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Definition

A functional x∗ ∈ X ∗ attains the norm if there is x0 ∈ SX such
that

|x∗(x0)| = ‖x∗‖ = sup
x∈SX

|x∗(x)|.

Question

How many functionals on X attains the norm?

James Theorem

A Banach space X is reflexive if and only if every functional in X ∗

attains the norm.
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Question

When does the set NA(X ) is norm dense in X ∗?

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X ) = X ∗.

Question

Is it true for bounded linear operators?
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Definition

T ∈ L(X ,Y ) attains the norm if there is x0 ∈ SX such that

‖T (x0)‖ = ‖T‖ = sup
x∈SX

‖T (x)‖.

Notation

NA(X ,Y ) = the set of all norm attaining operators

Bishop-Phelps’ question

NA(X ,Y ) = L(X ,Y ) for every X ,Y ?
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Lindenstrauss counterexample (1963)

There is a Banach space X such that

NA(X ,X ) 6= L(X ,X ),

showing that the Bishop-Phelps result does not hold for bounded
linear operators in general.
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Lindenstrauss introduced properties A and B:

Definition

(a) X has property A if NA(X ,Y ) = L(X ,Y ), ∀Y .

(b) Y has property B if NA(X ,Y ) = L(X ,Y ), ∀X .

Examples (Lindenstrauss, 1963)

Reflexive spaces have property A.

`1 has property A (property α).

c0 and `∞ have property B (property β).

Examples (Lindenstrauss, 1963)

L1[0, 1] fails property A.

Y strictly convex containing c0 fails property B.
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Examples

Infinite dimensional Lp(µ) spaces with 1 < p <∞ fail
property B.
(T. Gowers)

Infinite dimensional strictly convex spaces fail property B.
(M. Acosta)

Infinite dimensional L1(µ) fail property B.
(M. Acosta)
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(M. Mart́ın)

There are compact operators which cannot be approximated by
norm attaining operators.

Question

Can finite-rank operators be approximated by norm attaining
operators?
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The Bollobás
Theorem
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In 1970, Bollobás improved the Bishop-Phelps theorem.

Bishop-Phelps-Bollobás theorem (1970)

Let ε ∈ (0, 2). Given (x , x∗) ∈ BX × BX∗ with

|x∗(x)| > 1− ε2

2
,

there are elements y ∈ SX and y∗ ∈ SX∗ such that

‖y∗‖ = |y∗(y)| = 1, ‖y − x‖ < ε, and ‖y∗ − x∗‖ < ε.

(2014, M. Chica, V. Kadets, M. Mart́ın, S. Moreno-Pulido)
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Bishop-Phelps-Bollobás theorem ⇒ Bishop-Phelps theorem

It is not expected that there exists a Bishop-Phelps-Bollobás
theorem version for bounded linear operators in general.
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2008, M. Acosta, R. Aron, D. Garćıa and M. Maestre:

Bishop-Phelps-Bollobás property (BPBp)

A pair of Banach spaces (X ,Y ) is said to have the BPBp if for
every ε ∈ (0, 1), there exists η(ε) > 0 such that if T ∈ L(X ,Y )
with ‖T‖ = 1 and x ∈ SX satisfy

‖T (x)‖ > 1− η(ε),

there are S ∈ L(X ,Y ) with ‖S‖ = 1 and x0 ∈ SX such that

‖S(x0)‖ = 1, ‖x0 − x‖ < ε, and ‖T − S‖ < ε.
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(X ,Y ) satisfies the BPBp ⇒ NA(X ,Y ) = L(X ,Y ).

Converse? No!

Aron, Choi, Kim, Lee, and Mart́ın, 2015

There is a Banach space Y such that

(`2
1,Y ) fails the BPBp but

NA(`2
1,Y ) = L(`2

1,Y ).
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They proved that the pair (X ,Y ) has the BPBp if:

(a) X and Y are finite dimensional Banach spaces.

(b) X = `1 and

Y = L1(µ) with µ a finite measure,

Y is uniformly convex,

Y = C (K ) for K a compact Haurdorff space.
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Since 2008, there has been a lot of attention on this topic:

(L1[0, 1], L∞[0, 1]) has the BPBp
(2011, R. Aron, Y. S. Choi, D. Garćıa, M. Maestre)

(X ,A) has the BPBp (X Asplund and A uniform algebra)
(2013, B. Cascales, A. Guirao, V. Kadets)

(L1(µ), L1(ν)) has the BPBp
(2014, Y. S. Choi, S. K. Kim, H. J. Lee, M. Mart́ın)
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Pairs of classic Banach spaces having the BPBp

RANGE SPACES
FD `n1 `np `nq `n∞ c0 `1 `p `q `∞

D
O
M
A
I
N

S
P
A
C
E
S

FD X X X X X X X
`n1 X X X X X X X
`np X X X X X X X X X X
`nq X X X X X X X X X X
`n∞ X X X X X X X
c0 X X
`1 X X X X X X X X X X
`p X X X X X X X X X X
`q X X X X X X X X X X
`∞ X X
L1(µ) X Xσ X
L1(ν) X Xσ X
Lp(µ) X X X X X X X X X X
Lp(ν) X X X X X X X X X X
Lq(µ) X X X X X X X X X X
Lq(ν) X X X X X X X X X X
L∞(µ) X X
L∞(ν) X X
C(K) XR XR X XR XR X
C(S) XR XR X XR XR X
C0(L1) X X
C0(L2) X X

1
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RANGE SPACES
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Lq(ν) X X X X X X
L∞(µ) XC XC X X X X
L∞(ν) XC XC X X X X
C(K) XR XR XR XR
C(S) XR XR XR XR
C0(L1) XC XC XC XC XC XC
C0(L2) XC XC XC XC XC XC
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Pairs of classic Banach spaces having the BPBp

RANGE SPACES
L∞(µ) L∞(ν) C(K) C(S) C0(L1) C0(L2)

D
O
M
A
I
N

S
P
A
C
E
S

FD Xσ Xσ

`n1
`np X X X X X X
`nq X X X X X X
`n∞
c0 Xσ Xσ X X
`1 X X
`p X X X X X X
`q X X X X X X
`∞
L1(µ) X• X•
L1(ν) X• X•
Lp(ν) X X X X X X
Lp(µ) X X X X X X
Lq(µ) X X X X X X
Lq(ν) X X X X X X
L∞(µ)
L∞(ν)
C(K) XR XR
C(S) XR XR
C0(L1) X◦ X◦
C0(L2) X◦ X◦

1



The Bishop-Phelps-Bollobás
Point Property
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Bishop-Phelps-Bollobás point property (BPBpp)

A pair of Banach spaces (X ,Y )

is said to have the BPBpp if for
every ε ∈ (0, 1), there exists η(ε) > 0 such that if T ∈ L(X ,Y )
with ‖T‖ = 1 and x ∈ SX satisfy

‖T (x)‖ > 1− η(ε),

there is S ∈ L(X ,Y ) with ‖S‖ = 1 such that

‖S(x)‖ = 1 and ‖S − T‖ < ε.

BPBpp ⇒ BPBp
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Theorem

The Banach space X is uniformly smooth if and only if the pair
(X ;K) has the BPBpp.

Examples:

(a) If H is a Hilbert space, then the pair (H;K) has the BPBpp.

(b) The pair (Lp(µ);K) has the BPBpp for a σ-finite measure µ
and 1 < p <∞.
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Theorem

Let X be a Banach space. Suppose that there is some Banach
space Y such that the pair (X ;Y ) has the BPBpp. Then X is
uniformly smooth.

Examples:

(a) The pair (c0;Y ) fails the BPBpp for all Banach space Y .

(b) The pair (`1;Y ) fails the BPBpp for all Banach space Y .
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Theorem

Assume that X is uniformly smooth and that Y has the property
β. Then the pair (X ;Y ) has the BPBpp.

Examples:

(a) The pairs (Lp(µ); c0) and (Lp(µ); `∞) have the BPBpp for a
σ-finite measure µ and 1 < p <∞.

(b) If H is a Hilbert space, then the pairs (H; c0) and (H; `∞) has
the BPBpp.
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Definition

x∗ ∈ X ∗ is norm attaining if ‖x∗‖ = |x∗(x0)| for some x0 ∈ SX .

Question

When does the set NA(X ) is norm dense in X ∗?

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X ) = X ∗.

Lindenstrauss

There is X such that NA(X ,X ) 6= L(X ,X ).
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Bishop-Phelps-Bollobás theorem (1970)

Let ε ∈ (0, 2). Given (x , x∗) ∈ BX × BX∗ with

|x∗(x)| > 1− ε2

2
,

there are elements y ∈ SX and y∗ ∈ SX∗ such that

‖y∗‖ = |y∗(y)| = 1, ‖y − x‖ < ε, and ‖y∗ − x∗‖ < ε.

Remark

Bishop-Phelps-Bollobás theorem ⇒ Bishop-Phelps theorem

Remark

There is no Bishop-Phelps-Bollobás theorem for operators.
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Bishop-Phelps-Bollobás property (BPBp)

A pair of Banach spaces (X ,Y ) is said to have the BPBp if for
every ε ∈ (0, 1), there exists η(ε) > 0 such that if T ∈ L(X ,Y )
with ‖T‖ = 1 and x ∈ SX satisfy

‖T (x)‖ > 1− η(ε),

there are S ∈ L(X ,Y ) with ‖S‖ = 1 and x0 ∈ SX such that

‖S(x0)‖ = 1, ‖x0 − x‖ < ε, and ‖T − S‖ < ε.

(X ,Y ) satisfies the BPBp ⇒ NA(X ,Y ) = L(X ,Y ).
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The Bishop-Phelps-Bollobás
Point Property
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Bishop-Phelps-Bollobás point property (BPBpp)
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Question

What happens in Hilbert spaces?

Remark

Hilbert spaces have micro-transitive norms!

(M. Acosta, M. Mastylo, and M. Soleimani-M., 2018)

Let H be a real or complex Hilbert space and assume that u, v ∈ SH .
Then, there is a surjective linear isometry R on H such that

R(u) = v and ‖R − IdH‖ = ‖u − v‖.

(D., S.K. Kim, and H.J. Lee, 2016)

(H,Y ) satisfies the BPBpp, for every Banach Y .
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Definition

X is said to be uniformly smooth if its norm is Fréchet differentiable
uniformly on SX .

Hilbert spaces

Lp(µ)-spaces, µ σ-finite, 1 < p <∞

(D., S.K. Kim, and H.J. Lee, 2016)

X is uniformly smooth iff (X ,K) has the BPBpp.

(D., S.K. Kim, and H.J. Lee, 2016)

Suppose that there is some Banach space Y such that the pair
(X ,Y ) has the BPBpp. Then, X is uniformly smooth.

Sheldon Dantas NA and BPBps



Definition

X is said to be uniformly smooth if its norm is Fréchet differentiable
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Examples:

(a) (H,Y ) has the BPBpp, for every Y .

(b) (Lp(µ),K) has the BPBpp, for σ-finite µ, 1 < p <∞.

Examples:

(a) The pair (c0,Y ) fails the BPBpp for all Banach space Y .

(b) The pair (`1,Y ) fails the BPBpp for all Banach space Y .
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(D., S.K. Kim, and H.J. Lee, 2016)

If X is uniformly smooth and Y has the property β, then (X ,Y )
has the BPBpp.

Examples:

(a) (Lp(µ), c0) has the BPBpp for σ-finite µ, 1 < p <∞.

(b) (Lp(µ), `∞) has the BPBpp for σ-finite µ, 1 < p <∞.
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Question

∃ uniformly smooth X such that (X ,Y ) fails the BPBpp for some
Y ?

(D., S.K. Kim, and H.J. Lee, 2016)

Taking X with dim(X ) = 2, uniformly smooth, not strictly convex,
then there is Y such that (X ,Y ) fails the BPBp.
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The Bishop-Phelps-Bollobás
Operator Property
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(S.K. Kim and H.J. Lee, 2014)

A Banach space is uniformly convex if and only given ε > 0, there
is η(ε) > 0 such that whenever x∗ ∈ SX∗ and x ∈ BX satisfy

|x∗(x)| > 1− η(ε),

there is x0 ∈ SX such that

|x∗(x0)| = 1 and ‖x0 − x‖ < ε.

Questions

How about operators?
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Bishop-Phelps-Bollobás operator property (BPBop)

A pair of Banach spaces (X ,Y ) is said to have the BPBop if for
every ε ∈ (0, 1), there exists η(ε) > 0 such that if T ∈ L(X ,Y )
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All the following pairs fail to have the BPBop (D., 2017):

(1) (`2
2, `

2
∞).

(2) (`2
2, `

2
2).

(3) (`2
p, `

2
q) for 1 < p ≤ q <∞.

(4) (`2
2, `

2
1).

(5) (`2
2, `

2
q). for 1 ≤ q < 2.

(6) (`2
2(R), `2

q(R)) for 1 ≤ q ≤ ∞.

(7) (`2
p(R), `2

q(R)) for 1 < p ≤ 2 and 1 ≤ q ≤ 2.

(8) (`2
2,C [0, 1]).

(9) (X ,X ) for dim(X ) = 2.
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(D., V. Kadets, S.K. Kim, H.J. Lee, M. Mart́ın, 2018)

dim(X ), dim(Y ) > 1⇒ (X ,Y ) fails the BPBop.

The proof reduces to the case dim(X ) = dim(Y ) = 2.

We construct a T ∈ SL(X ,Y ) such that T (BX ) has an special
“position” in Y .
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Local
Bishop-Phelps-Bollobás Properties
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Local Bishop-Phelps-Bollobás
Operator Property
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(2017, D.) Local BPBop

A pair of Banach spaces (X ,Y ) is said to have the local BPBop if
for every ε ∈ (0, 1) and T ∈ SL(X ,Y ), there exists η(ε,T ) > 0 such
that if x ∈ SX satisfy

‖T (x)‖ > 1− η(ε,T ),

there exists x0 ∈ SX such that

‖T (x0)‖ = 1 and ‖x0 − x‖ < ε.
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dim(X ) <∞ ⇒ (X ,Y ) has the local BPBop ∀Y .
(2017, D.)

(`p, `q) fails the local BPBop whenever 1 < p ≤ q <∞.
(2017, D.)

(`p, `q) has the local BPBop whenever 1 ≤ q < p <∞.
(2017, D.)

If X is a reflexive space with the Kadec-Klee property, then
(X ,Y ) has the local BPBop for compact operators ∀Y .
(2018, D. Sain)

It was characterized in the setting with strictly convex domain
spaces and compact operators.
(2018, J. Talponen)
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The Local Bishop-Phelps-Bollobás
Point Property
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A pair (X ,Y ) has local BPBpp if given ε > 0 and x ∈ SX ,

there is
η(ε, x) > 0 such that whenever T ∈ L(X ,Y ) with ‖T‖ = 1 satisfies

‖T (x)‖ > 1− η(ε, x),

there is S ∈ L(X ,Y ) with ‖S‖ = 1 such that

‖S(x)‖ = 1 and ‖S − T‖ < ε.
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We say that the norm of X is strongly subdifferentiable (SSD, for
short) at a point u ∈ SX if the one-sided limit

lim
t→0+

1

t
(‖u + tx‖ − 1)

exists uniformly for x ∈ BX .

The norm is Fréchet differentiable iff it is Gâteaux and SSD.

Consider φn on BX defined by

φn(x) =
1

n

(∥∥∥u +
x

n

∥∥∥− 1
)

= ‖nu + x‖ − n.

Then, X is SSD iff {φn} converges uniformly on BX .
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SSD

The norm of any finite-dimensional space is SSD.
(Dini’s theorem)

The sup-norm on c0 is SSD at every point of c0.
(C. Franchetti, 1986)

The set of all SSD points of `∞ is not a Gδ in `∞.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)

The norm of `1 is only SSD at points in S`1 which are sequences
with finitely many nonzero terms.
(J.R. Giles, D A. Gregory, B. Sims, 1978)

A Banach space with an SSD norm is Asplund.
(C. Franchetti and R. Payá, 1993)
(G. Godefroy, V. Montesinos, V. Zizler, 1995)
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(C. Franchetti and R. Payá, 1993)

Suppose that X is SSD at x ∈ SX .

Then, there is δ(ε, x) > 0 such
that for all y ∈ SX with y ≈δ x , then

inf{‖z∗ − y∗‖ : ‖z∗‖ = z∗(x) = 1 = y∗(y) = ‖y∗‖} < ε.

Let x∗ ∈ SX∗ be such that

|x∗(x)| ≈ 1− δ2

2
.

By the Bollobás theorem, there are (y , y∗) ∈ SX × SX∗ such that

y∗(y) = 1, y ≈δ x , and y∗ ≈δ x∗.

If z∗ ∈ SX∗ is such that z∗(x) = 1, since y ≈δ x and y∗(y) = 1,
we have z∗ ≈ y∗ and then z∗ ≈ x∗.
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Suppose that X is SSD at x ∈ SX . Then, there is δ(ε, x) > 0 such
that for all y ∈ SX with y ≈δ x , then

inf{‖z∗ − y∗‖ : ‖z∗‖ = z∗(x) = 1 = y∗(y) = ‖y∗‖} < ε.

Let x∗ ∈ SX∗ be such that

|x∗(x)| ≈ 1− δ2

2
.

By the Bollobás theorem, there are (y , y∗) ∈ SX × SX∗ such that

y∗(y) = 1, y ≈δ x , and y∗ ≈δ x∗.

If z∗ ∈ SX∗ is such that z∗(x) = 1,

since y ≈δ x and y∗(y) = 1,
we have z∗ ≈ y∗ and then z∗ ≈ x∗.

Sheldon Dantas NA and BPBps



(C. Franchetti and R. Payá, 1993)
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Theorem (C. Franchetti and R. Payá, 1993)

The pair (X ,K) has the local BPBpp iff X is SSD.
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If X is not SSD,

then there are ε0 > 0 and x0 ∈ SX such that for
each n ∈ N, there is x∗n ∈ SX∗ such that

1 ≥ |x∗n (x0)| ≥ 1− 1

n

and whenever x∗ ∈ SX∗ satisfies ‖x∗−x∗n‖ < ε0, we have |x∗(x0)| <
1.

By the Banach-Alaoglu theorem, there is a subnet of (x∗n ) such that

x∗n
w∗−→ x∗0 for some x∗0 ∈ BX∗ . Then, x∗n (x0) −→ x∗0 (x0) and since

|x∗n (x0)| −→ 1, we get that |x∗0 (x0)| = 1 and x∗0 ∈ SX∗ .

A dual Banach space X ∗ has the w∗-Kadec-Klee property if the w∗

and norm topology coincide in SX∗ .

(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2018)

If X ∗ has the w∗-Kadec-Klee property, then the norm of X is SSD.
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SSD

(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2018)

If X ∗ has the w∗-Kadec-Klee property, then the norm of X is SSD.

The Hardy space H1 of analytic functions on the ball,

The Lorentz spaces Lp,1(µ), and

The trace class C1.

are non-reflexive dual spaces that satisfy the w∗-Kadec-Klee
property.
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Property ? for operators

Examples of linear operators
(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2018)

(X ,Y ) has the local BPBpp for some Y ⇒ X must be SSD.

(X ,Y ) has the local BPBpp for finite-dimensional spaces.

(`N1 ,X ) has the local BPBpp when X is uniformly convex.

(c0, Lp(µ)) has the local BPBpp for µ positive measures and
1 ≤ p <∞.
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Strongly Subdifferentiability in
projective tensor products
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SSD in projective tensor products

We say that (X ,Y ;Z ) has the local BPBpp if

given ε > 0 and
(x , y) ∈ SX × SY , there is η(ε, (x , y)) > 0 such that whenever
A ∈ L(X ,Y ;Z ) with ‖A‖ = 1 satisfies

‖A(x , y)‖ > 1− η(ε, (x , y)),

there is B ∈ L(X ,Y ;Z ) with ‖B‖ = 1 such that

‖B(x , y)‖ = 1 and ‖B − A‖ < ε.
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SSD in projective tensor products

dim(X ), dim(Y ), dim(Z ) <∞ ⇒ (X ,Y ;Z ) has the local
BPBpp.

If (X ,Y ;Z ) has the local BPBpp, then so does (X ,Y ;K).

If (X ,Y ;Z ) has the local BPBpp, then so do (X ,K) and
(Y ,K).
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SSD in projective tensor products

dim(X ), dim(Y ), dim(Z ) <∞ ⇒ (X ,Y ;Z ) has the local
BPBpp.

If (X ,Y ;Z ) has the local BPBpp, then so does (X ,Y ;K).

If (X ,Y ;Z ) has the local BPBpp, then X and Y are both
SSD.
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SSD in projective tensor products

Recall that L(`s , `r ) =

L(`s , `r ′ ;K) = (`s⊗̂π`r ′)∗.

Since `s⊗̂π`r ′ is reflexive, then B(`s⊗̂π`r′ )
∗ is w∗-sequentially

compact and then (`s⊗̂π`r ′)∗ satisfies the sequential-w∗-uniform-
Kadec-Klee property for 1 < r < 2 < s <∞
(S.J. Dilworth and D. Kutzarova, 1995).

Fix ε > 0 and (x , y) ∈ S`p × S`q . Consider η(ε, x ⊗ y) > 0. Let
A ∈ L(`p, `q;K) with ‖A‖ = 1 with

|A(x , y)| > 1− η(ε, x ⊗ y).

Consider Â ∈ S(`p⊗̂π`q)∗ . Then,

|Â(x ⊗ y)| = |A(x , y)| > 1− η(ε, x ⊗ y).

Then, there is B̂ ∈ S(`p⊗̂π`q)∗ with

|B(x , y)| = |B̂(x ⊗ y)| = 1 and ‖B − A‖ = ‖B̂ − Â‖ < ε.
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|Â(x ⊗ y)| = |A(x , y)| > 1− η(ε, x ⊗ y).

Then, there is B̂ ∈ S(`p⊗̂π`q)∗ with

|B(x , y)| = |B̂(x ⊗ y)| = 1 and ‖B − A‖ = ‖B̂ − Â‖ < ε.
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SSD in projective tensor products

As a consequence... (D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a). If 2 < p, q <∞, then `p⊗̂π`q is SSD.

(b). If 2 < p, q <∞, then (`p, `q;K) has the local BPBpp.

(c). If p−1 + q−1 ≥ 1 or one of them is 1 or ∞, then `p⊗̂π`q is
not SSD.

Sheldon Dantas NA and BPBps



SSD in projective tensor products

As a consequence... (D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a). If 2 < p, q <∞, then `p⊗̂π`q is SSD.

(b). If 2 < p, q <∞, then (`p, `q;K) has the local BPBpp.

(c). If p−1 + q−1 ≥ 1 or one of them is 1 or ∞, then `p⊗̂π`q is
not SSD.

Sheldon Dantas NA and BPBps



SSD in projective tensor products

As a consequence... (D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a). If 2 < p, q <∞, then `p⊗̂π`q is SSD.

(b). If 2 < p, q <∞, then (`p, `q;K) has the local BPBpp.

(c). If p−1 + q−1 ≥ 1 or one of them is 1 or ∞, then `p⊗̂π`q is
not SSD.

Sheldon Dantas NA and BPBps



Relations
between the properties
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BPBpp local BPBpp Lp

BPBp

BPBop local BPBop Lo

NA = L
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Open
Questions
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Questions

Q1. (X, Y) has the local BPBpp =⇒

given ε > 0 and x ∈ SX , there
is η(ε, x) > 0 such that whenever T ∈ L(X ,Y ) with ‖T‖ = 1
satisfies

‖T (x)‖ > 1− η(ε, x),

there are S ∈ L(X ,Y ) with ‖S‖ = 1 and x0 ∈ SX such that

‖S(x0)‖ = 1, x0 ≈ x , and S ≈ T .

=⇒ NA(X ,Y ) = L(X ,Y )?

Q2. ∃ more Banach spaces X and Y such that X ⊗̂πY is SSD?
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Questions

Q3. (Lp(µ),Y ) satisfies the BPBpp, 1 < p < 2,∀Y ?

Q4. (`2
p, `q) has the local BPBpp for 1 < p, q <∞?
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Questions

Q5. (L1[0, 1],C [0, 1]) satisfies the BPBp for compact operators.
(B. Cascales, A.J. Guirao, V. Kadets, 2013)

But NA(L1[0, 1],C [0, 1]) 6= (L1[0, 1],C [0, 1]).
(W. Schachermayer, 1983)

The question is:

BPBp ⇒ BPBp for compact operators?
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Questions

Q6. In the real case, does (c0, `1) satisfy the BPBp?
Complex case: (M. Acosta, 2016)

Q7. Consider S and T to be compact Hausdorff spaces and the (sup
norm) Banach space of continuous real-valued functions on S
(or on T ) denoted by C (S).

NA(C (S),C (T )) = L(C (S),C (T )).
(J. Johnson and J. Wolfe, 1979)

Is it also true for complex-valued C (K ) spaces?
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Questions

Recall that

(a) X has property A if NA(X ,Y ) = L(X ,Y ),∀Y .

(b) Y has property B if NA(X ,Y ) = L(X ,Y ),∀X .

C ([0, 1]) fails property B.
(W. Schachermayer, 1983)

If X has the Radon-Nikodým property, then X has property A.
(J. Bourgain, 1977)

Q8. Characterize the topological compact spaces K such that C (K )
has property B.

Q9. Does property A implies the Radon-Nikodým property?
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Questions

Q10. R2 has property B? That is, NA(X ,R2) = L(X ,R2), ∀X?
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Thank you
for your attention

Sheldon Dantas NA and BPBps


