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Definition - Norm Attaining Functional

We say that a linear functional z* € X* attains its norm if
there exists xg € Sx such that |z*(xz¢)| = ||«*||. The set of all
norm attaining functionals is denoted by NA(X).
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Definitions & Some Results

Definition - Norm Attaining Functional

We say that a linear functional z* € X* attains its norm if
there exists xg € Sx such that |z*(xz¢)| = ||«*||. The set of all
norm attaining functionals is denoted by NA(X).

James’s Theorem, 1957

If every bounded linear functional on a Banach space is norm
attaining, then the space is reflexive.
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Definitions & Some Results

Bishop-Phelps’s Theorem, 1961

Every element in X* can be approximated by a norm attaining
linear functional. In other words, NA(X) = X*.
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Definitions & Some Results

Bishop-Phelps’s Theorem, 1961

Every element in X* can be approximated by a norm attaining
linear functional. In other words, NA(X) = X*.

Question (Bishop-Phelps)

Is it true for bounded linear operators?
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Definitions & Some Results

Definition - Norm Attaining Operators

We say that a bounded linear operator 7' € £(X,Y) attains its
norm if there exists z¢o € Sx such that | T(xo)|| = ||7||- The set
of all norm attaining operators is denoted by NA(X,Y).
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Definitions & Some Results

Definition - Norm Attaining Operators

We say that a bounded linear operator 7' € £(X,Y) attains its
norm if there exists z¢o € Sx such that | T(xo)|| = ||7||- The set
of all norm attaining operators is denoted by NA(X,Y).

Lindenstrauss’ counterexample, 1963

There exists a Banach space X such that
NA(X, X) # L(X,X),

showing that the Bishop-Phelps result does not hold for
bounded linear operators.
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Definitions & Some Results

In 1970, Bollobés proved a very useful theorem to study
numerical radius of operators:
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Definitions & Some Results

In 1970, Bollobés proved a very useful theorem to study
numerical radius of operators:

Bishop-Phelps-Bollobds Theorem, 1970 (Martin’s version, 2014)

Let X be a Banach space and ¢ € (0,2). Given z € Bx and
z* € Bx~+ with

62

57
there are elements y € Sx and y* € Sx« such that

|z*(z)| > 1 —

ly*ll =ly" ()l =1, lly—zl <e and [y" -2 <e.
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Definitions & Some Results

In 1970, Bollobés proved a very useful theorem to study
numerical radius of operators:

Bishop-Phelps-Bollobds Theorem, 1970 (Martin’s version, 2014)

Let X be a Banach space and ¢ € (0,2). Given z € Bx and
z* € Bx+ with
2
£
2 ’
there are elements y € Sx and y* € Sx« such that

|z*(z)| > 1 —

ly*ll =ly" ()l =1, lly—zl <e and [y" -2 <e.

Observation

It is not expected that there exists a Bishop-Phelps-Bollobas
theorem version for bounded linear operators.
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Definitions & Some Results

In 2008, Acosta, Aron, Garcia and Maestre introduced the
following property:
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In 2008, Acosta, Aron, Garcia and Maestre introduced the
following property:

Definition - Bishop-Phelps-Bollobas property (BPBp)

A pair of Banach spaces (X,Y) is said to have the BPBp if for
every ¢ € (0, 1), there exists n(¢) > 0 such that if T' € Sy(x y)
and x € Sx satisfy

IT(2)]| > 1 =n(e),

there exist S € Sp(xy) and o € Sx such that

|S(zo)|| =1, |lzo—z| <e and ||T -S| <e.
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4. COLLECTION OF THE CLASSIC BANACH SPACES WHICH HAVE THE BPBp FOR OPERATORS

RANGE SPACES
FD o [ 6 [0 [ Teo [0 6]l [l [ Ln(w) [ Li(v) [ Lp() [ Lp() | Lo() | Ly(v) | Loo(p) | Lec(v) [ CK) [ CTS) | Co(S) | Co(L)
FD |V |V [V |V ][V
AR ErArarars Arari v v v v v v
A FErararan: VvV 7 7 v v v v v v
R arArarars Arari v v v v v v v v
pl & [VIVIVIVv]V Arararan v v v v v v v
o AN vV 7 7 7 7 7 7
NI Erarari arari 7 7 7 7 7 7 7 7
A o rArdrani VIV 7 v v v v v v v
T Ararani VIVIVIV] 7 v v v v v v v
Nl Ararans rrararan 7 7 7 v v
i) rarar: Arars 7 7 7 7
s (L) rardr rArari v v v v
p [ () Ardrani VIV 7 v v v v v v v
NEZR) Ararans VIVIVIV] 7 7 7 7 7 v 7 7
o [La) Ararans VIVIVIV] v v v v v 7 7 v
b L) rArdrans VIV 7 v v v v v v v
g [Loc() Ararani Arararami v v v v v v v
2 [Tav) Ararans rrararaN 7 7 7 7 v 7 7
(k) 77 7V 7 7 7 7 7 %
(S s i v v v v v %
Co(S) "ardri rArari v v v v v v v v
Co(L) Arari V|V 7 7 7 7 7 v % 7

Cuadro 1: FD = Finite-dimensional, RED = real case and BLUE = complex case
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sBPBp

A Banach space X is uniformly convex if for every ¢ > 0,
there exists d(g) > 0 such that

myeSXande—yH>5:>H H<1—(5()

T
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In 2014, Kim and Lee proved that

Kim-Lee Theorem
A Banach space X is uniformly convex if and only if given
e > 0, there exists n(¢) > 0 such that whenever z* € Sx+ and
x € Bx satisfy

|[z*(z)] > 1 —n(e),

there is xg € Sx such that

|z*(z0)] =1 and ||zo — x| < e.
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In 2014, Kim and Lee proved that

Kim-Lee Theorem

A Banach space X is uniformly convex if and only if given
e > 0, there exists n(g) > 0 such that whenever z* € Sx- and
x € Bx satisfy

2% (2)| > 1 =n(e),

there is such that

|z*(z0)] =1 and ||zo — x| < e.
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In 2014, Kim and Lee proved that

Kim-Lee Theorem
A Banach space X is uniformly convex if and only if given

e > 0, there exists n(g) > 0 such that whenever z* € Sx- and
x € Bx satisfy

2% (2)| > 1 =n(e),

there is such that

|z*(z0)] =1 and ||zo — x| < e.

Question

Is it true for bounded linear operators?
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Because of that, we define a similar property where the real
number 1 depends not only of € but also of a given bounded
linear operator 71"
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sBPBp

Because of that, we define a similar property where the real
number 7 depends not only of € but also of a given bounded
linear operator 71"

Definition of the sBPBp

We say that the pair of Banach spaces (X,Y') has the strong
BPBp if given € € (0,1) and T' € S;(xy), there exists
n(e,T) > 0 such that whenever zy € Sx satisfies

[T (xo)|| > 1 =mn(e,T),

there exists z1 € Sx such that

IT(x1)]] =1 and ||z1 — x| < e.
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Let X be a finite dimensional Banach space. Then the pair
(X,Y) has the sBPBp for all Banach spaces Y.
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Let X be a finite dimensional Banach space. Then the pair
(X,Y) has the sBPBp for all Banach spaces Y.

Theorem 2

Let X be a uniformly convex Banach space. Then the pair
(X,Y) has the sSBPBp for compact operators for all Banach
spaces Y.
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If X is a uniformly convex Banach space and Y is a Banach
space with the Schur’s property, then the pair (X,Y’) has the
sBPBp. In particular, the pair (¢3,¢1) has the sBPBp.
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Corollary 3
If X is a uniformly convex Banach space and Y is a Banach

space with the Schur’s property, then the pair (X,Y’) has the
sBPBp. In particular, the pair (¢3,¢1) has the sBPBp.

Corollary 4

If X is a uniformly convex Banach space and Y is a finite
dimensional Banach space, then the pair (X,Y’) has the sBPBp.
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Counterexample

If X is not reflexive, then the pair (X,Y’) can not have the
sBPBp by the James Theorem.
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Uniform sBPBp

What if we try to find a  depending only of €7
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Uniform sBPBp

What if we try to find a  depending only of €7

Definition of the uniform sBPBp

We say that a pair of Banach spaces (X,Y’) has the uniform
sBPBp if given ¢ > 0, there exists n(g) > 0 such that whenever
T € Sg(x,y) and zg € Sx satisfy

[T (o) ]| > 1 —mn(e),

there exists 21 € Sx such that

IT(xz1)]| =1 and ||z — 20| <e.

Sheldon Dantas A Kim-Lee type theorem for operators



Uniform sBPBp

Uniform sBPBp

Kim-Lee Theorem

The pair (X, K) of Banach spaces has the uniform sBPBp if and
only if X is uniformly convex.
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Kim-Lee Theorem
The pair (X, K) of Banach spaces has the uniform sBPBp if and
only if X is uniformly convex.

If there exits a Banach space Y such that the pair (X,Y’) has
the uniform sBPBp, then X must be a uniformly convex
Banach space.
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Uniform sBPBp

Counterexample

Consider X = 3(K) and Y = 2 (K).
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Uniform sBPBp

Counterexample
Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property.
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Uniform sBPBp

Counterexample

Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property. Let T : X — Y defined by

T(z,y) = ((1 — ;n(é?)) af,y) :
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Uniform sBPBp

Counterexample

Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property. Let T : X — Y defined by

T(z,y) = ((1 — ;n(é?)) af,y) :

So:
o T =1,
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Uniform sBPBp

Counterexample

Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property. Let T : X — Y defined by
So:

T(z,y) = ((1 — ;n(é?)) af,y) :
o [|IT]| =1,

° [T(er)lloo > 1 =n(e),
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Uniform sBPBp

Uniform sBPBp

Counterexample

Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property. Let T : X — Y defined by
So:

T(z,y) = ((1 — ;n(é?)) af,y) :
o [|IT]| =1,

° [T(er)lloo > 1 —n(e),
@ every z € Sx such that | 7(2)||cc = 1 assumes the form
z = Aeg for some |\| = 1.
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Uniform sBPBp

Counterexample

Consider X = /2(K) and Y = ¢2 (K). Suppose that there exists
n(e) > 0 with the above property. Let T : X — Y defined by
So:

T(z,y) = ((1 — ;n(é?)) af,y) :
o [|IT]| =1,

° [T(er)lloo > 1 —n(e),
@ every z € Sx such that | 7(2)||cc = 1 assumes the form
z = Aeg for some |\| = 1.

But, in this case, we have ||e; — z||2 = v/2.
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Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:
(1) (63,€%,),
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Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:
(1) (63,€%,),
(2) (63,63),
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Uniform sBPBp

Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:
(1) (63,6),

2) (&.8),

(3) (£2,02) for 1 < p < ¢ < o0.
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Uniform sBPBp

Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:
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Uniform sBPBp

Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:

(1) (6,06%),

(2) (43,63),

(3) (£2,02) for 1 < p < ¢ < o0.
(4) (43, 8),

(5) (£3,£2), for 1 < g <2.

(6) (E%( )J%(RD for 1 < ¢ < oco.
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Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:

(1) (8,€%,),

(2) (83,63),

(3) (£2,02) for 1 < p < ¢ < o0.

() (B,8),

(5) (ﬁ%,ﬁg), for 1 <g<2.

(6) (E%(R),Eg(R)) for 1 < ¢ < .

(7) (E%(R),Eg(]&)) forl<p<2and1<g<2.
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Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:

(1) (63,€%,),

(2) (63,3),

(3) (£2,02) for 1 < p < ¢ < o0.

(4) (63, €9),

(5) (ﬁ%,ﬁg), for1 <qg<2.

(6) (3(R), £3(R)) for 1 < g < o0

(7) (EZQ)(R), g(R)) forl<p<2and1<g<2
(8) (43,C0,1]),
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Uniform sBPBp

All the following pairs fail to have the uniform sBPBp:

(1) (63,6),

(2) (63,63),

(3) (£2,02) for 1 < p < ¢ < o0.

(4) (6.6),

(5) (ﬁ%,ﬁg), for1<g<?2

(6) (£3(R),£2(R)) for 1 < g < oo.

(7) (EIQ)(R) g( ))forl<p<2and1<g<2.
(8) (3,Cl0,1)),

(9) (Y,Y), where dim(Y) = 2.
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Uniform sBPBp vs sBPBp

Next, we use the negative results about the uniform sBPBp to
get negative results about the sBPBp.
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Uniform sBPBp vs sBPBp

Uniform sBPBp vs sBPBp

Next, we use the negative results about the uniform sBPBp to
get negative results about the sBPBp.

If the pair (X,Y) fails the uniform sBPBp, then the pair
(l2(X), s (Y)) fails the sSBPBp.
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Uniform sBPBp vs sBPBp

In particular, the pairs ({2, lo(Z)) fail the sSBPBp when
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Uniform sBPBp vs sBPBp

In particular, the pairs ({2, lo(Z)) fail the sSBPBp when
(a) Z =102, 03, 2, C[0,1], 63 for 2 < g < oo in both real

009
and complex cases and
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Uniform sBPBp vs sBPBp

Uniform sBPBp vs sBPBp

In particular, the pairs ({2, lo(Z)) fail the sSBPBp when
(a) Z =102, 03, 2, C[0,1], 63 for 2 < g < oo in both real

009
and complex cases and

(b) Z = Eg, Eg for 1 < ¢ <2 in the real case.
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Uniform sBPBp vs sBPBp

In the next theorem we give a complete characterization of the
strong Bishop-Phelps-Bollobés property for the pairs (£p, £4).

The following holds.
(i) The pair (¢p,¢,) has the sSBPBp whenever 1 < ¢ < p < oc.

(ii) The pair (¢p,¢,) fails the sSBPBp whenever 1 < p < ¢ < o0.
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Uniform sBPBp vs sBPBp

(ii) Let € € (0,1) and 1 < p < g < 0.
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Uniform sBPBp vs sBPBp

(ii) Let € € (0,1) and 1 < p < ¢ < co. For each n € N define
Tnzﬁg —>€3 by
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Uniform sBPBp vs sBPBp

(ii) Let € € (0,1) and 1 < p < ¢ < co. For each n € N define
Tnzﬁg —>€3 by

o= ((1- ) o).

Then define T : £, — £, by

T(2) i= (T, yn)nen = ((1 - 21n> :Ey)N
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Uniform sBPBp vs sBPBp

(ii) Let € € (0,1) and 1 < p < ¢ < co. For each n € N define
Tnzﬁg —>€3 by

o= ((1- ) o).

Then define T : £, — £, by

T(2) i= (T, yn)nen = ((1 - 21n> :Ey)N

If there exists some n(e,T") > 0 satisfying the sSBPBp for the
pair (¢p,¢,), then we get a contradiction.
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Uniform sBPBp vs sBPBp

The Future

o The Bishop-Phelps-Bollobas property for compact
operators
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Uniform sBPBp vs sBPBp

The Future

o The Bishop-Phelps-Bollobas property for compact
operators
0777777 ??? 7?7?77 in South Korea.
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Uniform sBPBp vs sBPBp

Thank you for your attention.
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