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Abstract. We study the Bishop-Phelps-Bollobás property (BPBp for short)

for compact operators. We present some abstract techniques which allows
to carry the BPBp for compact operators from sequence spaces to function

spaces. As main applications, we prove the following results. Let X, Y be
Banach spaces. If (c0, Y ) has the BPBp for compact operators, then so do

(C0(L), Y ) for every locally compact Hausdorff topological space L and (X,Y )

whenever X∗ is isometrically isomorphic to `1. If X∗ has the Radon-Nikodým
property and (`1(X), Y ) has the BPBp for compact operators, then so does

(L1(µ,X), Y ) for every positive measure µ; as a consequence, (L1(µ,X), Y ) has

the the BPBp for compact operators when X and Y are finite-dimensional or
Y is a Hilbert space and X = c0 or X = Lp(ν) for any positive measure ν and

1 < p <∞. For 1 6 p <∞, if (X, `p(Y )) has the BPBp for compact operators,

then so does (X,Lp(µ, Y )) for every positive measure µ such that L1(µ) is
infinite-dimensional. If (X,Y ) has the BPBp for compact operators, then so

do (X,L∞(µ, Y )) for every σ-finite positive measure µ and (X,C(K,Y )) for

every compact Hausdorff topological space K.

1. Introduction

The study of norm-attaining operators goes back to J. Lindenstrauss, who in
1963 [23] initiated the study of pairs of Banach spaces X and Y for which the set of
norm-attaining operators from X into Y is dense, trying to extend to operators the
classical Bishop-Phelps theorem about the density of norm-attaining functionals.
For a Banach space X over K (R or C), we write SX , BX , X∗ to denote, respectively,
the unit sphere, the closed unit ball, and the topological dual of X. If Y is also
a Banach space, L(X,Y ) is the space of all bounded linear operators from X into
Y and K(X,Y ) is its subspace consisting of all compact linear operators (recall
that a linear operator T : X −→ Y is said to be compact if T (BX) is relatively
compact in Y ). For T ∈ L(X,Y ), T ∗ will denote the adjoint of T . An operator
T ∈ L(X,Y ) is said to attain its norm if there is x ∈ SX such that ‖T‖ = ‖Tx‖; we
write NA(X,Y ) to denote the set of all operators attaining their norms. With this
notation, the Bishop-Phelps theorem [9] states that NA(X,K) is dense in X∗ for
every Banach space X. Lindenstrauss [23] showed that there are Banach spaces X
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and Y such that NA(X,Y ) is not dense in L(X,Y ), and also gave some particular
cases in which such a density holds: if X is reflexive or if Y is a closed subspace of
`∞ containing the canonical copy of c0 (actually, if Y has property β, see definition
below). A detailed account of known results in this area can be found in [1].

We are interested in studying norm-attaining operators between two Banach
spaces. Since compact operators from reflexive spaces always attain their norms,
in this paper we are going to concentrate on describing the subset of the compact
operators that attain their norms. Many results about density of norm-attaining
compact operators were given in the 1970’s. For example, NA(X,Y ) ∩ K(X,Y ) is
dense in K(X,Y ) whenever one of the spaces X, X∗, Y or Y ∗ is isometrically iso-
morphic to a L1(µ)-space [18]. It was actually conjectured that compact operators
between Banach spaces can be always approximated by norm-attaining (compact)
operators, but it has been recently shown that this is not the case [24]. We refer to
the survey paper [25] for a detailed account on this subject.

B. Bollobás gave in 1970 [10] a refinement of the Bishop-Phelps theorem in which
both functionals and points where they almost attain the norm can be simultane-
ously approximated by norm-attaining functionals and points where they attain
their norm. In 2008, M. D. Acosta, R. M. Aron, D. Garćıa and M. Maestre [3]
introduced the Bishop-Phelps-Bollobás property to study the operator version of
Bollobás’ result.

Definition 1.1 (Bishop-Phelps-Bollobás property [3]). A pair of Banach spaces
(X,Y ) has the Bishop-Phelps-Bollobás property (BPBp for short) if given ε > 0,
there exists η(ε) > 0 such that whenever T ∈ L(X,Y ) with ‖T‖ = 1 and x0 ∈ SX
satisfy

‖T (x0)‖ > 1− η(ε),

there are S ∈ L(X,Y ) and x1 ∈ SX such that

‖S‖ = ‖S(x0)‖ = 1, ‖x0 − x1‖ < ε and ‖S − T‖ < ε.

In this case, we say that the pair (X,Y ) has the BPBp with the function ε 7−→ η(ε).

With this definition, the refinement of Bollobás [10] of the Bishop-Phelps theorem
just says that the pair (X,K) has the BPBp for every Banach space X.

There has been a lot of research on this topic, see [2, 4, 5, 6, 7, 8, 11, 13, 14, 15,
20, 21, 22], among others, where we refer for more information and background.
Let us comment that there are many cases in which the density of norm-attaining
operators between two Banach spaces X and Y carries to the fact that the pair
(X,Y ) has the BPBp. For instance, among classical spaces, we have that the
pairs (Lp(µ), Lq(ν)) have the BPBp whenever µ and ν are σ-finite measures and
1 6 p < ∞ and 1 6 q 6 ∞ [5, 14, 15, 20], or p = ∞ and 1 < q < ∞ (actually,
(C(K), Lq(µ)) has the BPBp for every compact topological Hausdorff space K
[21]); in the real case, the pair (C0(L1), C0(L2)) has the BPBp for every locally
compact Hausdorff topological spaces L1 and L2 [4]; in the complex case, the pair
(C(K), L1(µ)) has the BPBp for every compact Hausdorff topological space K and
every measure µ [2]. For general Banach spaces, we would like to present one result
for domain spaces and one for range spaces. We need a couple of definitions. Let Z
be a Banach space. We say that Z is uniformly convex if for every sequences {xn},
{yn} of elements of BZ with ‖xn + yn‖ −→ 2, one has ‖xn − yn‖ −→ 0; this is the
case of the Lp(µ) spaces for 1 < p <∞. The space Z has property β with constant
0 6 ρ < 1 if there are two sets {zi : i ∈ I} ⊂ SZ , {z∗i : i ∈ I} ⊂ SZ∗ such that
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(i) z∗i (zi) = 1, ∀i ∈ I;
(ii) |z∗i (zj)| 6 ρ < 1 if i, j ∈ I, i 6= j;

(iii) for every z ∈ Z, ‖z‖ = supi∈I
∣∣z∗i (z)

∣∣ or, equivalently, BZ∗ is the absolutely
weakly∗-closed convex hull of {z∗i : i ∈ I}.

Examples of Banach spaces with property β are those subspaces of `∞ containing
the canonical copy of c0 and finite-dimensional polyhedral spaces.

The two promised results about the BPBp are the following. Let X, Y be Banach
spaces.

• If X is uniformly convex, then (X,Z) has the BPBp for every Banach space
Z ([20, Theorem 3.1] or [5, Corollary 2.3]).

• If Y has property β, then (Z, Y ) has the BPBp for every Banach space Z
([3, Theorem 2.2]).

On the other hand, it was known from the seminal paper [3] that it is not always
true that the density of NA(X,Y ) implies the BPBp for the pair (X,Y ). There are
some examples showing that, but maybe one of the more remarkable ones is the
following.

Example 1.2 ([8, Example 4.1]). There exists a sequence of two-dimensional poly-
hedral spaces such that, writing Y to denote its c0-sum, the pair (`21,Y) fails to have
the BPBp. It is remarkable to say that, on the one hand, NA(`21, Y ) = L(`21, Y ) for
every Banach space Y and, on the other hand, NA(X,Y) is dense in L(X,Y) for
every Banach space X.

This shows clearly that the study of the BPBp is not merely a trivial extension
of the corresponding study of the density of norm-attaining operators, as there are
more geometrical consequences. As an example, let us mention that the fact that
a pair of the form (`1, Y ) has the BPBp has been characterized in terms of the
geometry of Y by the following property.

Definition 1.3 ([3]). A Banach space Y has the approximate hyperplane series
property (AHSP, in short) if for every ε > 0 there exists η > 0 such that given a
sequence (yk) ⊂ SY and a convex series

∑∞
k=1 αk such that∥∥∥∥∥

∞∑
k=1

αkyk

∥∥∥∥∥ > 1− η,

there exist A ⊂ N, y∗ ∈ SY ∗ , and a subset {zk : k ∈ A} ⊂ SY satisfying that∑
k∈A

αk > 1− ε, ‖zk − yk‖ < ε and y∗(zk) = 1

for every k ∈ A.

It is shown in [3, Theorem 4.1] that a Banach space Y has the AHSP if and only
if the pair (`1, Y ) has the BPBp. Examples of spaces with this property are L1(µ)-
spaces, C(K)-spaces, finite-dimensional spaces, uniformly convex spaces, among
others.

In this paper we study Bishop-Phelps-Bollobás type theorems for compact oper-
ators. Let us introduce the following definition, which has already appeared (mostly
without name) in some of the references cited before.

Definition 1.4 (Bishop-Phelps-Bollobás property for compact operators). We say
that a pair of Banach spaces (X,Y ) has the Bishop-Phelps-Bollobás property for
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compact operators (BPBp for compact operators) if given ε > 0, there exists η(ε) >
0 such that whenever T ∈ K(X,Y ) with ‖T‖ = 1 and x0 ∈ SX satisfy

‖T (x0)‖ > 1− η(ε),

there are S ∈ K(X,Y ) and x1 ∈ SX such that

‖S‖ = ‖S(x0)‖ = 1, ‖x0 − x1‖ < ε and ‖S − T‖ < ε.

In this case, we say that the pair (X,Y ) has the BPBp for compact operators with
the function ε 7−→ η(ε).

An extensive list of pairs of spaces having the BPBp for compact operators is
given in the following. Some of them are stated with corresponding references and
others are from known examples about BPBp by easy modifications of the proofs
for the compact operators case.

Examples 1.5. The pair (X,Y ) of Banach spaces has the BPBp for compact
operators when

(a) X is arbitrary and Y has property β (adapting the proof of [3, Theo-
rem 2.2]);

(b) X is uniformly convex and Y is arbitrary (using [5, Corollary 2.3] or adapt-
ing the proof of [20, Theorem 3.1]);

(c) X is arbitrary and Y is a uniform algebra - in particular, Y = C0(L) for a
locally compact Hausdorff topological space L - [11, R2 in page 380];

(d) X = L1(µ) and Y = L1(ν) for arbitrary measures µ and ν (adapting the
proof of [15, Theorem 3.1]);

(e) X = L1(µ) and Y = L∞(ν) for any measure µ and any localizable measure
ν (adapting the proof of [15, Theorem 4.1]);

(f) X = C(K) and Y = C(L) in the real case where K and L are compact
Hausdorff topological spaces (adapting the proof of [4, Theorem 2.5]);

(g) X = C0(L) and Y is uniformly convex where L is any locally compact
Hausdorff topological space [4, Theorem 3.3];

(h) X is arbitrary and Y ∗ is isometrically isomorphic to a L1(µ)-space [4, The-
orem 4.2]; in particular, if Y = C0(L) for a locally compact Hausdorff
topological space L;

(i) X = L1(µ) for an arbitrary measure and Y having the AHSP [6, Corollary
2.4].

Let us mention that it is not true that the BPBp for compact operators im-
plies the BPBp for operators. Indeed, the pair (L1[0, 1], C[0, 1]) has the BPBp for
compact operators (by any of the assertions (c), (h) or (i) above). But, the set
NA(L1[0, 1], C[0, 1]) is not dense in L(L1[0, 1], C[0, 1]) [26], nor the more this pair
has the BPBp. On the other hand, we do not know whether the BPBp implies the
BPBp for compact operators.

Our aim in this paper is to present some techniques to produce pairs of Banach
spaces having the BPBp for compact operators, and to give some applications of
them. These techniques are based on two old results about norm-attaining compact
operators by J. Johnson and J. Wolfe [18]. To give these techniques is the goal of
section 2. We next present in section 3 some applications of the previous results
which carry the BPBp for compact operators from some sequence spaces to function
spaces. Let us recall some useful notation. Let Z be a Banach space, m ∈ N and
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1 6 p 6 ∞. By `mp (Z) we denote the `p-sum of m copies of Z and `p(Z) is the
`p-sum of a countable infinitely many copies of Z; c0(Z) denotes the c0-sum of
a countable infinitely many copies of Z. If (Ω,Σ, µ) is a positive measure space,
Lp(µ,Z) is the space of all strongly measurable functions f : Ω −→ A such that
‖f‖p is integrable for 1 6 p < ∞ or f is essentially bounded for p = ∞, endowed
with the natural corresponding p-norm.

The main applications given in section 3 are the following. Let X, Y be Banach
spaces.

• If (c0, Y ) has the BPBp for compact operators, then so does (C0(L), Y ) for
every locally compact Hausdorff topological space L.
• IfX∗ is isometrically isomorphic to `1 and (c0, Y ) has the BPBp for compact

operators, then so does (X,Y ); in particular, if Y is uniformly convex, then
(X,Y ) has the BPBp for compact operators.
• If (`1(X), Y ) has the BPBp for compact operators and X∗ has the Radon-

Nikodým property, then (L1(µ,X), Y ) has the BPBp for compact operators
for every positive measure µ; as a consequence, (L1(µ,X), Y ) has the BPBp
for compact operators when:

– X and Y are finite-dimensional,
– Y is a Hilbert space and X = c0 or X = Lp(ν) for any positive measure
ν and 1 < p <∞.

• For 1 6 p <∞, if (X, `p(Y )) has the BPBp for compact operators, then so
does (X,Lp(µ, Y )) for every positive measure µ such that L1(µ) is infinite-
dimensional.
• If (X,Y ) has the BPBp for compact operators, then so does (X,L∞(µ, Y ))

for every σ-finite positive measure µ.
• If (X,Y ) has the BPBp for compact operators, then so does (X,C(K,Y ))

for every compact Hausdorff topological space K.

To finish this introduction, we would like to mention that a routinely change
of parameters in Definitions 1.1 and 1.4 allows us to show that we may require
the conditions not only for norm-one operators and vectors, but for operators and
vectors with norm less than or equal to one. Here is the concrete statement of this
result, which we will use without explicit mention.

Remark 1.6. Let X, Y be Banach spaces.

(a) (X,Y ) has the BPBp if given ε > 0, there exists η(ε) > 0 such that when-
ever T ∈ L(X,Y ) with ‖T‖ 6 1 and x0 ∈ BX satisfy

‖T (x0)‖ > 1− η(ε),

there are S ∈ L(X,Y ) and x1 ∈ SX such that

‖S‖ = ‖S(x0)‖ = 1, ‖x0 − x1‖ < ε and ‖S − T‖ < ε.

(b) (X,Y ) has the BPBp for compact operators if given ε > 0, there exists
η(ε) > 0 such that whenever T ∈ K(X,Y ) with ‖T‖ 6 1 and x0 ∈ BX
satisfy

‖T (x0)‖ > 1− η(ε),

there are S ∈ K(X,Y ) and x1 ∈ SX such that

‖S‖ = ‖S(x0)‖ = 1, ‖x0 − x1‖ < ε and ‖S − T‖ < ε.
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2. The tools

In this section we present some abstract results which will allow to transfer the
BPBp for compact operators from sequence spaces to function spaces. We first
deal with domain spaces, for which the results are based in [18, Lemma 3.1]: if
a Banach space X admits a net of norm-one projections with finite rank whose
adjoints pointwise converge to the identity in norm, then NA(X,Y ) ∩ K(X,Y ) is
dense in K(X,Y ) for every Banach space Y . For the BPBp this result is not valid,
as the finite-dimensionality of the domain space does not guarantee the BPBp (see
Example 1.2), and we have to impose additional conditions.

The most general result that we have is the following, from which we will deduce
some particular cases.

Lemma 2.1 (Main technical lemma). Let X and Y be Banach spaces. Suppose that
there exists a function η : R+ −→ R+ such that given δ ∈ R+, x∗1, . . . , x

∗
n ∈ BX∗

and x0 ∈ SX , we may find a norm-one operator P ∈ L(X,X) and a norm-one
operator i ∈ L(P (X), X) such that

(1) ‖P ∗x∗j − x∗j‖ < δ for j = 1, . . . , n;
(2) ‖i(Px0)− x0‖ < δ;
(3) P ◦ i = IdP (X);
(4) the pair (P (X), Y ) has the BPBp for compact operators with the function

η.

Then, the pair (X,Y ) has the BPBp for compact operators.

Proof. Let ε > 0 be given. Define

η′(ε) = min

{
1

4
η
(
ε/2
)
, ε/6

}
.

Fix T ∈ K(X,Y ) with ‖T‖ = 1 and x0 ∈ SX such that ‖Tx0‖ > 1 − η′(ε). As
T ∗(BY ∗) is compact, we may find x∗1, . . . , x

∗
n ∈ BX∗ such that

min
j
‖T ∗y∗ − x∗j‖ < η′(ε) (y∗ ∈ BY ∗).

Let P ∈ L(X,X) and i ∈ L(P (X), X) satisfying (1)–(4) for δ = η′(ε). Then, for
every y∗ ∈ BY ∗ , we have

‖T ∗y∗ − P ∗T ∗y∗‖ 6 min
j

(
‖T ∗y∗ − x∗j‖+ ‖x∗j − P ∗x∗j‖+ ‖P ∗x∗j − P ∗T ∗y∗‖

)
< 3η′(ε).

Therefore,

‖T − TP‖ = ‖T ∗ − P ∗T ∗‖ 6 3η′(ε).

Next, consider T̃ = T |P (X) ∈ K(P (X), Y ). Then, ‖T̃‖ 6 1 and

‖T̃ (Px0)‖ > ‖Tx0‖ − ‖Tx0 − TPx0‖
> ‖Tx0‖ − ‖T − TP‖ > 1− η′(ε)− 3η′(ε) > 1− η

(
ε/2
)
.

As the pair (P (X), Y ) has the BPBp for compact operators with the function η,

there exist S̃ ∈ K(P (X), Y ) and x̃1 ∈ SP (X) such that

‖S̃‖ = 1 = ‖S̃(x̃1)‖, ‖Px0 − x̃1‖ < ε/2, ‖S̃ − T̃‖ < ε/2.
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Finally, consider S = S̃P ∈ K(X,Y ) which satisfies ‖S‖ 6 1 and consider x1 =
i(x̃1) ∈ BX . First,

‖Sx1‖ = ‖[S̃P i](x̃1)‖ = ‖S̃(x̃1)‖ = 1,

so ‖S‖ = 1 = ‖Sx1‖ (in particular, ‖x1‖ = 1). Next,

‖x1 − x0‖ 6 ‖i(x̃1)− i(Px0)‖+ ‖i(Px0)− x0‖
< ‖x̃1 − Px0‖+ η′(ε) < ε/2 + ε/6 < ε.

On the other hand,

‖S − T‖ 6 ‖S − TP‖+ ‖TP − T‖ 6 ‖S̃P − TP‖+ 3η′(ε)

6 ‖S̃ − T̃‖+ 3η′(ε) < ε/2 + ε/2 = ε. �

A useful particular case of the above result is the following proposition.

Proposition 2.2. Let X be Banach space for which there exists a net {Pα}α∈Λ of
norm-one projections on X such that {Pαx} −→ x for all x ∈ X and {P ∗αx∗} −→
x∗ for all x∗ ∈ X∗ in norm. If for a Banach space Y there exists a function
η : R+ −→ R+ such that all the pairs (Pα(X), Y ) with α ∈ Λ have the BPBp
for compact operators with the function η, then the pair (X,Y ) has the BPBp for
compact operators.

The proof is just an application of Lemma 2.1, where the operator i : P (X) −→
X is the inclusion.

The requirement for the space X in the above proposition are fulfilled if X has a
shrinking monotone Schauder basis (i.e. a monotone Schauder basis such that the
biorthogonal functionals are a basis of the dual of the space).

Corollary 2.3. Let X be a Banach space with a shrinking monotone Schauder
basis and let {Pn}n∈N be the sequence of natural projections associated to the basis.
If for a Banach space Y there exists a function η : R+ −→ R+ such that all the pairs
(Pn(X), Y ) with n ∈ N have the BPBp (for compact operators) with the function
η, then the pair (X,Y ) has the BPBp for compact operators.

Another particular case of Proposition 2.2 is given by the following corollary.

Corollary 2.4. Let X be a Banach space. Let {Pα}α∈Λ be a net of norm-one
projections on X such that α � β implies that Pα(X) ⊂ Pβ(X) and that {P ∗αx∗} −→
x∗ in norm for all x∗ ∈ X∗. If for a Banach space Y there exists a function
η : R+ −→ R+ such that all the pairs (Pα(X), Y ) with α ∈ Λ have the BPBp
for compact operators with the function η, then the pair (X,Y ) has the BPBp for
compact operators.

Proof. We have to prove that {Pαx} −→ x in norm for all x ∈ X and then the
result is just an application of Proposition 2.2. This is surely well-known, but we
have not found a concrete reference, so we include an easy argument for the sake
of completeness. First, let us prove that Z =

⋃
α∈Λ Pα(X) is the whole of X.

Otherwise, there is a non-null element x∗0 ∈ X∗ which is zero on Z. By hypothesis,
{P ∗αx∗0} −→ x∗0, but P ∗αx

∗
0 = x∗0 ◦ Pα = 0, a contradiction. Now, it is routine, using

that the images of the family of projections is increasing, to prove that it converges
pointwise in norm to the identity, as needed. �
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Our next abstract result deals with range spaces instead of domain spaces. The
idea of the proof, which is an adaptation to the BPBp of [18, Lemma 3.4], was
used in [4, Theorem 4.2] to prove that every pair (X,Y ) has the BPBp for compact
operators when Y ∗ is isometric to an L1(µ) space.

Proposition 2.5. Let X and Y be Banach spaces. Suppose that there exists a net
of norm-one projections {Qλ}λ∈Λ ⊂ L(X,Y ) such that {Qλy} −→ y in norm for
every y ∈ Y . If there is a function η : R+ −→ R+ such that the pairs (X,Qλ(Y ))
with λ ∈ Λ have the BPBp for compact operators with the function η, then the pair
(X,Y ) has the BPBp for compact operators.

Proof. Write η′(ε) = 1
2 min {η(ε/2), ε}. Let T ∈ K(X,Y ) with ‖T‖ = 1 and

x0 ∈ SX such that

‖Tx0‖ > 1− η′(ε).
As T (BX) is relatively compact, we may find y1, . . . , ym ∈ Y such that

min
j
‖Tx− yj‖ < η′(ε)/3

for every x ∈ BX . By hypothesis, there is λ ∈ Λ such that

‖Qλ(yj)− yj‖ < η′(ε)/3 (j = 1, . . . ,m).

Now, for every x ∈ BX , we have

‖Tx−QλTx‖ 6 min
j
‖Tx− yj‖+ ‖yj −Qλ(yj)‖+ ‖Qλ(yj)−QλTx‖

< min
j

2‖Tx− yj‖+ η′(ε)/3 < η′(ε).

Therefore,

‖QλT − T‖ 6 η′(ε).

Then we have that T̃ = QλT ∈ K(X,Qλ(Y )) with ‖T̃‖ 6 1 and

‖T̃ (x0)‖ > ‖Tx0‖ − ‖QλT − T‖ > 1− 2η′(ε) > 1− η(ε/2).

Then, there exists S̃ ∈ K(X,Qλ(Y )) with ‖S̃‖ = 1 and x1 ∈ SX such that

‖S̃(x1)‖ = 1, ‖S̃ − T̃‖ < ε/2, and ‖x0 − x1‖ < ε/2 < ε.

If we write S ∈ K(X,Y ) to denote the operator S̃ viewed as an operator with range
in Y , we have that

‖S‖ = 1 = ‖Sx1‖ and ‖S − T‖ 6 ‖S̃ − T̃‖+ ‖T̃ − T‖ < ε/2 + η′(ε) 6 ε. �

We finish this section about technical results with an extension of some results
from [8, §2] to compact operators.

Lemma 2.6. Let X, X1, X2, Y , Y1, Y2 be Banach spaces.

(a) If one of the the pairs (X1 ⊕1 X2, Y ) or (X1 ⊕∞ X2, Y ) has the BPBp
for compact operators with a function η, then so do the pairs (Xj , Y ) with
j = 1, 2 with the same function η.

(b) If one of the pairs (X,Y1 ⊕1 Y2) (X,Y1 ⊕∞ Y2) has the BPBp for compact
operators with a function η, then so do the pairs (X,Yj) with j = 1, 2 with
the the same function η.
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Proof. For (a) one just has to adapt to compact operators the proof of [8, Propo-
sition 2.3] for ⊕1 and [8, Proposition 2.6] for ⊕∞.

(b). The result follows again adapting to compact operators the proofs of [8,
Proposition 2.7] for ⊕1 and [8, Proposition 2.3] for ⊕∞. �

3. Applications

The first main application of the results in the previous section is the following
sufficient condition for a pair of the form (C0(L), Y ) to have the BPBp for compact
operators.

Theorem 3.1. Let L be a locally compact Hausdorff topological space and let Y be
a Banach space. If (c0, Y ) has the BPBp for compact operators, then (C0(L), Y )
has the BPBp for compact operators.

The result will be proved by applying Lemma 2.1 and, to do so, we need two
preliminary results. The first one is the following lemma, which we only need for
X = K, but we state in the general form for completeness.

Lemma 3.2. Let X, Y be Banach spaces. Then the following are equivalent:

(i) The pair (c0(X), Y ) has the BPBp for compact operators;
(ii) there is a function η : R+ −→ R+ such that the pairs (`m∞(X), Y ) with

m ∈ N have the BPBp for compact operators with the function η.

Moreover, when K(X,Y ) = L(X,Y ) (in particular, if one of the spaces X or Y is
finite-dimensional), this happens when (c0(X), Y ) or (`∞(X), Y ) has the BPBp.

Proof. (i) implies (ii) follows from Lemma 2.6.(a), as each `m∞(X) is an `∞-summand
in c0(X). (ii) implies (i) is an easy consequence of Corollary 2.2.

Finally, when K(X,Y ) = L(X,Y ), if (c0(X), Y ) or (`∞(X), Y ) has the BPBp,
then (ii) holds by using [8, Proposition 2.6] and the fact that every operator from
`m∞(X) into Y is compact. �

It follows, in particular, the following consequence.

Corollary 3.3. Let Y be a Banach space. If the pair (c0, Y ) has the BPBp, then
it has the BPBp for compact operators.

The next preliminary result is based on [4, Proposition 3.2] and gives the possi-
bility of applying Lemma 2.1 when the domain space is a C0(L) space.

Lemma 3.4 (Extension of [4, Proposition 3.2]). Let L be a locally compact Haus-
dorff topological space. Given δ > 0, µ1, . . . , µn ∈ BC0(L)∗ and f0 ∈ BC0(L),
there exist a norm-one projection P ∈ L(C0(L), C0(L)) and a norm-one operator
i ∈ L(P (C0(L)), C0(L)) such that:

(1) ‖P ∗µj − µj‖ < δ for j = 1, . . . , n;
(2) ‖i(Pf0)− f0‖ < δ;
(3) P ◦ i = IdP (C0(L));
(4) P (C0(L)) is isometrically isomorphic to `m∞ for some m ∈ N.

Proof. We follow the proof of [4, Proposition 3.2]. But to check the statements (2)
and (3) we need to go carefully through that proof.

First, we may and do suppose that ‖f0‖ = 1 (indeed, if f0 = 0, then (2) is always
true and, as P is a projection, (3) is true by just taking i to be the inclusion of
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P (C0(L)) into C0(L). Otherwise, use f0/‖f0‖ and the result for f0 will follows).
Take µ0 ∈ SC0(L)∗ such that µ0(f0) = ‖f0‖ = 1. By the Riesz representation
theorem, we may view µ0, µ1, . . . , µn as Borel measures on L. Consider the finite
positive regular measure µ =

∑n
j=0 |µj |. By using the Radon-Nikodým theorem,

the density of simple functions on L1(µ), the regularity of µ, Urysohn’s lemma,
and the continuity of f0 (see the proof of [4, Proposition 3.2] for the details), we
may find a finite collection K1, . . . ,Km of pairwise disjoint compact subsets of L
with µ(Kk) > 0 for k = 1, . . . ,m, a collection of continuous functions with pairwise
disjoint compact support ϕ1, . . . , ϕm with values in [0, 1] and such that ϕk = 1 on
Kk for every k = 1, . . . ,m, in such a way that, if we define

P (f) =

m∑
k=1

1

µ(Kk)

(∫
Kk

f dµ

)
ϕk

(
f ∈ C0(L)

)
,

one has

(a) P ∈ L(C0(L), C0(L)) is a norm-one projection;
(b) ‖P ∗µj − µj‖ < δ/2 for every j = 0, 1, . . . , n;
(c) P (C0(L)) is the linear span of {ϕ1, . . . , ϕm} and so, it is isometrically iso-

morphic to `m∞;
(d) sup

t,s∈Kk

|f0(t)− f0(s)| < δ/2 for k = 1, . . . ,m;

(e) sup
{∣∣[Pf0](t)− f0(t)

∣∣ : t ∈
⋃m
k=1Kk

}
< δ/2.

Then, we have (1) and (4) of the lemma. Next, we use (b) with j = 0 to get that

‖Pf0‖ > |µ0(Pf0)| > |µ0(f0)| − ‖P ∗µ0 − µ0‖ > 1− δ/2,
and consider Υ0 ∈ P (X)∗ such that ‖Υ0‖ = 1 and Υ0(Pf0) = ‖Pf0‖ > 1−δ/2. On
the other hand, we may use (d) to get a compactly supported continuous function
Ψ : L −→ [0, 1] such that Ψ = 1 on

⋃m
k=1Kk and such that

sup
t∈supp(Ψ)

∣∣[Pf0](t)− f0(t)
∣∣ < δ/2.

We are now ready to define the operator i ∈ L(P (X), C0(L)) as follows:[
i

(
m∑
k=1

αkϕk

)]
(t) = Ψ(t)

(
m∑
k=1

αkϕk(t)

)
+
(
1−Ψ(t)

)
Υ0

(
m∑
k=1

αkϕk

)
f0(t)

for every t ∈ L and every α1, . . . , αm ∈ K. Then, ‖i‖ 6 1, P ◦ i = IdP (X) (this gives
(3)), and (2) is just the following computation:

‖i(Pf0)− f0‖ 6
∥∥Ψ[Pf0 − f0]

∥∥ +
∥∥(1−Ψ)

[
1− ‖Pf0‖]f0

∥∥ < δ/2 + δ/2 = δ. �

Proof of Theorem 3.1. By Lemma 3.4 and Lemma 3.2, we are in the hypotheses of
Lemma 2.1, so the result follows. �

A family of Banach spaces Y for which (c0, Y ) has the BPBp has been recently
discovered [7], which strictly contains uniformly convex spaces and Banach spaces
with property β. By using Theorem 3.1, one get that (C0(L), Y ) has the BPBp
for compact operators for all elements Y of that family. Let Y be a Banach space,
E ⊂ SY and F : E −→ SY ∗ . We say that the family E is uniformly strongly exposed
by F if for every ε > 0 there is δ > 0 such that

y ∈ BY , e ∈ E, ReF (e)(y) > 1− δ ⇒ ‖y − e‖ < ε.

The promised application is the following.
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Corollary 3.5. Let L be a locally compact Hausdorff topological space and let Y be
a Banach space. Suppose that there exist a set I, {yi : i ∈ I} ⊂ SY , {y∗i : i ∈ I} ⊂
SY ∗ , a subset E ⊂ SY , a mapping F : E −→ SY ∗ and 0 6 ρ < 1 satisfying that

(1) y∗i (yi) = 1,∀i ∈ I;
(2) |y∗i (yj)| 6 ρ,∀i, j ∈ I, i 6= j;
(3) E is uniformly strongly exposed by F ;
(4) |F (e)(yi)| 6 ρ, ∀e ∈ E, i ∈ I;
(5) for any y ∈ Y , ‖y‖ = max

{
sup{|y∗i (y)| : i ∈ I}, sup{|F (e)(y)| : e ∈ E}}.

Then, the pair (C0(L), Y ) has the BPBp for compact operators.

The proof is just an application of [7, Theorem 2.4] to get that (c0, Y ) has the
BPBp, Lemma 3.2 and Theorem 3.1.

Observe that this result covers the already known cases of Y being uniformly
convex (I = ∅) and of Y having property β (E = ∅). It is proved in the cited
paper [7] that there are examples of Banach spaces Y satisfying the requirements
of Corollary 3.5 which are neither uniformly convex nor satisfy property β, even in
dimension two.

Our next result about domain spaces deals with isometric preduals of `1. We do
not know whether it can be extended to general L1-predual spaces.

Theorem 3.6. Let X be a Banach space such that X∗ is isometrically isomorphic
to `1 and let Y be a Banach space. If the pair (c0, Y ) has the BPBp for compact
operators, then (X,Y ) has the BPBp for compact operators.

Proof. Let {e∗n}n∈N be a basis of X∗ isometrically equivalent to the usual `1-basis,
and let Yn be the linear span of {e∗1, . . . , e∗n} for every n ∈ N. It is proved in [17,
Corollary 4.1] that there exists a sequence of norm-one projections Qn : X∗ −→ X∗

such that Qn(X∗) = Yn and QnQn+1 = Qn for every n ∈ N. It is also shown that
writing Pn for the restriction of Q∗n to X and using the w∗-continuity of Qn, one
has that Pn is a norm-one projection in X whose range En = Q∗n(Y ∗n ) ⊂ X is
isometrically isomorphic to `n∞; besides, as QnQn+1 = Qn, one has Pn+1Pn = Pn
and so, Pn(X) ⊆ Pn+1(X).

Now, we may apply Lemma 3.2 and Corollary 2.4 to get that (X,Y ) has the
BPBp for compact operators. �

As for pairs of the form (C0(L), Y ) (see Corollary 3.5), we have the following
consequence.

Corollary 3.7. Let X be a Banach space such that X∗ is isometrically isomorphic
to `1 and let Y be a Banach space. Suppose that there exist a set I, {yi : i ∈ I} ⊂
SY , {y∗i : i ∈ I} ⊂ SY ∗ , a subset E ⊂ SY , a mapping F : E −→ SY ∗ and 0 6 ρ < 1
satisfying that

(1) y∗i (yi) = 1,∀i ∈ I;
(2) |y∗i (yj)| 6 ρ, ∀i, j ∈ I, i 6= j;
(3) E is uniformly strongly exposed by F ;
iv) |F (e)(yi)| 6 ρ, ∀e ∈ E, i ∈ I;
(4) for any y ∈ Y , ‖y‖ = max

{
sup{|y∗i (y)| : i ∈ I}, sup{|F (e)(y)| : e ∈ E}}.

Then, the pair (X,Y ) has the BPBp for compact operators.

The proof is just an application of [7, Theorem 2.4] to get that (c0, Y ) has the
BPBp, Lemma 3.2 and Theorem 3.6.
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Observe again that this result covers the cases of Y being uniformly convex
(I = ∅) and of Y having property β (E = ∅). If Y has property β, the result was
already known (see Examples 1.5.(a)), but it was unknown for uniformly convex
spaces.

Corollary 3.8. Let X be a Banach space such that X∗ is isometrically isomorphic
to `1 and let Y be a uniformly convex Banach space. Then (X,Y ) has the BPBp
for compact operators.

Next we will give a result for L1(µ,X)-spaces as domain which is an extension
of Examples 1.5.(i).

Theorem 3.9. Let µ be a positive measure, let X be a Banach space such that
X∗ has the Radon-Nikodým property and let Y be a Banach space. If (`1(X), Y )
has the BPBp for compact operators, then the pair (L1(µ,X), Y ) has the BPBp for
compact operators.

We first need the following lemma, which gives a version for compact operators
of [22, Theorem 6]. Observe that in this case, no assumption on X is needed.

Lemma 3.10. Let X, Y be Banach spaces. Then the following are equivalent:

(i) for every ε > 0 there exists 0 < ξ(ε) < ε such that given sequences (Tk) ⊂
BK(X,Y ) and (xk) ⊂ BX , and a convex series

∑∞
k=1 αk such that∥∥∥∥∥

∞∑
k=1

αkTkxk

∥∥∥∥∥ > 1− ξ(ε),

there exist a subset A ⊂ N finite, y∗ ∈ SY ∗ and sequences (Sk) ⊂ SK(X,Y ),
(zk) ⊂ SX satisfying the following:
(a)

∑
k∈A αk > 1− ε,

(b) ‖zk − xk‖ < ε and ‖Sk − Tk‖ < ε for all k ∈ A,
(c) y∗(Skzk) = 1 for every k ∈ A.

(in this case, we may say that the pair (X,Y ) has the generalized AHSP
for compact operators);

(ii) the pair (`1(X), Y ) has the BPBp for compact operators;
(iii) there is a function η : R+ −→ R+ such that the pairs (`m1 (X), Y ) with

m ∈ N have the BPBp for compact operators with the function η.

Moreover, if K(X,Y ) = L(X,Y ) (in particular, if one of the spaces X or Y is
finite-dimensional), then the above is equivalent to

(iv) the pair (`1(X), Y ) has the BPBp.

Proof. (i) implies (ii). We can adapt the proof of Theorem 6 of [22] to the case of
compact operators since, as we suppose the set A to be finite and all the operators
Tk’s and Sk’s to be compact, the operator S : `1(X) −→ Y defined there is also
compact. (ii) implies (iii) follows from Lemma 2.6.(a), as each `m1 (X) is an `1-
summand in `1(X). Finally, for (iii) implies (i), we can again adapt the proof of
[22, Theorem 6] to the case of compact operators, using that in our item (i) we may
reduce to finite sums instead of series (using the analogous for compact operators
of [22, Remark 5.a]).

If K(X,Y ) = L(X,Y ), item (iii) is equivalent to the fact that all the pairs
(`m1 (X), Y ) with m ∈ N have the BPBp with the same function η. Then, it is
shown in [22, Theorem 6] that this is equivalent to (iv). �
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In particular, we have the following characterization for Y of when the pairs of
the form (`1, Y ) has the BPBp for compact operators.

Corollary 3.11. Let Y be a Banach space. Then, the following are equivalent:

(i) the pair (`1, Y ) has the BPBp for compact operators;
(ii) Y has the AHSP;

(iii) the pair (`1, Y ) has the BPBp;
(iv) for every positive measure µ, the pair (L1(µ), Y ) has the BPBp for compact

operators;
(v) there is a positive measure µ such that L1(µ) is infinite-dimensional and

the pair (L1(µ), Y ) has the BPBp for compact operators.

Proof. (ii) is equivalent to (iii) by [3, Theorem 4.1]. (i) is equivalent to (iii) by
Lemma 3.10. (ii) implies (iv) is Examples 1.5.(i). (iv) implies (v) is obvious.
Finally, (v) implies (ii) is proved in [6, Corollary 2.4]. �

We will also need the following modification of [16, Lemma III.2.1, p. 67]. For
1 6 p < ∞, let p∗ be the conjugate exponent, i.e. p∗ = ∞ for p = 1 and p∗ is
determined by the equation 1/p+ 1/p∗ = 1 for 1 < p <∞.

Lemma 3.12. Let (Ω,Σ, µ) be a measure space such that L1(µ) is infinite-dimensio-
nal, let X be a Banach space and ε > 0.

(a) For 1 6 p < ∞, given f1, . . . , fn in Lp(µ,X) there exists a norm-one pro-
jection P : Lp(µ,X) −→ Lp(µ,X) such that P (Lp(µ,X)) is isometrically
isomorphic to `p(X) and

‖P (fj)− fj‖ < ε,

for every j = 1, . . . , n.
(b) If µ is a finite measure then, for 1 6 p < ∞, f1, . . . , fn in Lp(µ,X),

g1, . . . , gm in Lp∗(µ,X∗) and ε > 0, there exists a norm-one projection P :
Lp(µ,X) −→ Lp(µ,X) such that P (Lp(µ,X)) is isometrically isomorphic
to `p(X) and such that

‖fj − Pfj‖p < ε and ‖gk − P ∗gk‖p∗ < ε,

for all j = 1, . . . , n and k = 1, . . . ,m.
(c) If µ is a finite measure then, given g1, . . . , gm in L∞(µ,X) and ε > 0

there exists a norm-one projection P : L∞(µ,X) −→ L∞(µ,X) such that
P (L∞(µ,X)) is isometrically isomorphic to `∞(X) and such that

‖gk − Pgk‖∞ < ε,

for all k = 1, . . . ,m.

Proof. Since L1(µ) is infinite-dimensional, there exists a sequence A = (Ai)
∞
i=1 of

pairwise disjoint measurable sets such that 0 < µ(Ai) <∞ for every i ∈ N.
(a). Fix 1 6 p < ∞. Let f1, . . . , fn in Lp(µ,X). As, by definition, simple

functions are dense in Lp(µ,X), for each j ∈ {1, . . . , n} we can find a finite family
Aj of pairwise disjoint measurable sets of positive and finite measure, and xA ∈ X
for every A ∈ Aj such that the vector-valued simple function φj =

∑
A∈Aj

xAχA
satisfies

‖fj − φj‖p < ε
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for every j = 1, . . . , n. Define

Ω1 =

[ ∞⋃
i=1

Ai

]
∪

 n⋃
j=1

⋃
A∈Aj

A


and consider B = {Bi : i ∈ N} an infinite countable partition of Ω1 such that all
their elements are measurable with 0 < µ(Bi) < ∞ for every i ∈ N and such that
B is a refinement of the above families. In the case p = 1, clearly

∞∑
i=1

∥∥∥∥ 1

µ(Bi)

(∫
Bi

fdµ
)
χBi

∥∥∥∥
1

=

∞∑
i=1

∥∥∥∥∫
Bi

fdµ

∥∥∥∥ 6 ‖f‖1
for every f in L1(µ,X). For 1 < p < ∞, let us observe that for any r, s ∈ N with
1 6 r < s, the fact that B is a partition leads to∥∥∥∥∥

s∑
i=r

1

µ(Bi)

(∫
Bi

fdµ
)
χBi

(t)

∥∥∥∥∥
p

=

s∑
i=r

1

µ(Bi)p

∥∥∥∥∫
Bi

fdµ

∥∥∥∥p χBi
(t)

for every t in Ω. Hence∥∥∥∥∥
s∑
i=r

1

µ(Bi)

(∫
Bi

fdµ
)
χBi

∥∥∥∥∥
p

p

=

∫
Ω

( s∑
i=r

1

µ(Bi)p

∥∥∥∥∫
Bi

fdµ

∥∥∥∥p χBi

)
dµ

=

s∑
i=r

1

µ(Bi)p

∥∥∥∥∫
Bi

fdµ

∥∥∥∥p ∫
Ω

χBi
dµ.

But
∞∑
i=1

1

µ(Bi)p

∥∥∥∥∫
Bi

fdµ

∥∥∥∥p ∫
Ω

χBi
dµ =

∞∑
i=1

µ(Bi)
1−p

∥∥∥∥∫
Bi

fdµ

∥∥∥∥p
6
∞∑
i=1

µ(Bi)
1−p

∫
Bi

‖f‖pdµ
(∫

Ω

χBidµ

) p
p∗

=

∞∑
i=1

∫
Bi

‖f‖pdµ 6 ‖f‖pp

for every k.
Thus, for 1 6 p <∞, we can define P : Lp(µ,X) −→ Lp(µ,X) by

P (f) =

∞∑
i=1

1

µ(Bi)

(∫
Bi

fdµ
)
χBi

(
f ∈ Lp(µ,X)

)
.

As, obviously, P (χBi
) = χBi

for every i, we have that P is a norm-one projection
such that P (Lp(µ,X)) is isometrically isomorphic to `p(X). Moreover, for each
j ∈ {1, . . . , n}, there exists a sequence (xij)i∈N in X such that

φj =

∞∑
i=1

xijχBi
,

where the equality holds both pointwise and with respect to the p-norm. This
implies that

‖P (fj)− fj‖p = ‖φj − fj‖p < ε,

for every j = 1, . . . , n.
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(b). If we now assume that µ is a finite measure, the sequence A = (Ai)
∞
i=1

of pairwise disjoint sets of positive measure can be assumed to be a partition of
Ω. As above, given f1, . . . , fn in Lp(µ,X), we can find φ1, . . . , φn simple functions
φj =

∑
A∈Aj

xAχA, such that

‖fj − φj‖p < ε,

for every j = 1, . . . , n, where now each Aj is a partition of Ω of measurable sets
of positive measure. Let us take g1, . . . , gm in Lp∗(µ,X∗). We distinguish two
subcases again. If p > 1, then, by definition of Lp∗(µ,X∗), for each j ∈ {1, . . . ,m},
we can find a finite family Cj of pairwise disjoint measurable sets of positive and
finite measure, and x∗C ∈ X∗ such that the vector-valued simple function ηk =∑
C∈Ck x

∗
CχC satisfies that

‖gk − ηk‖q∗ < ε

for every k = 1, . . . ,m. Observe that, since µ is finite, by adding a suitable null
characteristic function, we may and do assume that each Ck is actually a measurable
partition of Ω. If p = 1, then p∗ = ∞. In that case, by [16, p. 97], there exists a
measurable, bounded and countably valued mapping ηk : Ω −→ X∗ such that

‖gk − ηk‖∞ <
ε

2
for every k = 1, . . . ,m. Thus, again there exists a countable partition Ck of Ω and
vectors x∗C ∈ X∗ such that ηk(t) =

∑
C∈Ck x

∗
CχC(t), for every t ∈ Ω.

In both cases, we can find B = (Bi)
∞
i=1 a partition of Ω of sets of positive measure

that is a refinement of all the partitions A, Aj , Ck for every j and k. As in (a), if
we define P : Lp(µ,X) −→ Lp(µ,X) by

P (f) =

∞∑
i=1

1

µ(Bi)

(∫
Bi

fdµ
)
χBi ,

we have that P is a norm-one projection such that P (Lp(µ,X)) is isometrically
isomorphic to `p(X) and

‖P (fj)− fj‖p = ‖φj − fj‖p < ε,

for every j = 1, . . . , n. Furthermore, Lp∗(µ,X∗) is isometrically isomorphic to a
subspace of Lp(µ,X)∗ (see e.g. [16, p. 97]), and[

P ∗(x∗χBr )
]
(f) =

∫
Ω

x∗
(
P (f)(t)

)
χBr (t) dµ(t)

=

∫
Ω

∞∑
i=1

1

µ(Bi)
x∗
(∫

Bi

fdµ

)
χBi

(t)χBr
(t) dµ(t)

=
1

µ(Br)
x∗
(∫

Br

fdµ

) ∫
Ω

χBr
(t) dµ(t) =

[
x∗χBr

]
(f)

for every f in Lp(µ,X), every x∗ in X∗ and every r. We know that there exists
x∗ik ∈ X∗ such that ηk(t) =

∑∞
i=1 x

∗
ikχBi

(t), pointwise in Ω and convergent with
the ‖ · ‖p∗ -norm for 1 < p <∞. Hence, for 1 < p <∞, we obtain that P ∗(ηk) = ηk
for every k. For p = 1 the equality holds too. But we need to do some extra work
to prove it. We have[
P ∗
( l∑
r=1

x∗rkχBr

)]
(f) =

l∑
r=1

x∗rk

(∫
Br

f(t) dµ(t)

)
=

∫
Ω

l∑
r=1

x∗r(f(t))χBr (t) dµ(t).
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But
l∑

r=1

|x∗rk(f(t))χBr (t)| 6
l∑

r=1

‖x∗rk‖‖f(t)‖χBr (t) 6M‖f(t)‖,

for every t in Ω and every l ∈ N, where M := max{‖g1‖∞, . . . , ‖gm‖∞}+ ε. Thus
the series

∑∞
r=1 x

∗
rk(f(t))χBr

(t) is absolutely convergent for every f and every t,
and we obtain that

ηk(t)((f)(t)) =

∞∑
r=1

x∗rk(f(t))χBr
(t).

Moreover, by the Lebesgue Dominated Theorem[
ηk](f) =

∫
Ω

ηk(f(t)) dµ(t) =

∫
Ω

∞∑
r=1

x∗rk(f(t))χBr (t) dµ(t)

=

∞∑
r=1

∫
Ω

x∗rk(f(t))χBr
(t) dµ(t),

for all f in L1(µ,X). On the other hand, since the series defining P converges in
the ‖.‖1-norm,

[
P ∗(ηk)

]
(f) =

∞∑
i=1

1

µ(Bi)

[
ηk]

((∫
Bi

f(u) dµ(u)

)
χBi

)

=

∞∑
i=1

1

µ(Bi)

∫
Ω

∞∑
r=1

x∗rk

(∫
Bi

f(u) dµ(u)

)
χBr

(t)χBi
(t) dµ(t)

=

∞∑
i=1

1

µ(Bi)

∫
Ω

x∗ik

(∫
Bi

f(u) dµ(u)

)
χBi

(t) dµ(t)

=

∞∑
i=1

x∗ik

(∫
Bi

f(u)dµ(u)

)
=

∞∑
i=1

∫
Ω

x∗i (f(u))χBi
(u) dµ(u).

Thus, for 1 6 p <∞,

‖P ∗(gk)− gk‖p∗ 6 ‖P ∗(gk)− P ∗(ηk)‖p∗ + ‖ηk − gk‖p∗ 6 2‖ηk − gk‖p∗ < ε,

for every k = 1, . . . ,m.
To prove (c), we follow the lines of (b). Given g1, . . . , gm in L∞(µ,X) and ε > 0,

for each k ∈ {1, . . . ,m} there exists a measurable, bounded and countably valued
mapping ηk : Ω −→ X such that

‖gk − ηk‖∞ < ε,

and hence, we have a countable partition Ck of Ω and points xC ∈ X for every C ∈
Ck such that ηk(t) =

∑
C∈Ck xCχC(t), for every t ∈ Ω. Again, we take an infinite

countable partition B = {Bi : i =∈ N} of Ω of sets of positive measure that is a
refinement of A and Ck for all k. Finally, if we define P : L∞(µ,X) −→ L∞(µ,X)
by

P (f) =

∞∑
i=1

1

µ(Bi)

(∫
Bi

fdµ
)
χBi

,
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we have that P is a norm-one projection such that P (L∞(µ,X)) is isometrically
isomorphic to `∞(X) and

‖P (gk)− gk‖∞ = ‖ηk − gk‖∞ < ε,

for every k = 1, . . . ,m. �

Proof of Theorem 3.9. If L1(µ) is finite-dimensional, the result is a consequence of
Lemma 3.10. So, let us suppose in the rest of the proof that L1(µ) is infinite-
dimensional.

Let us start with the case when µ is finite. As X∗ has the Radon-Nikodým
property, we have that L∞(µ,X∗) = L1(µ,X)∗ (see e.g. [16, Theorem IV.1.1 in
p. 98]), so Lemma 3.12.(b) provides us with a net {Pλ}λ∈Λ of norm-one projections
on L1(µ,X) such that {Pλf} −→ f in norm for every f ∈ L1(µ,X), {P ∗λg} −→ g
in norm for every g ∈ L∞(µ,X∗) = L1(µ,X)∗, and Pλ(L1(µ,X)) is isometrically
isomorphic to `1(X). Now, we may apply Proposition 2.2.

If µ is σ-finite, we may use [12, Proposition 1.6.1] to reduce to the previous
case: there is a finite measure ν such that L1(µ,X) is isometrically isomorphic to
L1(ν,X). Let us also observe that we actually get that there exists a common
function η : R+ −→ R+, depending only on X and Y , such that all the spaces
(L1(µ,X), Y ) have the BPBp for compact operators with the function η when µ is
σ-finite.

Finally, for the general case, we may adapt an argument from the proof of [15,
Proposition 2.1]. For 0 < ε < 1, let T ∈ L(L1(µ,X), Y ) with ‖T‖ = 1 and
f0 ∈ SL1(µ,X) satisfy

‖Tf0‖ > 1− η(ε),

where η is the universal function for all σ-finite measures given in the previous case.
Pick a sequence {fn}n∈N in the unit sphere of L1(µ,X) such that limn→∞ ‖Tfn‖ =
1. Then, there is a measurable set A such that the measure µ|A is σ-finite and
the support of all the fn, n > 0, are contained in A. Then, consider T1 to be the
restriction of T to L1(µ|A, X), which satisfies ‖T1‖ = 1 and ‖T1f0‖ > 1 − η(ε).
By the assumption on η, there exist a norm-one operator S1 : L1(µ|A, X) −→ Y
and a norm-one vector g ∈ L1(µ|A, X) such that ‖S1g‖ = 1, ‖T1 − S1‖ < ε and
‖f0 − g‖ < ε. Let P : L1(µ,X) −→ L1(µ|A, X) denote the restriction operator.
Then S = S1P + T (Id−P ) is a norm-one operator from L1(µ,X) to Y , g can
be viewed as a norm-one element in L1(µ,X) (just extending by 0), ‖Sg‖ = 1,
‖S − T‖ < ε and ‖f0 − g‖ < ε. �

When X is just the base field, we recover the result for pairs of the form
(L1(µ), Y ) from [6, Corollary 2.4], see Examples 1.5.(i).

Concrete applications of Theorem 3.9 for the vector-valued case can be given
using the results of [22].

Corollary 3.13. Let µ be a positive measure and let X, Y be Banach spaces. The
pair (L1(µ,X), Y ) has the BPBp for compact operators in the following cases:

(a) if X and Y are finite-dimensional;
(b) if X∗ has the Radon-Nikodým property, Y is a Hilbert space and the pair

(X,Y ) has the BPBp for compact operators;
(c) in particular, if Y is a Hilbert space and X = c0 or X = Lp(ν) for any

positive measure ν and 1 < p <∞.
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Proof. (a). When X and Y are finite-dimensional, it is shown in [22, Proposition 7]
that the pair (`1(X), Y ) has the BPBp. By finite-dimensionality, Lemma 3.10
gives then that the pair (`1(X), Y ) has the BPBp for compact operators. Now,
Theorem 3.9 applies as X is Asplund.

(b). If we only consider finite convex sums instead of convex series, we may
repeat the proof of [22, Proposition 9] using only compact operators to get item
(i) of Lemma 3.10. Then, we have that (`1(X), Y ) has the BPBp for compact
operators. If X∗ has the Radon-Nikodým property, Theorem 3.9 finishes the proof.

(c) follows from (b) and Examples 1.5. �

The proof of Theorem 3.9 can be easily adapted to pairs of the form (Lp(µ,X), Y )
for 1 < p < ∞, but only when the measure µ satisfies that L1(µ) is infinite-
dimensional.

Proposition 3.14. Let 1 < p <∞, let µ be a positive measure such that L1(µ) is
infinite-dimensional, let X be a Banach space such that X∗ has the Radon-Nikodým
property, and let Y be a Banach space. If the pair (`p(X), Y ) has the BPBp for
compact operators, then so does the pair (Lp(µ,X), Y ).

Let us observe that, in this case, the scalar-valued version of the result has no
interest, as the spaces Lp(µ) are uniformly convex for 1 < p <∞ and we may use
Examples 1.5.(b).

The last applications deal with modifying the range space.

Theorem 3.15. Let X, Y be Banach spaces.

(a) For 1 6 p <∞, if the pair (X, `p(Y )) has the BPBp for compact operators,
then so does (X,Lp(µ, Y )) for every positive measure µ such that L1(µ) is
infinite-dimensional.

(b) If the pair (X,Y ) has the BPBp for compact operators, then so does the
pair (X,L∞(µ, Y )) for every σ-finite positive measure µ.

(c) If the pair (X,Y ) has the BPBp for compact operators, then so does the
pair (X,C(K,Y )) for every compact Hausdorff topological space K.

We need the following result which reminds Lemma 3.2, but for range spaces.

Lemma 3.16. Let X, Y be Banach spaces and let η : R+ −→ R+ be a function.
The following are equivalent:

(i) the pair (X,Y ) has the BPBp for compact operators with the function η,
(ii) the pairs (X, `m∞(Y )) with m ∈ N have the BPBp for compact operators with

the function η,
(iii) the pair (X, c0(Y )) has the BPBp for compact operators with the function

η,
(iv) the pair (X, `∞(Y )) has the BPBp for compact operators with the function

η.

Proof. (i) implies (ii), (i) implies (iii), and (i) implies (iv) can be proved adapting
the proof of [8, Proposition 2.4] to compact operators. Finally, the fact that any of
the assertions (ii), (iii) or (iv) implies (i) is a consequence of Lemma 2.6.(b). �

We are now ready to present the proof of the theorem.

Proof of Theorem 3.15. (a). Fix 1 6 p < ∞. If L1(µ) is infinite-dimensional,
Lemma 3.12.(a) provides a net {Qλ}λ∈Λ of norm-one projections on Lp(µ,X) such



THE BISHOP-PHELPS-BOLLOBÁS PROPERTY FOR COMPACT OPERATORS 19

that {Qλf} −→ f in norm for every f ∈ Lp(µ, Y ) and Qλ(Lp(µ,X)) is isometrically
isomorphic to `p(Y ). Now, the result follows from Proposition 2.5.

(b). If L∞(µ) is finite-dimensional, the result is a consequence of Lemma 3.16.
Otherwise, if L∞(µ) is infinite-dimensional, we may and do suppose that the mea-
sure is finite by using [12, Proposition 1.6.1]. Lemma 3.12.(c) provides a net
{Qλ}λ∈Λ of norm-one projections on L∞(µ,X) such that {Qλf} −→ f in norm
for every f ∈ L∞(µ, Y ) and Qλ(L∞(µ,X)) is isometrically isomorphic to `∞(Y ).
Now, Lemma 3.16 gives that all the pairs (X,Qλ(L∞(µ,X))) have the BPBp for
compact operators with the same function, and so the result follows from Proposi-
tion 2.5.

(c). Following step-by-step the proof of [19, Theorem 4], by using peak partitions
of the unit and extending the scalar-valued case to the vector-valued case, we may
find a net {Qλ}λ∈Λ of norm-one projections on C(K,Y ) such that {Qλf} −→ f
in norm for every f ∈ C(K,Y ) and Qλ(C(K,Y )) is isometrically isomorphic to
`m∞(Y ). Now, the result follows from Lemma 3.16 and Proposition 2.5. �

Some consequences of Theorem 3.15 are the following.

Corollary 3.17. Let X, Y be Banach spaces, let K be a compact Hausdorff topo-
logical space, let µ be a positive measure and let ν be a σ-finite positive measure.

(a) If Y has property β, then (X,L∞(µ, Y )) and (X,C(K,Y )) have the BPBp
for compact operators.

(b) If Y has the AHSP, then so do L∞(ν, Y ) and C(K,Y ).
(c) For 1 6 p <∞, if `p(Y ) has the AHSP and L1(µ) is infinite-dimensional,

then so does Lp(µ, Y ).

Proof. (a) is a direct consequence of Example 1.5.(a) and Theorem 3.15. For (b)
and (c), use Corollary 3.11 that a Banach space Z has the AHSP if and only if
the pair (`1, Z) has the BPBp for compact operators. With this in mind, both
affirmations are direct consequence of Theorem 3.15. �
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20 S. DANTAS, D. GARCÍA, M. MAESTRE, AND M. MARTÍN
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