Octahedral norms in free Banach

lattices
PART I

Seminars on Functional Analysis, Tartu University

Gonzalo Martinez Cervantes

University of Murcia, Spain

November 13th, 2020

This work was supported by the project MTM2017-86182-P (Government of Spain, AEI/FEDER, EU), the project
20797/P1/18 by Fundacién Séneca, ACyT Regién de Murcia and by the European Social Fund (ESF) and the Youth
European Initiative (YEI) under the Spanish Seneca Foundation (CARM) (ref. 21319/PDGI/19).



Definition

A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

v

A vector lattice is a (real) vector space X that is also a lattice and




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and

Q x <y implies x+z <y + z for every x,y,z € E;




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0.



A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

| A\

Definition

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xt=xVv0 and x =(—x)VO0.



A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xT=xVv0 and x= =(—x)V0. We can define the absolute value
x| = xV (=x)



A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xT=xVv0 and x= =(—x)V0. We can define the absolute value
x| =xV(—x) =xT+x~ and x=x"—x".



A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xT=xVv0 and x= =(—x)V0. We can define the absolute value
x| =xV(—x) =xT+x~ and x=x"—x".

Definition

A Banach lattice is a vector lattice X that is also a Banach space




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xT=xVv0 and x= =(—x)V0. We can define the absolute value
x| =xV(—x) =xT+x~ and x=x"—x".

Definition

A Banach lattice is a vector lattice X that is also a Banach space and for
allx,y € X, [x| < |y| = |Ix]| < |lyll




A lattice is a partially ordered set (L, <) such that every two elements x
and y have a supremum x V y and an infimum x A y.

Definition

| A\

A vector lattice is a (real) vector space X that is also a lattice and
Q x <y implies x+z <y + z for every x,y,z € E;
@ 0 < x implies 0 < tx for every x € E and t € RT.

An element x € X is positive if x > 0. We can define for every x € X as
xT=xVv0 and x= =(—x)V0. We can define the absolute value
x| =xV(—x) =xT+x~ and x=x"—x".

Definition

A Banach lattice is a vector lattice X that is also a Banach space and for
allx,y € X, [x| < |y| = |Ix]| < |lyll
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Let E be a Banach space. The free Banach lattice generated by E is a
Banach lattice, denoted by FBL[E], together with a bounded operator
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It exists and is unique up to isometries.
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Theorem (Avilés, Rodriguez, Tradacete 2018)

The free Banach lattice generated by a Banach space E is the Banach
lattice generated by {0x : x € E} in Ho[E].
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@ The isometric embedding ¢: E — FBL[E] is given by ¢(x) = dx.

@ Notice that the restriction of each 65: E* — R to the closed unit
ball Bg+ is weak*-continuous.

@ On the other hand, each function f: E* — R in FBL[E] can be
approximated by a finite lattice linear combination of elements of the
form 4.

o Since ||f| raLie] = [If|Bgx[loo, we conclude that every function in

FBL[E] is weak*-continuous when restricted to the
closed unit ball Bg-.
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Lemma [A. Avilés, G.M.C., J. Rodriguez, P. Tradacete, 2020]

Let E be a Banach space and f : E* — R be a positively homogeneous
function such that:
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(i) f depends on finitely many coordinates of E.
Then f € FBL[E].
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Summarizing

@ Every function in FBL[E] is positively homogeneous
(F(Ax*)) = Af(x*) for every X\ > 0) and its restriction to the unit ball
Be+ is weak*-continuous;

@ If a positively homogeneous function f : E* — R depends on finitely
many coordinates and its restriction to Be« is norm-continuous, then
f belongs to FBL[E];

@ The family of functions satisfying the conditions of (2) is a dense
(nonclosed) sublattice of FBL[E].
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For any x* € E*, we can define a functional d,« € FBL[E]* by the formula
Ox+(f) = f(x*) for every f € FBL[E].

The set {x+ : x* € E*} C FBL[E]* is not a linear space! Indeed, in
general, Oy« + dyx 7# Oy y .

Nevertheless, dy« = Ady+ for every A > 0.
Recall that

HfHFBL[E] = sup {Z\f(x,*)l : SUP Z X (x)] < 1}
i=1 Bei—1
It follows that the set
=Y G 1 xf € EY, & €{-1,1}, sup Z\x ) <1y C Bepie-
i—1 XGBEI- 1

is norming for FBL[E] (i.e. ||f| raLe) = sup{|#(f)| : ¢ € A}).
Moreover, A is symmetric and convex. Thus

ZW = COHVW* (A) = BFBL[E]*-
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Behaviour with respect to subspaces

Suppose that F is a subspace of a Banach space E.
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FBL[F] —— > FBLIE]

It is easy to check that j is injective. But is j a (lattice) isomorphic
embedding?

Not always (T. Oikhberg, M. Taylor, P. Tradacete and V. Troitsky).
Indeed, they proved that j is an isomorphic embedding if and only if
there exists C > 0 such that any operator T : F — /] extends to an
operator T : E — (7 with | T|| < C||T|. Moreover, if C =1 then j is
an isometric embedding.

In particular, FBL[E] is isometric to a sublattice of FBL[E**].
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