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Definition

A lattice is a partially ordered set (L,≤) such that every two elements x
and y have a supremum x ∨ y and an infimum x ∧ y .

Definition

A vector lattice is a (real) vector space X that is also a lattice and

1 x ≤ y implies x + z ≤ y + z for every x , y , z ∈ E ;

2 0 ≤ x implies 0 ≤ tx for every x ∈ E and t ∈ R+.

An element x ∈ X is positive if x ≥ 0. We can define for every x ∈ X as
x+ = x ∨ 0 and x− = (−x) ∨ 0. We can define the absolute value
|x | = x ∨ (−x) = x+ + x− and x = x+ − x−.

Definition

A Banach lattice is a vector lattice X that is also a Banach space and for
all x , y ∈ X , |x | ≤ |y | ⇒ ‖x‖ ≤ ‖y‖

In particular, ‖x‖ = ‖|x |‖.
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Example

Rn with the usual order given by (x1, . . . , xn) ≤ (y1, . . . , yn) if, and
only if, xk ≤ yk for every k = 1, . . . , n is a vector lattice, under the
coordinatewise operations

(xk) ∨ (yk) = (xk ∨ yk),
(xk) ∧ (yk) = (xk ∧ yk).

If X is a non-empty set, the set RX := {f : X −→ R} with the order
given by f ≤ g if, and only if, f (x) ≤ g(x) for every x ∈ X is a vector
lattice. (f ∨ g)(x) = f (x) ∨ g(x), (f ∧ g)(x) = f (x) ∧ g(x).

If K is a compact space, the Banach space
C (K ) := {f : K −→ R : f is continuous} with the pointwise order and
the supremum norm is a Banach lattice.

`p and Lp(µ) are Banach lattices for every 1 ≤ p ≤ ∞.
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Definition

A homomorphism T : X → Y between Banach lattices is a bounded
operator such that T (x ∨ y) = T (x)∨T (y)

and T (x ∧ y) = T (x)∧T (y).
Let X be a Banach lattice and Y ⊂ X a (closed linear) subspace.

Y is a Banach sublattice if it is closed under operations ∨, ∧. This
makes Y a Banach lattice.

Y is an ideal if moreover, if f ∈ Y and |g | ≤ |f | then g ∈ Y . This
makes X/Y a Banach lattice.
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Free Banach lattice generated by a Banach space E

Definition (Avilés, Rodŕıguez, Tradacete 2018)

Let E be a Banach space.

The free Banach lattice generated by E is a
Banach lattice, denoted by FBL[E ], together with a bounded operator
φ : E −→ FBL[E ]

It exists and is unique up to isometries.
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Explicit description of FBL[E ]

Denote by H[E ] the vector subspace of RE∗
consisting of all positively

homogeneous functions f : E ∗ −→ R (that is, f (λx∗) = λf (x∗) for every
λ ≥ 0, x∗ ∈ E ∗).
For any f ∈ H[E ] define

‖f ‖FBL[E ] = sup

{
n∑

i=1

|f (x∗i )| : n ∈ N, x∗i ∈ E ∗, sup
x∈BE

n∑
i=1

|x∗i (x)| ≤ 1

}

= sup

{
m∑
i=1

|f (x∗i )| : sup

∥∥∥∥∥
m∑
i=1

±x∗i

∥∥∥∥∥ ≤ 1

}
.

Take H0[E ] = {f ∈ H[E ] : ‖f ‖FBL[E ] <∞}.
Given x ∈ E , let δx : E ∗ −→ R be the evaluation function given by
δx(x∗) = x∗(x) for every x∗ ∈ E ∗.

Theorem (Avilés, Rodŕıguez, Tradacete 2018)

The free Banach lattice generated by a Banach space E is the Banach
lattice generated by {δx : x ∈ E} in H0[E ].
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Understanding the description of FBL[E ]

The isometric embedding φ : E −→ FBL[E ] is given by φ(x) = δx .

Notice that the restriction of each δx : E ∗ −→ R to the closed unit
ball BE∗ is weak*-continuous.

On the other hand, each function f : E ∗ −→ R in FBL[E ] can be
approximated by a finite lattice linear combination of elements of the
form δxi .

Since ‖f ‖FBL[E ] ≥ ‖f |BE∗‖∞, we conclude that every function in
FBL[E ] is weak∗-continuous when restricted to the
closed unit ball BE∗.
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Definition

A function f : E ∗ −→ R is said to depend on finitely many coordinates
x1, . . . , xn ∈ E if f (x∗) = f (y∗) whenever x∗(xi ) = y∗(xi ) for every i ≤ n.

Notice that each δx depends only on one coordinate (just x!). Since every
finite lattice linear combination of elements of the form δxi depends on
finitely many elements, we conclude that any function in FBL[E ] can be
approximated by a function depending on finitely many coordinates.

Recall that any function f : E ∗ −→ R is positively homogeneous (i.e.
f (λx∗)) = λf (x∗) for every λ ≥ 0).

Lemma [A. Avilés, G.M.C., J. Rodŕıguez, P. Tradacete, 2020]

Let E be a Banach space and f : E ∗ → R be a positively homogeneous
function such that:

(i) f |BE∗ is norm-continuous;

(ii) f depends on finitely many coordinates of E .

Then f ∈ FBL[E ].
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Summarizing

1 Every function in FBL[E ] is positively homogeneous
(f (λx∗)) = λf (x∗) for every λ ≥ 0) and its restriction to the unit ball
BE∗ is weak*-continuous;

2 If a positively homogeneous function f : E ∗ → R depends on finitely
many coordinates and its restriction to BE∗ is norm-continuous, then
f belongs to FBL[E ];

3 The family of functions satisfying the conditions of (2) is a dense
(nonclosed) sublattice of FBL[E ].
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Examples.

The finite-dimensional case.

What is FBL[R]? Recall, elements of FBL[R] are positively homogeneous
functions of the form f : R∗ → R. Thus, f is determined by its value at 1
and −1. Thus, FBL[R] has dimension 2.
What is FBL[R2]? Elements of FBL[R2] are positively homogeneous
functions of the form f : R2 → R. Now, each function f is determined by
its value on the unit sphere of R2.

Lemma [B. de Pagter, A.W. Wickstead / A. Avilés, J. Rodŕıguez, P.
Tradacete]

Let E be a Banach space of dimension n. Then FBL[E ] is isomorphic (as a
Banach lattice) to C (Sn−1), where Sn−1 is the sphere of dimension n − 1.
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For any x∗ ∈ E ∗, we can define a functional δx∗ ∈ FBL[E ]∗ by the formula
δx∗(f ) = f (x∗) for every f ∈ FBL[E ].

Remark!

The set {δx∗ : x∗ ∈ E ∗} ⊂ FBL[E ]∗ is not a linear space! Indeed, in
general, δx∗ + δy∗ 6= δx∗+y∗ .

Nevertheless, δλx∗ = λδx∗ for every λ ≥ 0.
Recall that

‖f ‖FBL[E ] = sup

{
m∑
i=1

|f (x∗i )| : sup
x∈BE

m∑
i=1

|x∗i (x)| ≤ 1

}
.

It follows that the set

A =

{
n∑

i=1

ξiδx∗i : x∗i ∈ E ∗, ξi ∈ {−1, 1}, sup
x∈BE

m∑
i=1

|x∗i (x)| ≤ 1

}
⊆ BFBL[E ]∗

is norming for FBL[E ] (i.e. ‖f ‖FBL[E ] = sup{|φ(f )| : φ ∈ A}).
Moreover, A is symmetric and convex. Thus

A
w∗

= convw
∗
(A) = BFBL[E ]∗ .
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It is easy to check that j is injective. But is j a (lattice) isomorphic
embedding?
Not always (T. Oikhberg, M. Taylor, P. Tradacete and V. Troitsky).
Indeed, they proved that j is an isomorphic embedding if and only if
there exists C > 0 such that any operator T : F → `n1 extends to an
operator T̂ : E → `n1 with ‖T̂‖ ≤ C‖T‖. Moreover, if C = 1 then j is
an isometric embedding.
In particular, FBL[E ] is isometric to a sublattice of FBL[E ∗∗].
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