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Notation

X and Y will be real or complex Banach spaces

• K field over R or C

• BX = {x ∈ X : ‖x‖ ≤ 1} the unit ball

• SX = {x ∈ X : ‖x‖ = 1} the unit sphere

• L(X,Y ) bounded linear operators from X into Y

‖T‖ := sup
x∈BX

‖T (x)‖.

• X∗ = L(X,K) topological dual of X

‖x∗‖ := sup
x∈BX

|x∗(x)|.
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Motivation & Historical background

Norm attaining functional

We say that a linear functional x∗ ∈ X∗ attains its norm if
there exists x0 ∈ SX such that |x∗(x0)| = ‖x∗‖.

NA(X) := norm attaining functionals

Norm attaining operator

We say that a linear operator T ∈ L(X,Y ) attains its norm if
there exists x0 ∈ SX such that ‖T (x0)‖ = ‖T‖.

NA(X,Y ) := norm attaining operators
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Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n. Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n. Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n. Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n.

Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n. Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

linear functionals

Heine-Borel theorem

If X is finite-dimensional, then NA(X) = X∗.

Counterexample: There is a functional defined on c0 which
never attains its norm.

Let x∗0 := (2−n)n. Then ‖x∗0‖ = 1 but for all (αn)n ∈ Bc0 , we
have

|x∗0(αn)| =

∣∣∣∣∣
∞∑
n=1

1

2n
αn

∣∣∣∣∣ ≤
∞∑
n=1

1

2n
|αn| <

∞∑
n=1

1

2n
= 1 = ‖x∗0‖.

Sheldon Dantas Pohang Mathematics Workshop



Notation Historical background The BPBp The BPBpp Quasi-transitivity

Motivation & Historical background

Define the natural map Q : X −→ X∗∗ by

Q(x)(x∗) := x∗(x) (x ∈ X,x∗ ∈ X∗)

We say that X is reflexive if Q is surjective. Suppose that X is
reflexive and let x∗0 ∈ X∗ be given. By Hahn-Banach theorem,
there is x∗∗0 ∈ SX∗∗ such that

|x∗∗0 (x∗0)| = ‖x∗0‖. (1)

Since X is reflexive, there is x0 ∈ SX such that

Q(x0) = x∗∗0 . (2)

Then

|x∗0(x0)| def= |Q(x0)(x∗0)| (2)
= |x∗∗0 (x∗0)| (1)

= ‖x∗0‖.

So x∗0 is norm attaining.
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Motivation & Historical background

James theorem

A Banach space X is reflexive if and only if every bounded
linear functional attains its norm.
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Motivation & Historical background

linear operators

Heine-Borel theorem

If X is finite-dimensional, then NA(X,Y ) = L(X,Y ) for every
Banach space Y .

By using Hahn-Banach theorem...

NA(X,Y ) 6= ∅.

Counterexample: dim(X) =∞ ⇒ NA(X, c0) 6= L(X, c0).
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Motivation & Historical background

An important question

Question Is it true that, for every infinite-dimensional Banach
space X, the set NA(X) contains a 2-dimensional subspace?

Answer: No! (2017, M. Rmoutil)
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Motivation & Historical background

The Bishop-Phelps-Bollobás
theorem
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Motivation & Historical background

Bishop-Phelps theorem

Every element in X∗ can be approximated by a norm attaining
linear functional.

In other words, NA(X) = X∗.

Question (Bishop-Phelps)

Is it true for bounded linear operators?
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Motivation & Historical background

Lindenstrauss’ counterexample: There is a Banach space
X such that

NA(X,X) 6= L(X,X),

showing that the Bishop-Phelps result does not hold for
bounded linear operators in general. On the other hand,

Lindenstrauss studied conditions that the Banach spaces X
and Y must satisfy to get that NA(X,Y ) = L(X,Y ). For
example, if X is reflexive then

NA(X,Y ) = L(X,Y ), ∀ Y.
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Motivation & Historical background

An important question

Question Is it true that every compact operator can be
approximated by a compact norm attaining operator?

Answer: No! (2014, M. Mart́ın)
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Motivation & Historical background

Bishop-Phelps-Bollobás theorem

Let X be a Banach space and ε ∈ (0, 1). Given x ∈ BX and
x∗ ∈ SX∗ with

|x∗(x)| > 1− ε2

4
,

there are elements y ∈ SX and y∗ ∈ SX∗ such that

y∗(y) = 1 = ‖y∗‖, ‖y − x‖ < ε and ‖y∗ − x∗‖ < ε.

• Bishop-Phelps-Bollobás ⇒ Bishop-Phelps.

• It is not expected that there exists a Bishop-Phelps-
Bollobás theorem version for bounded linear operators.
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The Bishop-Phelps-Bollobás property

The Bishop-Phelps-Bollobás property (BPBp)
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The Bishop-Phelps-Bollobás property

In 2008, M. Acosta, R. Aron, D. Garćıa and M. Maestre
introduced the following property:

Bishop-Phelps-Bollobás property

A pair of Banach spaces (X,Y ) is said to have the BPBp if for
every ε ∈ (0, 1), there exists η(ε) > 0 such that if T ∈ L(X,Y )
with ‖T‖ = 1 and x ∈ SX satisfy

‖T (x)‖ > 1− η(ε),

there are S ∈ SL(X,Y ) and x0 ∈ SX such that

‖S(x0)‖ = 1, ‖x0 − x‖ < ε and ‖S − T‖ < ε.
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The Bishop-Phelps-Bollobás property

Bishop-Phelps-Bollobás theorem

Let X be a Banach space and ε ∈ (0, 1). Given x ∈ BX and
x∗ ∈ SX∗ with

|x∗(x)| > 1− ε2

4
,

there are elements y ∈ SX and y∗ ∈ SX∗ such that
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• (X,K) has the BPBp for every Banach space X.
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The Bishop-Phelps-Bollobás property

The following pairs have the BPBp:

• (Kn,Km) for n,m ∈ N.

• (`1, C(K)) for a compact Hausdorff topological space. K

• (Lp(µ), c0) for every 1 < p <∞.

• (H1, H2) whenever H1 and H2 are Hilbert spaces.

• (c0, `∞).
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Pairs of classic Banach spaces having the BPBp

RANGE SPACES
FD `n1 `np `nq `n∞ c0 `1 `p `q `∞

D
O
M
A
I
N

S
P
A
C
E
S

FD X X X X X X X
`n1 X X X X X X X
`np X X X X X X X X X X
`nq X X X X X X X X X X
`n∞ X X X X X X X
c0 X X
`1 X X X X X X X X X X
`p X X X X X X X X X X
`q X X X X X X X X X X
`∞ X X
L1(µ) X Xσ X
L1(ν) X Xσ X
Lp(µ) X X X X X X X X X X
Lp(ν) X X X X X X X X X X
Lq(µ) X X X X X X X X X X
Lq(ν) X X X X X X X X X X
L∞(µ) X X
L∞(ν) X X
C(K) XR XR X XR XR X
C(S) XR XR X XR XR X
C0(L1) X X
C0(L2) X X

1



Pairs of classic Banach spaces having the BPBp

RANGE SPACES
L1(µ) L1(ν) Lp(µ) Lp(ν) Lq(µ) Lq(ν)

D
O
M
A
I
N

S
P
A
C
E
S

FD

`n1
`np X X X X X X
`nq X X X X X X
`n∞
c0 X X X X
`1 X X X X X X
`p X X X X X X
`q X X X X X X
`∞
L1(µ) X X X X X X
L1(ν) X X X X X X
Lp(ν) X X X X X X
Lp(µ) X X X X X X
Lq(µ) X X X X X X
Lq(ν) X X X X X X
L∞(µ) XC XC X X X X
L∞(ν) XC XC X X X X
C(K) XR XR XR XR
C(S) XR XR XR XR
C0(L1) XC XC XC XC XC XC
C0(L2) XC XC XC XC XC XC

1



Pairs of classic Banach spaces having the BPBp

RANGE SPACES
L∞(µ) L∞(ν) C(K) C(S) C0(L1) C0(L2)

D
O
M
A
I
N

S
P
A
C
E
S

FD Xσ Xσ

`n1
`np X X X X X X
`nq X X X X X X
`n∞
c0 Xσ Xσ X X
`1 X X
`p X X X X X X
`q X X X X X X
`∞
L1(µ) X• X•
L1(ν) X• X•
Lp(ν) X X X X X X
Lp(µ) X X X X X X
Lq(µ) X X X X X X
Lq(ν) X X X X X X
L∞(µ)
L∞(ν)
C(K) XR XR
C(S) XR XR
C0(L1) X◦ X◦
C0(L2) X◦ X◦

1



Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás property

On the other hand,

Remarkable example
(2015, R. Aron, Y. S. Choi, S. K. Kim, H. J. Lee, M. Mart́ın)

There is a Banach space Y such that

• (`21,Y) fails the BPBp but

• NA(`21, Y ) = L(`21, Y ) for all Y .
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

Bishop-Phelps-Bollobás point property

The Bishop-Phelps-Bollobás
point property (BPBpp)
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

Bishop-Phelps-Bollobás point property

The Bishop-Phelps-Bollobás point property

A pair (X,Y ) is said to have the BPBpp if given ε > 0, there
exists η(ε) > 0 such that whenever T ∈ L(X,Y ) with ‖T‖ = 1
and x0 ∈ SX satisfy

‖T (x0)‖ > 1− η(ε),

there exists S ∈ L(X,Y ) with ‖S‖ = 1 such that

‖S(x0)‖ = 1 and ‖S − T‖ < ε.

BPBpp ⇒ BPBp.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

Bishop-Phelps-Bollobás point property

Uniformly smooth spaces

A Banach space X is said to uniformly smooth if the limit

lim
t−→0

‖x+ th‖ − 1

t

exists uniformly for all h ∈ BX and x ∈ SX .

• Hilbert spaces are uniformly smooth.

• c0 and `1 are not uniformly smooth.

• Lp(µ) is uniformly smooth for 1 < p <∞.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás point property

(2016, D., S. K. Kim, H. J. Lee)

The Banach space X is uniformly smooth if and only if the pair
(X,K) has the BPBpp.

Examples:

(a) If H is a Hilbert space, then the pair (H,K) has the
BPBpp.

(b) The pair (Lp(µ),K) has the BPBpp for a σ-finite measure
µ and 1 < p <∞.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás point property

(2016, D., S. K. Kim, H. J. Lee)

Let X be a Banach space. Suppose that there is some Banach
space Y such that the pair (X,Y ) has the BPBpp. Then X is
uniformly smooth.

Examples:

(a) The pair (c0, Y ) fails the BPBpp for all Banach space Y .

(b) The pair (`1, Y ) fails the BPBpp for all Banach space Y .
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás point property

(Lindenstrauss) Property β

A Banach space Y is said to have property β with constant
0 ≤ ρ < 1 if there are sets {yi : i ∈ I} ⊂ SY and
{y∗i : i ∈ I} ⊂ SY ∗ such that

(a) y∗i (yi) = 1 for all i ∈ Λ

(b) |y∗i (yj)| ≤ ρ < 1 for i 6= j and

(c) ‖y‖ = supi∈Λ |y∗i (y)| for all y ∈ Y .

Typical examples: c0 and `∞ have property β.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás point property

(2016, D., S. K. Kim, H. J. Lee)

Assume that X is uniformly smooth and that Y has the
property β. Then the pair (X,Y ) has the BPBpp.

Examples:

(a) The pairs (Lp(µ), c0) and (Lp(µ), `∞) have the BPBpp for
a σ-finite measure µ and 1 < p <∞.

(b) If H is a Hilbert space, then the pairs (H, c0) and (H, `∞)
has the BPBpp.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

The Bishop-Phelps-Bollobás point property

(2016, D., Kim, Lee)

Let H be a Hilbert space. Then the pair (H,Y ) for all Banach
spaces Y .

To prove this theorem, we used that Hilbert spaces have
transitive norms.

It is known that, on a Hilbert space, given x, y ∈ SH , there is a
surjective isometry R ∈ L(H,H) such that

R(x) = y and ‖R− IdH ‖ = ‖x− y‖.
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Notation Historical background The BPBp The BPBpp Quasi-transitivity

Quasi-transitive spaces with a control function

Banach spaces which are quasi-transitive
with a control function
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Quasi-transitive spaces with a control function

Quasi-transitivity

A Banach space X is quasi-transitive with a control function
if there is β : (0, 2) −→ R+ such that for every ε ∈ (0, 2), if x, y
∈ SX satisfy

‖x− y‖ < β(ε),

there is R ∈ L(X,X) with ‖S‖ = 1 such that

S(x) = y and ‖S − IdX ‖ < ε.

Example: Hilbert spaces are quasi-transitive with a control
function.
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Quasi-transitive spaces with a control function

Natural question

• Lp-spaces are quasi-transitive with a control function?

(2017, D., Kadets, Kim, Lee, Mart́ın)

Every Banach space which is quasi-transitive with a control
function is uniformly smooth.

(2017, D., Kadets, Kim, Lee, Mart́ın)

Lp-spaces are not quasi-transitive with a control function
unless p = 2 or it is one-dimensional.
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Quasi-transitive spaces with a control function

Natural question

• We do not know other examples of Banach spaces which
are quasi-transitive with a control function besides Hilbert
spaces.

• Are Hilbert spaces the only one with this property?
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Quasi-transitive spaces with a control function

(2017, D., Kadets, Kim, Lee, Mart́ın)

Suppose that X is quasi-transitive with a control function and
that (X,Y ) has the BPBp. Then (X,Y ) has the BPBpp.
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Thank you
for your attention
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