‖Tx‖).
With this definition, Bollobás’ extension of the Bishop-Phelps theorem, nowadays known as the Bishop-
Phelps-Bollobás theorem, just says that the pair (X,K) has the BPBp for every Banach space X. Among
many other results, it is known that a pair (X,Y ) has the BPBp when X is uniformly convex ([5, Theo-
rem 2.2] and [19, Theorem 3.1]) or when Y has Lindenstrauss property β [3, Theorem 2.2], in particular,
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if Y is a closed subspace of `∞ containing c0 or if Y is a finite-dimensional polyhedral space. On the
other hand, for `21, the 2-dimensional space with the `1-norm, there are Banach spaces Y such that the
pair (`21, Y ) fails the BPBp (even though all elements in L(`21, Y ) attain their norms) [3]. Moreover, such
Y can be found in a way that for every Banach space X, the set of all norm attaining operators is dense
in L(X,Y ) [8, Theorem 4.2]. For more results and background on the BPBp, we refer the reader to the
recent papers [1, 6, 9, 10] and the references therein.

In the very recent paper [13], the following stronger version of the Bishop-Phelps-Bollobás property
was introduced (with the name of Bishop-Phelps-Bollobás point property).

Definition 1.1 ([13, Definition 1.2]). We say that a pair (X,Y ) of Banach spaces has the pointwise
Bishop-Phelps-Bollobás property (pointwise BPB property, for short) if given ε > 0, there exists η̃(ε) > 0
such that whenever T ∈ L(X,Y ) with ‖T‖ = 1 and x0 ∈ SX satisfy

‖T (x0)‖ > 1− η̃(ε),

there is S ∈ L(X,Y ) with ‖S‖ = 1 such that

‖S(x0)‖ = 1 and ‖S − T‖ < ε.

The difference between the BPBp and this new property is that, in the last one, the point x0 does not
move and the new operator S attains its norm at it. Also observe that, by an easy change of parameters,
we may consider T ∈ L(X,Y ) with ‖T‖ 6 1 in the above definition, and we will use this fact without any
explicit reference. Nevertheless, the same trick does not work for the point x0 (as the operator S attains
its norm at x0), so we have to consider x0 ∈ SX .

Another useful definitions, motivated by the corresponding ones for the BPBp given in [8], are the
following.

Definition 1.2. A Banach space X is said to be a universal pointwise BPB domain space if (X,Y )
has the pointwise BPB property for every Banach space Y . A Banach space Y is said to be a universal
pointwise BPB range space if (X,Y ) has the pointwise BPB property for every uniformly smooth Banach
space X.

As we already mentioned, the pointwise BPB property was introduced in [13] where, among other re-
sults, it was proved that if (X,Y ) has the pointwise BPB property then X must be uniformly smooth, that
Hilbert spaces are universal pointwise BPB domain spaces, and that the class of universal pointwise BPB
range spaces includes uniform algebras (in particular, C(K)-spaces) and those spaces with Lindenstrauss
property β (in particular, closed subspaces of `∞ containing the canonical copy c0 or finite-dimensional
polyhedral spaces).

As it was done for the BPBp in [8], it is useful to introduce the modulus of the pointwise BPB property
for a pair of Banach spaces as follows.

Definition 1.3. Let X,Y be Banach spaces, and let ε ∈ (0, 1). The modulus of the pointwise BPB
property for the pair (X,Y ), denoted by η̃(X,Y )(ε), is defined as the supremum of the set consisting of 0
and all those ρ > 0 such that for all T ∈ SL(X,Y ) and x0 ∈ SX with ‖T (x0)‖ > 1−ρ, there is S ∈ SL(X,Y )

such that ‖S(x0)‖ = 1 and ‖S − T‖ < ε. Equivalently,

η̃(X,Y )(ε) = inf
{

1− ‖Tx‖ : x ∈ SX , T ∈ SL(X,Y ), dist
(
T, {S ∈ L(X,Y ) : ‖S‖ = 1 = ‖Sx‖}

)
> ε
}
.

It is clear from the definition that a pair (X,Y ) has the pointwise BPB property if and only if
η̃(X,Y )(ε) > 0 for all ε ∈ (0, 1).

Our aim in this paper is to continue the study of the pointwise Bishop-Phelps-Bollobás property
initiated in [13].

Let us now give an account of the main results of this manuscript. In section 2, we provide some
stability results for the pointwise BPB property. For instance, if (X,Y ) has the pointwise BPB property,
then so do (X1, Y ) if X1 is one-complemented in X and (X,Y1) if Y1 is an absolute summand of Y (in
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particular, if it is an `p-summand). Consequently, given a universal pointwise BPB domain space X,
there is a common function which makes all the pairs (X,Y ) to have the pointwise BPB property with
this function for every Banach space Y . On the other hand, we show that such function does not exist
for any universal pointwise BPB range space. Section 3 is devoted to universal pointwise BPB domain
spaces. We show that they are uniformly convex and we give a control on their modulus of convexity
which allows us to show that Lp(µ) spaces are not universal pointwise BPB domain spaces for p > 2. The
class of universal pointwise BPB range spaces is studied in section 4 where it is shown that it contains
all spaces with ACKρ-structure (see Definition 4.1) introduced in the very recent paper [9]; examples of
Banach spaces with this structure are, for instance, all those with property β, uniform algebras, and some
vector-valued function spaces. We also show that a universal pointwise BPB range space of dimension
greater than 1 cannot be simultaneously uniformly convex and uniformly smooth, and that the pointwise
BPB property is not stable by infinite c0- and `p-sums of the range space for 1 6 p 6 ∞. Section 5 is
devoted to the pointwise BPB property for compact operators (the analogous definition considering only
compact operators). There are many results for the pointwise BPB property which are also true for the
compact operators version, and we list all of these in this section. Moreover, some results for the BPBp
for compact operators from [12] are adapted to the pointwise version for this class of operators. Finally,
in the last section, we compile some open problems.

We would like to dedicate this paper to the memory of Joe Diestel, who passed away recently. Joe
wrote some books and textbooks which became classic in the study on Banach spaces theory. Among
them, we may empathize the one entitled “Geometry of Banach spaces” [14]. This classical book gives
a deep insight into the subject of this paper. In particular, it contains the proof of the Bishop-Phelps
theorem and the properties of uniformly convex and uniformly smooth Banach spaces which are essential
for us.

1.1. Notation and terminology. A Banach space X (or its norm) is said to be smooth if the norm
is Gâteaux differentiable at every non-zero point of X or, equivalently, if for every x ∈ X \ {0} there
is only one x∗ ∈ SX∗ such that x∗(x) = ‖x‖. In this case, we may consider the duality mapping
JX : X \ {0} −→ SX∗ defined by the formula 〈JX(x), x〉 = ‖x‖ for every x ∈ X. The modulus of
smoothness of a Banach space X is defined as follows:

ρX(t) := sup

{
‖x+ y‖+ ‖x− y‖ − 2

2
: ‖x‖ = 1 and ‖y‖ 6 t

}
(0 < t 6 1).

The space X (or its norm) is said to be uniformly smooth if lim
t→0

ρX(t)

t
= 0 (equivalently, if the norm is

Fréchet differentiable on SX and the duality mapping is uniformly continuous in SX). The modulus of
convexity of a Banach space X is given by

δX(ε) = inf

{
1−

∥∥∥∥x+ y

2

∥∥∥∥ : x, y ∈ BX , ‖x− y‖ > ε
}

(0 < ε 6 2).

The space X (or its norm) is said to be uniformly convex if δX(ε) > 0 for all ε ∈ (0, 2]. We refer the
reader to [15, §9] and [14] for background on uniform convexity and uniform smoothness.

Given 1 6 p 6∞, a positive measure µ, and a Banach space X, Lp(µ,X) is the Banach space of those
strongly µ-measurable functions which are p-integrable if 1 6 p < ∞ or essentially bounded for p = ∞,
endowed with the corresponding natural norm in each case. We write `np (X) = Lp(ν,X), where ν is the
counting measure on {1, . . . , n}, that is, the product space Xn endowed with the p-norm. When X = K,
we just write `np . We also use the notation `p(X) = Lp(ν,X), where ν is the counting measure on N.

Finally, given a family {Yj : j ∈ J} of Banach spaces,
[⊕

j∈J Yj

]
c0

denotes its c0-sum and
[⊕

j∈J Yj

]
`p

denotes its `p-sum for 1 6 p 6∞.
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2. Some stability results

Our aim in this section is to present some stability results for the pointwise BPB property. Most of
the results are generalizations of the known corresponding results for the BPBp. But in the case of the
domain spaces, the new result is much more general. Recall that a subspace X1 of a Banach space X is
said to be one-complemented if X1 is the range of a norm-one projection on X.

Proposition 2.1. Let X be a uniformly smooth Banach space, let Y be an arbitrary Banach space, and
let X1 be a one-complemented subspace of X. If (X,Y ) has the pointwise BPB property, then so does the
pair (X1, Y ). Moreover, η̃(X,Y )(ε) 6 η̃(X1, Y )(ε) for every ε ∈ (0, 1).

Proof. We write i : X1 −→ X for the inclusion and consider the norm-one operator P : X −→ X1 such
that P ◦ i = IdX1

(the existence of such P is equivalent to the fact that X1 is one-complemented in
X). Suppose that (X,Y ) has the pointwise BPB property with a function ε 7−→ η̃(ε). Fix ε ∈ (0, 1)

and consider T ∈ L(X1, Y ) with ‖T‖ = 1 and x0 ∈ SX1 such that ‖Tx0‖ > 1 − η̃(ε). Write T̃ =

T ◦ P ∈ L(X,Y ) and observe that ‖T̃‖ 6 1, ‖T̃ ◦ i(x0)‖ = ‖Tx0‖ > 1− η̃(ε), so there exists S̃ ∈ L(X,Y )

with ‖S̃‖ = ‖S̃ ◦ i(x0)‖ = 1 and ‖S̃ − T̃‖ < ε. Now, consider S = S̃ ◦ i ∈ L(X1, Y ) and observe that

‖S‖ = ‖Sx0‖ = 1 and that ‖S − T‖ 6 ‖S̃ − T̃‖ < ε. �

As an immediate consequence of the above result, one-complemented subspaces of universal pointwise
BPB domain spaces are also universal pointwise BPB domain spaces.

Corollary 2.2. Let X be a uniformly smooth Banach space and let X1 be a one-complemented subspace
of X. If X is a universal pointwise BPB domain space, then so is X1.

Let us comment that we do not know whether the analogous results for the BPBp are true. We send
the reader to the very recent paper [11] to see some particular cases in which this is the case. We also do
not know whether the density of norm attaining operators passes to one complemented subspaces of the
domain space.

Another immediate consequence of Proposition 2.1 is the following.

Corollary 2.3. Let {Xi : i ∈ I} be a family of Banach spaces and let Y be a Banach space. Put
X =

[⊕
i∈I Xi

]
`p

for 1 < p < ∞. If the pair (X,Y ) has the pointwise BPB property, then all the pairs

(Xi, Y ) have the pointwise BPB property. Moreover, η̃(X,Y )(ε) 6 η̃(Xi, Y )(ε) for every ε ∈ (0, 1) and
every i ∈ I.

Other easy consequence of Proposition 2.1 is the following one, which follows immediately from the
fact that a Banach space X is one-complemented in every Lp(µ,X) space (via conditional expectation).

Corollary 2.4. Let X be a uniformly smooth Banach space, let Y be an arbitrary Banach space, let
1 < p < ∞ be given, and let µ be a positive measure. If (Lp(µ,X), Y ) has the pointwise BPB property,
then so does (X,Y ).

For range spaces, we do not know whether a result as in Proposition 2.1 exists, but we may get a similar
result for subspaces which are absolute summands. Let us now recall some basic facts about absolute
sums. An absolute norm is a norm | · |a on R2 such that |(1, 0)|a = |(0, 1)|a = 1 and |(s, t)|a = |(|s|, |t|)|a
for every s, t ∈ R. Given two Banach spaces Y and W and an absolute norm | · |a, the absolute sum of
Y and W with respect to | · |a, denoted by Y ⊕aW , is the Banach space Y ×W endowed with the norm

‖(y, w)‖a = |(‖y‖, ‖w‖)|a (y ∈ Y,w ∈W )

Examples of absolute sums are the `p-sums for 1 6 p 6∞ associated to the `p-norm in R2. If X = Y ⊕aZ,
we also say that Y and Z are absolute summands of X.

Proposition 2.5. Let X be a uniformly smooth Banach space, let Y1 and Y2 be arbitrary Banach spaces
and let Y = Y1⊕a Y2 for an absolute norm | · |a. If the pair (X,Y ) has the pointwise BPB property, then
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the pairs (X,Y1) and (X,Y2) have the pointwise BPB property. Moreover, η̃(X,Yi)(ε) > η̃(X,Y )(ε/3)
for every ε ∈ (0, 1) and i = 1, 2.

The proof is an adaptation of corresponding one for the BPBp given in [11]. On the other hand, when
the absolute sum is `∞- or `1-sum, then it is not needed to divide ε by 3 in the above result since we may
adapt the arguments given in [8, Propositions 2.4 and 2.7].

In particular, we easily get the following consequence.

Corollary 2.6. Let X be a uniformly smooth Banach space and let {Yj : j ∈ J} be a family of Banach

spaces. Put Y =
[⊕

j∈J Yj

]
c0

or Y =
[⊕

j∈J Yj

]
`p

for 1 6 p 6 ∞. If the pair (X,Y ) has the pointwise

BPB property for some η̃(ε), then all the pairs (X,Yj) have the pointwise BPB property. Moreover,
η̃(X,Yj)(ε) > η̃(X,Y )(ε/3) for every ε ∈ (0, 1) and j ∈ J .

Let us comment that for c0- and `∞-sums, the converse of the above result also holds [13, Propo-
sition 2.9]. Indeed, if X is a uniformly smooth Banach space and {Yj : j ∈ J} is a family of Banach

spaces such that inf{η̃(X,Yj)(ε) : j ∈ J} > 0 for every ε ∈ (0, 1), then the pairs

(
X,
[⊕

j∈J Yj

]
c0

)
and(

X,
[⊕

j∈J Yj

]
`∞

)
have the pointwise BPB property. We will show in section 4 that the analogous

result fails for `p-sums with p > 2.

Another stability result in the same line is the following one whose proof is a routine adaptation of
the one in [8, Proposition 2.8].

Proposition 2.7. Let X be a uniformly smooth Banach space, let Y be an arbitrary Banach space, and
let K be a compact Hausdorff topological space. If (X,C(K,Y )) has the pointwise BPB property, then
(X,Y ) has the pointwise BPB property. Moreover, η̃(X,Y )(ε) > η̃(X,C(K,Y ))(ε) for every ε ∈ (0, 1).

As a consequence of Proposition 2.5, we get the following result, which is analogous to [8, Corollary 2.2]
and which can actually be deduced from already mentioned results of [13]. This will be very important
in the next section.

Corollary 2.8. If a Banach space X is a universal pointwise BPB domain space, then there is a function
η̃X : (0, 1) −→ R+ such that η̃(X,Z)(ε) > η̃X(ε) for every ε ∈ (0, 1) and every Banach space Z.

Proof. Assume that such η̃X does not exist. Then, for some ε0 > 0, there exists a sequence of Banach
spaces {Yn : n ∈ N} such that all the pairs (X,Yn) have the pointwise BPB property and η̃(X,Yn)(ε0) −→
0 when n −→ ∞. But if we consider Y =

[⊕
n∈N Yn

]
`p

for 1 6 p 6 ∞, then the pair (X,Y ) has the

pointwise BPB property by hypothesis, and Proposition 2.1 gives that η̃(X,Yn)(ε0) > η̃(X,Y )(ε0/3) > 0,
which is a contradiction. �

One may wonder if the analogous result for universal pointwise BPB range spaces is also true. If we
try to repeat the proof, we quickly get into trouble as the `p-sum of a family of uniformly smooth Banach
spaces needs not to be uniformly smooth. Actually, we are going to prove that there is no analogous
result for range spaces. We start by proving a quantitative form of the fact that Banach spaces X for
which (X,K) has the pointwise BPB property are uniformly smooth.

Proposition 2.9. Suppose that the pair (X,K) has the pointwise BPB property with some function η̃.
Then, given ε ∈ (0, 1),

ρX(t)

t
< 2ε+ 4

√
η̃(ε) + ε

for every t < η̃(ε)
2 .
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Proof. Let ε ∈ (0, 1) be given and fix 0 < t < η̃(ε)/2. Consider x0 ∈ SX and y0 ∈ X with ‖y0‖ 6 t. Let
u∗, w∗ ∈ SX∗ be such that Re u∗(x0 + y0) = ‖x0 + y0‖ and Re w∗(x0 − y0) = ‖x0 − y0‖. Then

Re u∗(x0) > ‖x0 + y0‖ − ‖y0‖ > 1− η̃(ε).

Analogously, Re w∗(x0) > 1 − η̃(ε). Since (X,K) has the pointwise BPB property with η̃, there are
v∗1 ∈ SX∗ and v∗2 ∈ SX∗ such that |v∗1(x0)| = |v∗2(x0)| = 1, ‖v∗1 − u∗‖ < ε and ‖v∗2 − w∗‖ < ε. There
are α, β ∈ K with |α| = |β| = 1 such that αv∗1(x0) = βv∗2(x0) = 1 so, as X is (uniformly) smooth [13,
Proposition 2.1], αv∗1 = βv∗2 = JX(x0). Since

Re v∗1(x0) > Re u∗(x0)− ‖v∗1 − u∗‖ > 1− η̃(ε)− ε,

it follows that

Re
αv∗1(x0) + v∗1(x0)

2
> 1− η̃(ε) + ε

2
.

Now, by the parallelogram law,

|α− 1|2

4
= 1− |α+ 1|2

4
= 1−

∣∣∣∣αv∗1(x0) + v∗1(x0)

2

∣∣∣∣2
6 1−

(
1− η̃(ε) + ε

2

)2

6 η̃(ε) + ε.

It follows that |α − 1| 6 2
√
η̃(ε) + ε and, analogously, |β − 1| 6 2

√
η̃(ε) + ε. So, since αv∗1 = βv∗2 , we

have that

‖u∗ − w∗‖ 6 ‖u∗ − v∗1‖+ |α− 1|+ ‖v∗2 − w∗‖+ |β − 1| < 2ε+ 4
√
η̃(ε) + ε.

Therefore,

‖x0 + y0‖+ ‖x0 − y0‖ − 2 = Re u∗(x0 + y0) + Re w∗(x0 − y0)− 2

= Re u∗(x0) + Re w∗(x0) + Re (u∗ − w∗)(y0)− 2

6 Re (u∗ − w∗)(y0) 6 ‖u∗ − w∗‖‖y0‖ <
(
2ε+ 4

√
η̃(ε) + ε

)
t. �

Observe that, as η̃(X,K)(ε) goes to 0 when ε goes to 0 (unless X is one-dimensional), it follows that
if (X,K) has the pointwise BPB property then X is uniformly smooth with a control on the modulus of
smoothness of X which only depends on η̃. Since it is possible to construct uniformly smooth Banach
spaces whose moduli of smoothness are as bad as we want (consider `2n with n ∈ N, for instance), there
is no universal function η̃ such that all pairs (X,K) with X being uniformly smooth enjoy the pointwise
BPB property with η̃.

Corollary 2.10. Let Y be a Banach space. Then for every ε ∈ (0, 1),

inf
{
η̃(X,Y )(ε) : X is a uniformly smooth Banach space

}
= 0.

Proof. It is shown in [13, Proposition 2.3] that when a pair (X,Y ) has the pointwise BPB property with a
function ε 7−→ η̃(ε), then the pair (X,K) has the pointwise BPB property with the function ε 7−→ η̃(ε/2).
Therefore, if for a Banach space Y the infimum in the statement is not zero, then there is a universal
function ε 7−→ η̃′(ε) > 0 such that for every uniformly smooth Banach space X the pair (X,K) has the
pointwise BPB property with the function η̃′. Then, Proposition 2.9 gives a control on the modulus of
smoothness which is valid for all uniformly smooth Banach spaces X and this is impossible. �

3. Universal pointwise BPB domain spaces

Our main goal in this section is to prove that universal pointwise BPB domain spaces are uniformly
convex, providing a control on their modulus of convexity. We will extract some important consequences
of this.
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Theorem 3.1. If X is a universal pointwise BPB domain space, then X is uniformly convex. Moreover,
we have that

δX(ε) > C εq (0 < ε < 2)

for suitable 2 6 q <∞ and C > 0.

Prior to provide the proof of the theorem, we need three preliminary results. The first one is the
following lemma which is useful to compute the modulus of convexity of certain types of renormings.

Lemma 3.2. Let (X, ‖ · ‖) be a Banach space. Suppose that there are an equivalent norm ||| · ||| on X,
0 < δ 6 1, 2 6 q <∞, and c > 0, such that |||x||| 6 ‖x‖ 6 c|||x||| and(

|||x+ y|||
2

)q
+ δ

(
|||x− y|||

2

)q
6
|||x|||q + |||y|||q

2

for all x, y ∈ X. For each n ∈ N, define on X the equivalent norm

‖x‖n :=

(
‖x‖q +

1

n
|||x|||q

)1/q

(x ∈ X)

and let Xn = (X, ‖ · ‖n). Then

δXn
(ε) > 1−

(
1− δεq

2q(ncq + 1)

)1/q

>
δεq

q2q(ncq + 1)
(0 < ε < 2).

Proof. Let 0 < ε < 2 be given and suppose that ‖x‖n = ‖y‖n = 1 and ‖x− y‖n > ε. We then have that

ε 6 ‖x− y‖n 6
(
cq +

1

n

)1/q

|||x− y|||.

This implies that |||x − y||| > ε

(cq + 1/n)1/q
. Applying this, the convexity of the function t 7−→ tq for

q > 2, and the hypothesis, we get that(
‖x+ y‖n

2

)q
=

(
‖x+ y‖

2

)q
+

1

n

(
|||x+ y|||

2

)q
6
‖x‖q + ‖y‖q

2
+

1

n

(
|||x|||q + |||y|||q

2
− δ

(
|||x− y|||

2

)q)
= 1− δ

2qn
|||x− y|||q 6 1− δεq

2q(ncq + 1)
. �

The second preliminary result allows us to compute the norm of the inverse of some operators.

Lemma 3.3. Let X be a vector space endowed with two equivalent complete norms ‖ · ‖1 and ‖ · ‖2 such
that

(1) ‖x‖1 6 ‖x‖2 (x ∈ X)

and consider the identity operator Id : (X, ‖ · ‖1) −→ (X, ‖ · ‖2). If S : (X, ‖ · ‖1) −→ (X, ‖ · ‖2) satisfies
that ‖S − Id ‖ < 1/4, then S is invertible and ‖S−1‖ < 4/3.

Proof. Let us denote X1 = (X, ‖ · ‖1), X2 = (X, ‖ · ‖2) and let I1 : X1 −→ X1, I2 : X2 −→ X2

be the corresponding identity operators. Denote also S2 = S ◦ Id−1 : X2 −→ X2. Condition (1)
means that ‖ Id−1 ‖ 6 1, so ‖S2 − I2‖ = ‖(S − Id) Id−1 ‖ < 1/4. Then, S2 is invertible with S−1

2 =
I2 +

∑∞
k=1(I2 − S2)k. Consequently, we have ‖S−1

2 ‖ < 4/3. To complete the proof it remains to remark

that ‖S−1‖ = ‖ Id−1 S−1
2 ‖ 6 ‖S

−1
2 ‖ < 4/3. �

Finally, we provide a third preliminary result which will allow us to estimate the modulus of convexity
of some Banach spaces.
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Lemma 3.4. Let X be a smooth Banach space and let δ : (0, 2) −→ R+ be a function. Suppose that
given ε ∈ (0, 2), x, z ∈ SX satisfying

Re 〈JX(x), z〉 > 1− δ(ε),
one has ‖x− z‖ < ε

2 . Then,

δX(ε) >
1

2
δ(ε).

Proof. Let z1, z2 ∈ SX be such that ‖z1 − z2‖ > ε. So, for all x ∈ SX , we have

Re 〈JX(x), z1〉 6 1− δ(ε) or Re 〈JX(x), z2〉 6 1− δ(ε).
Otherwise, we would have ‖z1 − x‖ < ε

2 and ‖z2 − x‖ < ε
2 , so ‖z1 − z2‖ < ε, a contradiction. Then, for

every x ∈ SX , we have that

Re

〈
JX(x),

z1 + z2

2

〉
6 1− 1

2
δ(ε).

Since X is smooth and the above inequality holds for all x ∈ SX , we get that∥∥∥∥z1 + z2

2

∥∥∥∥ 6 1− 1

2
δ(ε),

which implies that δX(ε) > 1
2δ(ε). �

We are now ready to prove our main result.

Proof of Theorem 3.1. Let ‖ · ‖ be the norm of X and let η̃X be the universal pointwise BPB function
given by Corollary 2.8. First of all, X is uniformly smooth (see [13, Proposition 2.1]) and so, it is
supperreflexive. We may then use a well-known result by Pisier [20] to get that X admits an equivalent
uniformly convex norm ||| · ||| for which there exist δ > 0 and 2 6 q <∞ such that

(2)

(
|||x+ y|||

2

)q
+ δ

(
|||x− y|||

2

)q
6
|||x|||q + |||y|||q

2

(
x, y ∈ X

)
.

We may also assume that there exists c > 0 such that |||x||| 6 ‖x‖ 6 c|||x||| for every x ∈ X. For each
m ∈ N, we define an equivalent norm on X by

‖x‖m :=

(
‖x‖q +

1

m
|||x|||q

)1/q

(x ∈ X),

which satisfies that

(3) ‖x‖ 6 ‖x‖m 6
(

1 +
1

m

)1/q

‖x‖

for all x ∈ X and for all m ∈ N.

Now, consider m0 ∈ N such that(
m0

1 +m0

)1/q

> 1− η̃X
(

1

8

)
and

1

8
+

(
m0 + 1

m0

)1/q

− 1 <
1

4
.

We claim that given ε ∈ (0, 2), x, z ∈ SX satisfying that

Re 〈JX(x), z〉 > 1− δXm0

(
3

8
ε

)
,

one has that ‖x− z‖ < ε

2
. This finishes the proof of the theorem by just using Lemma 3.4 to get that

δX(ε) >
1

2
δXm0

(
3

8
ε

)
for every ε ∈ (0, 2), and then Lemma 3.2 to get the desired estimation for δXm0

, and so for δX .
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Let us prove the claim. Define Id : (X, ‖ · ‖) −→ (X, ||| · |||m0
) to be the identity map. By (3), we get

that 1 6 ‖ Id ‖ 6
(

1 + 1
m0

)1/q

. Let T = 1
‖ Id ‖ Id. Fix now x ∈ SX and observe that

‖Tx‖m0
=
‖x‖m0

‖ Id ‖
>

(
m0

1 +m0

)1/q

> 1− η̃X
(

1

8

)
.

Since the pair ((X, ‖·‖), (X, ‖·‖m0
)) has the pointwise BPB property with η̃X , there exists S : (X, ‖·‖) −→

(X, ‖ · ‖m0) with ‖S‖ = 1 such that

‖S(x)‖m0
= 1 and ‖S − T‖ < 1

8
.

So, we get that

‖S − Id ‖ 6 ‖S − T‖+ ‖T − Id ‖ = ‖S − T‖+ ‖ Id ‖ − 1 6
1

8
+

(
m0 + 1

m0

)1/q

− 1 <
1

4
.

By Lemma 3.3, we get that S is invertible with ‖S−1‖ < 4/3. Now, take y∗ ∈ S(X,‖·‖m0
)∗ to be such that

y∗(S(x)) = S∗y∗(x) = 1. By the smoothness of X, we have that S∗y∗ = JX(x). Finally, if z ∈ SX is
such that

Re 〈JX(x), z〉 > 1− δXm0

(
3

8
ε

)
,

then

Re 〈y∗, Sz〉 = Re 〈S∗y∗, z〉 = Re 〈JX(x), z〉 > 1− δXm0

(
3

8
ε

)
.

Since 〈y∗, Sx〉 = 1, we have that∥∥∥∥Sx+ Sz

2

∥∥∥∥
m0

> Re

〈
y∗,

Sx+ Sz

2

〉
> 1− δXm0

(
3

8
ε

)
.

This implies that ‖Sx− Sz‖m0 <
3

8
ε. Now, since ‖S−1‖ < 4

3
, we get that

‖z − x‖ = ‖S−1(Sz)− S−1(Sx)‖ 6 ‖S−1‖‖Sx− Sz‖m0
<
ε

2
.

This proofs the claim. �

Let us observe that, in the above proof, if one starts with a Banach space X which is isomorphic to
a Hilbert space, then there is no need to use Pisier’s result, as inequality (2) with q = 2 and δ = 1
follows immediately from the parallelogram law, so we get that δX(ε) > Cε2 for some C > 0 in this case.
Moreover, if one follows all the arguments giving in the proof of Theorem 3.1, then one gets that the
constant C depends only on η̃X and the Banach-Mazur distance from X to the Hilbert space.

Corollary 3.5. Let X be a universal pointwise BPB domain space. If X is isomorphic to a Hilbert space,
then X has an optimal modulus of convexity. That is, there exists C > 0 such that

δX(ε) > C ε2 (0 < ε < 2).

Moreover, the constant C depends only on η̃X and the Banach-Mazur distance from X to the Hilbert
space.

The main consequence of the above particular case is the following somehow surprising result.

Corollary 3.6. Let 2 < p < ∞ and let µ be a positive measure. If the dimension of Lp(µ) is greater
than or equal to 2, then Lp(µ) is not a universal pointwise BPB domain space.

Proof. Suppose that Lp(µ) is a universal pointwise BPB domain space with dimension bigger than 1. As
there is an one-complemented subspace of Lp(µ) which is isometric to `2p, Corollary 2.2 shows that `2p is
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a universal pointwise BPB domain space. As `2p is isomorphic to a Hilbert space, Corollary 3.5 provides
that

δ`2p(ε) > Cε2.

However, δ`2p(ε) ∼ εp and this leads to p 6 2. �

4. Universal pointwise BPB range spaces

We start with a sufficient condition for a Banach space Y to be a universal pointwise BPB range
space which generalizes the previously known results from [13]. We need the following definition which
was introduced in [9] to study the BPBp (for Asplund operators). We write aconv(A) to denote the
absolutely convex hull of the set A. A subset Γ of the unit ball of the dual of a Banach space X is said
to be 1-norming (for X) if the weak-star closure of aconv(Γ) is the whole of BX∗ .

Definition 4.1. [9, Definition 3.1] We say that a Banach space Y has ACK-structure with parameter ρ,
for some ρ ∈ [0, 1) (ACKρ-structure, for short), whenever there is a 1-norming set Γ ⊂ BY ∗ such that
for every ε′ > 0 and every non-empty relatively w∗-open subset U ⊂ Γ, there exist a non-empty subset
V ⊂ U , vectors y∗1 ∈ V , e ∈ SY , and an operator F ∈ L(Y, Y ) with the following properties:

(i) ‖F (e)‖ = ‖F‖ = 1;
(ii) y∗1(F (e)) = 1;

(iii) F ∗(y∗1) = y∗1 ;
(iv) |v∗(F (e))| 6 ρ for every y∗ ∈ Γ \ V1, where

V1 =
{
y∗ ∈ Γ: ‖F ∗(y∗)‖+ (1− ε′)‖[IdY ∗ −F ∗](y∗)‖ 6 1

}
;

(v) dist
(
F ∗(y∗), aconv{0, V }

)
< ε′ for every y∗ ∈ Γ;

(vi) |v∗(e)− 1| 6 ε′ for every v∗ ∈ V .

The promised result about the relation between ACKρ-structure and the pointwise BPB property
is the following one, which is analogous to [9, Theorem 3.4] for the BPBp. Actually, our proof is an
adaptation of the proof of that result and that is why we just explain the idea of the proof and the
necessary modifications comparing to [9, Theorem 3.4].

Proposition 4.2. Every Banach space with ACKρ-structure is a universal pointwise BPB range space.

Proof. Let X be a uniformly smooth Banach space, and Y be a Banach space enjoying the ACKρ-
structure with respect to the corresponding 1-norming set Γ ⊂ BY ∗ . Since X is uniformly smooth, it is
reflexive and every operator from X into Y is Asplund.

Arguing in the same way as in [7, Lemma 2.3] with the only difference that instead of the Bishop-
Phelps-Bollobás theorem one has to apply the fact that the pair (X,K) possesses the pointwise BPB
property (recall that X is uniformly smooth!), we can demonstrate the following: there is a function
η : (0, 1) −→ (0, 1) such that for every T ∈ L(X,Y ) with ‖T‖ = 1, every ε ∈ (0, 1), every x0 ∈ SX such
that ‖Tx0‖ > 1− η(ε) and every r > 0 there exists a w∗-open set Ur ⊂ Y ∗ with Ur ∩ Γ 6= ∅, such that

(4) ‖T ∗z∗ − JX(x0)‖ 6 r + ε

for all z∗ ∈ Ur ∩ Γ.

Since Ur ∩ Γ 6= ∅, we can apply Definition 4.1 to U = Ur ∩ Γ and ε′ > 0 and obtain a non-empty
V ⊂ U , y∗1 ∈ V , e ∈ SY , F ∈ L(Y, Y ) and V1 ⊂ Γ which satisfy properties (i) – (vi). In particular, for
every z∗ ∈ V ⊂ Ur ∩ Γ the inequality (4) holds true. Arguing in the same way as in the proof of [9,
Lemma 3.5], one can specify the values of r and ε′ and select ε̃ ∈ [ε′, 1) in such a way that the formula

S(x) = 〈JX(x0), x〉Fe+ (1− ε̃)[IY − F ](Tx)

defines a norm-one operator S : X −→ Y that satisfies ‖S(x0)‖ = 1 and ‖T−S‖ < ε
(

2 + 2
1−ρ+ε

)
. Taking

into account that ε is arbitrarily small, this gives us what we want. �
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Let us comment, for further use, that when one starts in the above proof with T ∈ K(X,Y ), then the
operator S also belongs to K(X,Y ).

One important remark here is that given a Banach space Y with ACKρ-structure, the function η̃(X,Y )
depends on the Banach space X (see Corollary 2.10 and the paragraph before it). In the above proof
this dependence appears when we introduce the function η. The dependence on the value of ρ is the only
form of dependence of η̃(X,Y ) on Y in the above proof.

As the main consequence of Proposition 4.2, we get the following list of Banach spaces which are
universal pointwise BPB ranges spaces by taking into account the examples and stability results for the
ACKρ-structure given in [9, §4].

Corollary 4.3. The following Banach spaces have ACKρ-structure and, therefore, are universal pointwise
BPB range spaces:

(a) C(K) and C0(L) spaces and, more generally, uniform algebras;
(b) Banach spaces with property β;
(c) finite `∞-sums of Banach spaces with ACKρ-structure;
(d) finite injective tensor products of spaces with ACKρ-structure;
(e) c0(Y ), `∞(Y ) and c0(Y,w) (the space of weakly-null sequences of Y ) when Y has ACKρ-structure;
(f) C(K,Y ) and Cw(K,Y ) when Y has ACKρ-structure.

Our next aim is to present a huge number of examples of Banach spaces which are not universal
pointwise BPB range spaces. The first result is the more general one.

Theorem 4.4. Every simultaneously uniformly convex and uniformly smooth Banach space Y of dimen-
sion greater than 1 is not a universal pointwise BPB range space.

We need some technical lemmas prior to give the proof of the theorem.

Lemma 4.5 ([16, Proposition 3 and Corollary 5]). Let X be a Banach space. Then its modulus of
convexity δX has the following property: both δX(t) and δX(t)/t are non-decreasing functions.

The next one is extracted from the proof of [17, Theorem 1].

Lemma 4.6. Let X be a normed space, x, y ∈ SX , t > 0. Then

‖x− ty‖ > 1

2
‖x− y‖.

Proof. At first,

‖y − ty‖ = |1− t| = |‖x‖ − ‖ty‖| 6 ‖x− ty‖.
Consequently,

‖x− y‖ 6 ‖x− ty‖+ ‖y − ty‖ 6 2‖x− ty‖. �

The last of this series of lemmas is maybe also known, but we were not able to find it in the literature.

Lemma 4.7. Let X be a linear space, p1, p2 be two norms on X with

p2 6 p1

and let (X, p1) be uniformly convex with modulus of convexity δ1. Denote ‖x‖ = p1(x) + p2(x), then for
every t ∈ (0, 1) the modulus of convexity δ of (X, ‖ · ‖) satisfies

δ(t) > δ1(t/4).

Proof. At first, remark that 1
2‖ · ‖ 6 p1(·) 6 ‖ · ‖. In order to estimate δ(t), fix x, y ∈ S(X,‖·‖) with

‖x − y‖ = t < 1. Without loss of generality we may assume that 1/2 6 p1(y) 6 p1(x) 6 1. Denote
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u = x
p1(x) , v = y

p1(y) , τ = p1(y)
p1(x) . We have that

p1(x+ y)

p1(x)
= p1

(
x

p1(x)
+

y

p1(x)

)
= p1 (u+ τv) = p1 ((1− τ)u+ τ(u+ v)) 6 (1− τ) + τp1(u+ v)

6 (1− τ) + 2τ(1− δ1(p1(u− v))) = 1 + τ − 2τδ1(p1(u− v)),

that is

p1(x+ y) 6 p1(x) + p1(y)− 2p1(y)δ1(p1(u− v)).

Lemma 4.5 implies that p1(y)δ1(p1(u − v)) > δ1(p1(y)p1(u − v)), and ‖τx − y‖ > ‖x − y‖/2 by Lemma
4.6, so we can continue as follows:

p1(x+ y) 6 p1(x) + p1(y)− 2δ1(p1(y)p1(u− v)) = p1(x) + p1(y)− 2δ1(p1(τx− y))

6 p1(x) + p1(y)− 2δ1(‖τx− y‖/2) 6 p1(x) + p1(y)− 2δ1(‖x− y‖/4)

= p1(x) + p1(y)− 2δ1(t/4).

It remains to remark that

‖x+ y‖ = p1(x+ y) + p2(x+ y) 6 p1(x) + p1(y)− 2δ1(t/4) + p2(x) + p2(y)

= ‖x‖+ ‖y‖ − 2δ1(t/4) = 2− 2δ1(t/4). �

We are now able to give the proof of the enounced result.

Proof of Theorem 4.4. Consider on Y a greater equivalent norm p such that (Y, p) is uniformly smooth
but not strictly convex. This can be done as follows: represent Y as the direct sum Y = Y1 ⊕ Y2 with Y2

being of dimension 2, introduce a smooth but not strictly convex norm q on Y2, and define

p(y1 + y2) = α
√
‖y1‖2 + q(y2)2

for every y1 ∈ Y1, y2 ∈ Y2, with α > 0 big enough. Denote by U the unit ball of (Y, p). For every n ∈ N,
let Bn = BY + 1

nU , and introduce the norm ‖ · ‖n on Y whose unit ball equals Bn. We claim that the
spaces Xn = (Y, ‖ · ‖n) have the following properties:

(i) the identity operator Idn : Xn −→ Y satisfies ‖x‖n 6 ‖ Idn(x)‖ for all x ∈ Xn, and lim
n→∞

‖ Idn ‖ = 1;

(ii) Xn is not strictly convex;
(iii) the moduli of convexity of all the spaces X∗n are bounded below by the same positive function

δY ∗(t/4).

Indeed, (i) is evident. Since Y is reflexive, in order to demonstrate (ii) it is sufficient to demonstrate
that X∗n is not smooth. Recall that the norm on X∗n can be expressed as

(5) ‖f‖∗n = ‖f‖Y ∗ +
1

n
‖f‖(Y,p)∗

(see, for example, [18, Lemma 2.1]). The first term in this expression is smooth but the second is not, so
the sum is not smooth. At last (iii), in view of formula (5), is a direct consequence of Lemma 4.7.

Finally, define

X =
[ ∞⊕
n=1

Xn

]
`2
.

The corresponding dual space X∗ is uniformly convex because of (iii) and, consequently, X is uniformly
smooth. It remains to demonstrate that the pair (X,Y ) does not have the pointwise BPB property.
Suppose, for the sake of contradiction, that (X,Y ) possesses the pointwise BPB property with a function
η̃. Since each space Xn is one-complemented in X, this implies (see Proposition 2.1) that all the pairs
(Xn, Y ) have the pointwise BPB property with the same function η̃(ε) for every n ∈ N.
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Applying (i), we can choose m ∈ N such that∣∣‖ Idm ‖ − 1
∣∣ < 1

8
and

1

‖ Idm ‖
> 1− η̃

(
1

8

)
.

Write Tm = Idm

‖ Idm ‖ and observe that for every x ∈ SXm

‖Tmx‖ >
‖x‖
‖ Idm ‖

>
1

‖ Idm ‖
> 1− η̃

(
1

8

)
.

From the assumption, for every x ∈ SXm
there exists Fx : Xm −→ Y such that

‖Tm − Fx‖ <
1

8
and ‖Fxx‖ = ‖Fx‖ = 1.

It follows that ‖ Idm−Fx‖ < 1/4 and so ‖F−1
x ‖ < 4/3 by Lemma 3.3. As in the last part of the proof

of Theorem 3.1, we get that for given ε ∈ (0, 1), if x, z ∈ SXm
satisfy Re 〈JXm

(x), z〉 > 1− δY
(

3
8ε
)

then
‖x − z‖ < ε

2 . Indeed, for y∗ ∈ Y ∗ such that y∗(Fxx) = 1 = ‖y∗‖, we have that JXm
(x) = F ∗xy

∗ by
smoothness, and so

Re y∗(Fxz) = Re 〈JXm(x), z〉 > 1− δY
(

3

8
ε

)
.

This shows that ‖Fxx− Fxz‖ < 3
8ε and so ‖x− z‖m < 1

2ε. Finally, Lemma 3.4 gives us that

δXm(ε) >
1

2
δY

(
3

8
ε

)
,

which gives the desired contradiction because the space Xn is not even strictly convex by (ii). �

As important particular cases, we get the following.

Corollary 4.8. For p ∈ (1,+∞), the spaces Lp(µ) of dimension greater than 1 (in particular, `p and `np
for n > 2) fail to be universal pointwise BPB range spaces.

In the case of Y = `2p for p > 2, a little modification of the proof of Theorem 4.4 gives more.

Theorem 4.9. For each p ∈ [2,+∞) there is a uniformly convex and uniformly smooth Banach space

X̃p such that (X̃p, `
2
p) fails the pointwise BPB property.

Proof. Set Xn = `2
p+ 1

n

for every n ∈ N. We define

X̃p =
[ ∞⊕
n=1

Xn

]
`2

and we observe that X̃p is both uniformly convex and uniformly smooth since the moduli of convexity of
all the spaces Xn and X∗n are bounded below by some positive function. As in the proof of Theorem 4.4,

if for the sake of contradiction we assume that the pair (X̃p, `
2
p) has the pointwise BPB property with a

function η̃ this will imply for some m ∈ N the inequality δ`2
p+ 1

m

(ε) > 1
2δ`2p

(
3
8ε
)
, which is not true. �

Let us observe that the pair (X̃p, `
2
p) has the BPBp as X̃p is uniformly convex (see [5, Theorem 2.2]

or [19, Theorem 3.1]).

As a consequence of Theorem 4.4, we obtain also that the pointwise BPB property is not stable
under finite `p-sums of the range space for 1 < p < ∞: just consider the pairs (X,R), (X,R) and
(X,R⊕p R) = (X, `2p), where X is such a uniformly smooth space that the pair (X, `2p) fails to have the
pointwise BPB property. Let us recall that it follows as a particular case of [13, Proposition 2.9] that the
pointwise BPB property is stable under finite `∞-sums of the range space.

Our next example will be used to show that the pointwise BPB property is not stable under infinite c0-
or `p-sums (1 6 p 6∞) of the range spaces. We use similar arguments to the ones given in [8, Example
4.1].
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Example 4.10. There exist a uniformly smooth two-dimensional Banach space X and a sequence of
polyhedral two-dimensional spaces {Yn : n ∈ N} such that

inf
n∈N

η̃(X,Yn)(ε) = 0

for 0 < ε < 1/4.

Proof. Consider the convex set C = A ∪
(⋃

(i,j)∈{1,2}×{1,2}Ai,j

)
⊂ R2, where

A =

{
(x, y) ∈ R2 : max{|x|, |y|} 6 1 and min{|x|, |y|} 6 1− 1

8

}
and

Ai,j =

{
(x, y) ∈ R2 :

(
x− (−1)i

(
1− 1

8

))2

+

(
y − (−1)j

(
1− 1

8

))2

6
1

82

}
.

Note that C is the square with rounded corners and the Minkowski functional µC is a norm in R2. We
consider the real Banach space X = (R2, µC). So, C = BX and we observe that X is uniformly smooth
by construction.

Next, for every n ∈ N, let Yn be R2 endowed with the norm

‖(x, y)‖n = max

{
|x|, |y|+ 1

n
|x|
} (

(x, y) ∈ R2
)
.

Let w =
(
1− 1

8 , 1
)
, v =

(
−1 + 1

8 , 1
)
, and e2 = (0, 1). Then

‖w‖ = ‖v‖ = ‖e2‖ = 1, e2 =
w + v

2
, and w − v =

(
7

4
, 0

)
.

Fix ε ∈ (0, 1/4). We claim that infn∈N η̃(X,Yn)(ε) = 0. Suppose that it is not the case and take η̃(ε) > 0
such that infn∈N η̃(X,Yn) > η̃(ε) > 0. Consider Idn : X −→ Yn to be the identity operator from X into
Yn and observe that limn→∞ ‖ Idn ‖ = 1. Therefore, we may choose m ∈ N such that∣∣‖ Idm ‖ − 1

∣∣ < ε/2 and
‖ Idm(e2)‖n
‖ Idm ‖

=
1

‖ Idm ‖
> 1− η̃(ε/2).

Next, defining Tm := Idm /‖ Idm ‖, we get that ‖Tm‖ = 1 and

‖Tm(e2)‖ > 1− η̃(ε/2),

so there is Sm ∈ L(X,Ym) such that

‖Sm‖ = ‖Sm(e2)‖m = 1 and ‖Tm − Sm‖ <
ε

2
.

Therefore,

‖ Idm−Sm‖ 6 ‖ Idm−Tm‖+ ‖Tm − Sm‖ 6
∣∣‖ Idm ‖ − 1

∣∣+
ε

2
< ε <

1

4
.

Now, we have that

1 = ‖Sm(e2)‖m 6
1

2
‖Sm(w)‖m +

1

2
‖Sm(v)‖m 6 1,

which implies that ‖Sm(e2)‖m = ‖Sm(w)‖m = ‖Sm(v)‖m = 1. This shows that the line segment
[Sm(w), Sm(v)] lies on the unit sphere of Ym. Since it contains Sm(e2) and the absolute value of the
first coordinate of this vector can not be equal to one (indeed, ‖Sm(e2)−e2‖m 6 ‖Sm− Idm ‖ < ε < 1/4),
it follows that ‖Sm(w)− Sm(v)‖m 6 1 from the shape of BYm

. With this in mind, we have that

‖ Idm(w)− Sm(v)‖m 6 ‖ Idm(w)− Sm(w)‖m + ‖Sm(w)− Sm(v)‖m < ε+ 1 <
5

4
.

On the other hand, since ‖ Idm(w)− Idm(v)‖m = ‖w − v‖ = 7
4 , we have that

‖ Idm(w)− Sm(v)‖ > ‖ Idm(w)− Idm(v)‖ − ‖ Idm(v)− Sm(v)‖m >
7

4
− ε > 5

4
.
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This gives the desired contradiction. �

It follows that the pointwise BPB property is not stable under infinite c0- or `p-sums of the range
spaces.

Corollary 4.11. The pointwise BPB property is not stable under infinite c0- or `p-sums of the range
space for 1 6 p 6 ∞. Moreover, being a universal pointwise BPB range space is also not stable under
infinite c0- or `p-sums with 1 6 p 6∞.

Proof. Let X and {Yn : n ∈ N} be spaces given in Example 4.10 and consider the spaces

Y0 =
[ ∞⊕
n=1

Yn

]
c0
, Yp =

[ ∞⊕
n=1

Yn

]
`p

(1 6 p 6∞).

As the spaces Yk are polyhedral, they have property β and so they are universal pointwise BPB range
spaces by Corollary 4.3 (or by [13, Proposition 2.4]). But inf

n
η̃(X,Yn)(ε) = 0, so it follows that (X,Y0)

and (X,Yp) fail the pointwise BPB property by Corollary 2.6. �

It also follows that property quasi-β, a weakening of property β introduced in [2] which still implies
density of norm attaining operators, is not enough to be a universal pointwise BPB range space.

Example 4.12. Consider the sequence of spaces {Yn : n ∈ N} defined in Example 4.10. Then the space[⊕∞
n=1 Yn

]
c0

has property quasi-β [2, Proposition 4] but it fails to be a universal pointwise BPB range

space as showed in the previous proof.

5. The pointwise BPB property for compact operators

In this section we deal with the corresponding pointwise BPB property property for compact operators.
Let us start with the needed definitions.

Definition 5.1. We say that the pair (X,Y ) of Banach spaces has the pointwise BPB property for
compact operators if given ε > 0, there is η̃(ε) > 0 such that whenever T ∈ K(X,Y ) with ‖T‖ = 1 and
x0 ∈ SX satisfy

‖T (x0)‖ > 1− η̃(ε),

there is S ∈ K(X,Y ) with ‖S‖ = 1 such that

‖S(x0)‖ = 1 and ‖S − T‖ < ε.

A Banach space X is said to be universal pointwise BPB domain space for compact operators if (X,Z)
has the pointwise BPB property for compact operators for every Banach space Z. A Banach space Y is
said to be universal pointwise BPB range space for compact operators if (Z, Y ) has the pointwise BPB
property for compact operators for every uniformly smooth Banach space Z.

In the same way that we may do with the pointwise BPB property, we may consider operators T with
norm less than or equal to one in Definition 5.1.

Many of the results given in the previous sections for the pointwise BPB property can be adapted to
the pointwise BPB property for compact operators, as in many proofs, when one starts with compact
operators, then all the involved operators are also compact. Let us summarize all these results in the
next proposition.

Proposition 5.2. Let X and Y be Banach spaces.

(a) Hilbert spaces are universal pointwise BPB domain spaces for compact operators.
(b) If (X,Y ) has the pointwise BPB property for compact operators, then X is uniformly smooth.
(c) If X1 is one-complemented in X and the pair (X,Y ) has the pointwise BPB property for compact

operators, then so does (X1, Y ) with the same function.
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(d) If Y = Y1⊕aY2 for some absolute sum ⊕a and (X,Y ) has the pointwise BPB property for compact
operators with a function ε 7−→ η̃(ε), then so does (X,Y1) with the function ε 7−→ η̃(ε/3). If
⊕a = ⊕1 or ⊕a = ⊕∞, then there is no need to divide ε by 3.

(e) If K is a compact Hausdorff topological space and the pair (X,C(K,Y )) has the pointwise BPB
property for compact operators, then so does (X,Y ) with the same function.

(f) If X is a universal pointwise BPB domain space for compact operators, then there is a common
function η̃ such that for every Banach space Z the pair (X,Z) has the pointwise BPB property
for compact operators with the function η̃.

(g) The space Lp(µ) fails to be universal pointwise BPB domain space for compact operators whenever
2 < p <∞ and dim

(
Lp(µ)

)
> 2.

(h) Every Banach space with ACKρ-structure is a universal pointwise BPB range space for compact
operators. In particular, the following spaces have ACKρ-structure and so they are universal
pointwise BPB range spaces for compact operators:
• C(K) and C0(L) spaces and, more in general, uniform algebras;
• Banach spaces with property β;
• finite `∞-sums of Banach spaces with ACKρ-structure;
• finite injective tensor products of spaces with ACKρ-structure;
• c0(Y ), `∞(Y ) and c0(Y,w) (the space of weakly-null sequences of Y ) when Y has ACKρ-

structure;
• C(K,Y ) and Cw(K,Y ) when Y has ACKρ-structure.

(i) For 1 < p <∞, the space `p is not a universal pointwise BPB range space for compact operators.
This also happens for every uniformly convex and uniformly smooth space containing a finite-
dimensional absolute summand.

Proof. (a). We can adapt the proof of [13, Theorem 2.5] to compact operators, using [12, Example 1.5.(b)]
to get that all the pairs (H,Y ) have the BPBp for compact operators when H is a Hilbert space and Y
is arbitrary.

(b). In the proof of [13, Proposition 2.3], only rank-one (hence compact) operators are used.

(c), (d), and (e). We may just adapt the proof of Proposition 2.1, Proposition 2.5, and Proposition
2.7, respectively, to compact operators.

(f). We can adapt the proof of Corollary 2.8 to compact operators using item (d) above.

(g). The proof of Corollary 3.6 can be adapted to compact operators using item (c) above instead of
Corollary 2.2.

(h). At the end of the proof of Proposition 4.2 it is commented that everything works for compact
operators.

(i). If `p is a universal pointwise BPB range space for compact operators, then so does `2p by item (d)

above. But then `2p would be a universal pointwise BPB range space, contradicting Corollary 4.8. The
same proof works for any Banach space which is uniformly convex and uniformly smooth and contains a
finite-dimensional absolute summand, using Theorem 4.4 instead of Corollary 4.8. �

Our next aim is to provide some results for the pointwise BPB property for compact operators which
do not come from the results for general operators. In [12] some results for the BPBp for compact
operators were given both on domain and range spaces. We do not know whether the analogous results
for the pointwise BPB property on domain spaces hold or not, but the results on range spaces do. The
main tool is the following result.

Proposition 5.3. Let X be a uniformly smooth Banach space and let Y be an arbitrary Banach space.
Suppose that there exists a net of norm-one projections {Qλ}λ∈Λ ⊂ L(Y, Y ) such that {Qλy} −→ y in
norm for every y ∈ Y . If there is a function η̃ : R+ −→ R+ such that all the pairs (X,Qλ(Y )) with λ ∈ Λ
have the pointwise BPB property for compact operators with the function η̃, then the pair (X,Y ) has the
pointwise BPB property for compact operators.
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The proof is a routine adaptation to the pointwise BPB property case of the one given in [12, Propo-
sition 2.5] for the BPBp for compact operators.

A first consequence of this proposition is that Lindenstrauss spaces (i.e. isometric preduals of L1(µ)
spaces) are universal pointwise BPB range spaces for compact operators. This is so by just taking into
account the classical result by Lazar and Lindenstrauss that every finite subset of a Lindenstrauss space
is contained in a subspace of it which is isometrically isomorphic to an `n∞ space. Now, all these spaces
are one-complemented and they are universal pointwise BPB range spaces; moreover, for a fixed Banach
space X, the functions η̃(X, `n∞) do not depend on n. Alternatively, it is possible to adapt to the pointwise
BPB property for compact operators the analogous result for the BPBp for compact operators given in
[4, Theorem 4.2].

Corollary 5.4. Let Y be a Banach space such that Y ∗ is isometrically isomorphic to some L1(µ) space.
Then Y is a universal pointwise BPB range space for compact operators.

We next may use Proposition 5.3 to get some results for vector-valued function spaces.

Proposition 5.5. Let X be a uniformly smooth Banach space and let Y be an arbitrary Banach space.

(a) For 1 6 p < ∞, if the pair (X, `p(Y )) has the pointwise BPB property for compact operators,
then so does the pair (X,Lp(µ, Y )) for every positive measure µ.

(b) If the pair (X,Y ) has the pointwise BPB property for compact operators, then so does the pair
(X,L∞(µ, Y )) for every σ-finite positive measure µ.

(c) The pair (X,Y ) has the pointwise BPB property for compact operators if and only if the pair
(X,C(K,Y )) has the pointwise BPB property for compact operators for every compact Hausdorff
topological space K.

The proof is a simple adaptation of [12, Theorem 3.15], but let us note that in item (a), the proof given
there only covers the case when L1(µ) is infinite-dimensional, but the remaining case follows immediately
from Corollary 2.6.

6. Some open problems

In this last section, we compile some open problems about the contents of this paper.

Taking into account Proposition 2.1, we do not know if it is possible to get analogous results for the
Bishop-Phelps-Bollobás property or for the denseness of norm attaining operators.

Problem 6.1. Let X, Y be Banach spaces and let X1 be a one-complemented subspace of X. Is it
true that (X1, Y ) has the BPBp whenever (X,Y ) satisfies it? Is it true that the set of norm attaining
operators from X1 to Y is dense in L(X1, Y ) whenever the set of norm attaining operators from X to Y
is dense in L(X,Y )?

Still in the sprint of Proposition 2.1, we also do not know if such a general result holds true for ranges
spaces.

Problem 6.2. Let X and Y be Banach spaces. Let Y1 be a one-complemented subspace of Y . Is it true
that (X,Y1) has the pointwise BPB property whenever (X,Y ) satisfies it? It seems to be open also for
the BPBp.

By Corollary 3.6, we know that Lp(µ) is not a universal pointwise BPB domain space when 2 < p <∞
and µ is a positive measure such that dim(Lp(µ)) > 2. We do not know what happens for 1 < p < 2.

Problem 6.3. Is the space Lp(µ) a universal pointwise BPB domain space for any 1 < p < 2?

As the proof of Corollary 3.6 is not constructive, we do not know a concrete Banach space Y such that
the pair (Lp(µ), Y ) fails the pointwise BPB property.
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Problem 6.4. Find a concrete example of a Banach space Y so that the pair (Lp(µ), Y ) fails the pointwise
BPB property for 2 < p <∞.

Finally, we do not know if there is any relationship between the pointwise BPB property and the
pointwise BPB property for compact operators.

Problem 6.5. Does the pointwise BPB property imply the pointwise BPB property for compact oper-
ators or viceversa?

Acknowledgement. The authors are grateful to the anonymous referee for suggestions that improved
the exposition.
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[18] V. Kadets, G. López, M. Mart́ın, and D. Werner, Equivalent norms with an extremely nonlineable set of norm

attaining functionals, J. Inst. Math. Jussieu (to appear), doi:10.1017/S1474748018000087
[19] S. K. Kim and H. J. Lee, Uniform Convexity and Bishop-Phelps-Bollobás Property. Canad. J. Math. 66 (2014),

373–386.

[20] G. Pisier, Martingales with values in uniformly convex spaces. Israel J. Math. 20 (1975), 326–350.

https://doi.org/10.1017/S1474748018000087


ON THE POINTWISE BISHOP–PHELPS–BOLLOBÁS PROPERTY FOR OPERATORS 19
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