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* Holomorphic functions

* Weighted norms

* Connection between the classical norm-attaining theory
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*

Lol S S

@ They are natural objects in

*

Partial differential equations
* Complex Analysis

* Operator theory

* Spectral theory
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Towards our main problem...

@ When the supremum is attained in this context?

[1996, Y.S. Choi and G.S. Kim]

[2004, M.D. Acosta, J. Alaminos, D. Garcia, and M. Maestre]
[2015, D. Carando and M. Mazzitelli]

[2019, S.K. Kim and H.J. Lee]
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When the weighted norm
of a holomorphic function is attained?
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Main problem

* Infinite dimensional setting.

* f: Bx — Y, where

* f is holomorphic.
* X is an complex infinite dimensional Banach space.
* Y is an arbitrary Banach space.

* Norm-attaining composition operators acting on Bloch spaces.

* [1998, A. Montes-Rodriguez]
* [2010, M.J. Martin]
* [2012, J. Bonet, M. Lindstrém, E. Wolf]
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Notation

* Bx = open unit ball

* Bx = closed unit ball

*

Sx = closed unit sphere

%

L(NX;Y) = N-linear mappings from X into Y

*

P(NX;Y) = N-homogeneous polynomials from X into Y
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Preliminary material

% An admissible weight on a X is a function v : B, — R™ such that
v(x) = v(||x]|) with
* v :[0,1] — R is continuous
* V is strictly decreasing

* v(1)=0
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Preliminary material

% An admissible weight on a X is a function v : B, — R™ such that
v(x) = v(||x]|) with

* v :[0,1] — R is continuous
* V is strictly decreasing
* v(1)=0
_ 2
* v(x)=1—|lx|

*x H,(Bx; Y) is the Banach space endowed with the norm

[flly := sup v(x)[[f(x)]| < o0
xE€Bx

(weighted norm).
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Preliminary material

% An admissible weight on a X is a function v : B, — R™ such that
v(x) = v(||x]|) with

* v :[0,1] — R is continuous
* V is strictly decreasing
* v(1)=0
_ 2
* v(x)=1—|lx|

*x H,(Bx; Y) is the Banach space endowed with the norm

[flly := sup v(x)[[f(x)]| < o0
xE€Bx

(weighted norm).

* Ay(Bx; Y) < Hy(Bx; Y) = uniformly continuous on Bx
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Preliminary material

* Given s € (0, 1], the s-norm of f is:

[lls == sup [[f(sx)

x€Bx

(f € Au(Bx; Y)).
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Preliminary material

* Given s € (0, 1], the s-norm of f is:

[lls == sup [[f(sx)

xEBx

(f € Au(Bx; Y)).

* || - ||s is a complete norm in A,(Bx; Y) for every s € (0,1]

[2004, Acosta, Alaminos, Garcia, Maestre]
[2015, Carando, Mazzitelli]

ws5=1= | [loo

Sheldon Dantas NA weighted norms



Preliminary material

Our setting
fe A, Bx;Y)

Sheldon Dantas NA weighted norms



Preliminary material

Our setting
fe A, Bx;Y)

I1£1l, = sup (1 [Ix[I?)[I(x)ll
XEBX

Sheldon Dantas NA weighted norms



Preliminary material

Our setting
fe A, Bx;Y)

I£ll, = sup (1 = [IxI*)[If(x)Il = sup (1 —s*)[Ifs
XEBx sef0,1]
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Dotting the i's and crossing the t's...

Norm-attaining elements
Let f € A,(Bx; Y) and s € (0, 1]. We say that f attains its
* s-norm if there is xp € sBx with ||f||s = ||f(x0)||

x v-norm if there is xp € Bx with ||f]|, = (1 — [x0|?)|f(x0)||
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Dotting the i's and crossing the t's...

% An easy but important remark
* f e Au(Bx;Y)
* Suppose that f attains its v-norm at some xp € Sx
* Then:

0= (1~ olIIf(a)ll = Iflle = (1 = IxIP)IF(x)I| ¥x
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% An easy but important remark
* f e Au(Bx;Y)
* Suppose that f attains its v-norm at some xp € Sx
* Then:

0= (1~ olIIf(a)ll = Iflle = (1 = IxIP)IF(x)I| ¥x

* Since f is bounded, we have that f =0
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% An easy but important remark
* f e Au(Bx;Y)
* Suppose that f attains its v-norm at some xp € Sx
* Then:

0= (1—[xl)IfCo)ll = Il > (@ = [xI*)IFC) vx
* Since f is bounded, we have that f =0

* Therefore, f must attain the norm at a point of Bx
(not in the boundary!)
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Dotting the i's and crossing the t's...

% An easy but important remark
* f e Au(Bx;Y)
* Suppose that f attains its v-norm at some xp € Sx
* Then:

0= (1~ olIIf(a)ll = Iflle = (1 = IxIP)IF(x)I| ¥x

* Since f is bounded, we have that f =0

* Therefore, f must attain the norm at a point of Bx
(not in the boundary!)

* Maximum Modulus Principle = f attains its s-norm on sSx.
[1986, Mujica]
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Dotting the i's and crossing the t's...

+ Connection?

* Functions attaining their weighted norms
* Functions attaining their supremum norms on smaller balls.

...and the connection is the following one...

TFAE:
* f attains its v-norm.
x 359 € (0,1) with [|f]l, = (1 — s2)||f|ls, and f attains its sp-norm.
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Dotting the i's and crossing the t's...

* Where are we going to work at?

* We say that P : X — Y is a polynomial of degree at most N if
there exists Px € P(kX; Y), k=1,..., N such that

x PN(X;Y) = all polynomials of degree at most N
* We set
P(X;Y) = U PN(X;Y)
N=0
(space of all polynomials from X into Y)

[Mujica, Complex Analysis in Banach spaces, 1956]
[P. Hajek, M. Johanis, Smooth Analysis in Banach spaces, 2014]
[Defant, Garcia, Maestre, Sevilla-Peris, 2019]
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Relation between
the weighted and supremum norms
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* Complete study of the relation between v- and s-norms on P(NX; Y).

[2022, D., R. Medina]

For every N € N, there is dy € (0,1) with oy — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)
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[2022, D., R. Medina]

For every N € N, there is dy € (0,1) with oy — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)

o

1Pl = g - 1Pl
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Relation between || - ||, and || - ||

* Complete study of the relation between v- and s-norms on P(NX; Y).

[2022, D., R. Medina]

For every N € N, there is dy € (0,1) with oy — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)

5/\/

IPlly = =& - IPlls-

Proof:

sup (1 — [|x[*)[P(x)]

x€Bx
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For every N € N, there is dy € (0,1) with oy — 0 as N — oo such that,
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* Complete study of the relation between v- and s-norms on P(NX; Y).

[2022, D., R. Medina]

For every N € N, there is dy € (0,1) with oy — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)

5/\/
IPllv = = - IIPlls-
Proof:
oy (I x
SUP(l—IIXII WP = sup (1 —[Ix]|%) Pls
x€Bx x€Bx s x|
N _ N+2
= sup (r P|..
sup ( Yo 1P
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For every N € N, there is oy € (0,1) with y — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)

o
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Relation between || - ||, and || - ||

* Complete study of the relation between v- and s-norms on P(NX; Y).

[2022, D., R. Medina]

For every N € N, there is oy € (0,1) with y — 0 as N — oo such that,
for every s € (0,1] and for every P € P(VX;Y)

o

1Plly = <& - [1Plls-

Moreover, TFAE:
* P attains its v-norm.

* P attains its s-norm for some s € (0, 1].

* P attains its s-norm for every s € (0, 1].
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* A basic but relevant result.

[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.
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[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.

* f: X — C be weakly sequentially continuous and s € (0, 1]
* (%n)n C sSx such that |f(x,)] — ||f]]s

* Smulyan lemma = J xp € sBx with x, — xo
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* A basic but relevant result.

[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.

*

f : X = C be weakly sequentially continuous and s € (0, 1]
(Xn)n C sSx such that |f(x,)| — ||f]ls

*

*

Smulyan lemma = 3 xo € sBx with x, — xg
[f(xn)| — |f(x0)]

*
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* A basic but relevant result.

[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.

*

f : X = C be weakly sequentially continuous and s € (0, 1]
(Xn)n C sSx such that |f(x,)| — ||f]ls

*

*

Smulyan lemma = 3 xo € sBx with x, — xg
[f(xn)| — |f(x0)]
[f(x0)l = [Iflls

*

*
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Relation between || - ||, and || - ||

* A basic but relevant result.

[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.

*

f : X = C be weakly sequentially continuous and s € (0, 1]
(Xn)n C sSx such that |f(x,)| — ||f]ls

*

Smulyan lemma = 3 xo € sBx with x, — xg
[f(xn)| — |f(x0)]

1F(0)] = I

Therefore, f attains its v-norm

b D S
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Relation between || - ||, and || - ||

[2022, D., R. Medina]

Let X be a reflexive space. Every weakly sequentially continuous function
f : X — C bounded on Bx attains its s-norm for every s € (0,1] . In
particular, f attains its v-norm.

[2022, M. Jung]

Let X be a reflexive space. Suppose that PV(X; Y) = PN _(X; Y). Then,

NA, PV(X; Y) = PV(X; Y) = NAPY(X; Y).
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* It does not hold if one of the hypothesis is dropped.
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[2022, M. Jung]
Let X be a reflexive space. Suppose that PV(X; Y) = PN

wsc

(X;Y). Then,

NA, PV(X; Y) =PN(X;Y) = NAPN(X; Y).

* It does not hold if one of the hypothesis is dropped.
* X = cg. We have

P("co; C) = Pusc("c0; C) = P"(; C) = Pl (co; C).

x 3 P & NAP"(co;C) (Mingu's result/James theorem).
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Relation between || - ||, and || - ||

[2022, M. Jung]
Let X be a reflexive space. Suppose that PV(X; Y) = PN

wsc

(X;Y). Then,

NA, PV(X; Y) =PN(X;Y) = NAPN(X; Y).

* It does not hold if one of the hypothesis is dropped.
* X = cg. We have

P("co; C) = Pusc("c0; C) = P"(; C) = Pl (co; C).

x 3 P & NAP"(co;C) (Mingu's result/James theorem).
* NA, PY(co; C) # P"(co; C) # NAPY(co; C).
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Relation between || - ||, and || - ||

[2022, M. Jung]
Let X be a reflexive space. Suppose that PV(X; Y) = PN _(X; Y). Then,

NA, PY(X; Y) = PN(X; Y) = NAPN(X; Y).

* It does not hold if one of the hypothesis is dropped.
* X =4, with N > p.

Sheldon Dantas NA weighted norms



Relation between || - ||, and || - ||

[2022, M. Jung]
Let X be a reflexive space. Suppose that PV(X; Y) = PN _(X; Y). Then,

NA, PY(X; Y) = PN(X; Y) = NAPN(X; Y).

* It does not hold if one of the hypothesis is dropped.
* X =L, with N > p. We have PV(¢,;C) # P (£,; C)
[1979, R. Aron]
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Relation between || - ||, and || - ||

[2022, M. Jung]
Let X be a reflexive space. Suppose that PV(X; Y) = PN _(X; Y). Then,

NA, PY(X; Y) = PN(X; Y) = NAPN(X; Y).

* It does not hold if one of the hypothesis is dropped.
* X =L, with N > p. We have PV(¢,;C) # P (£,; C)
[1979, R. Aron]

* But NA, PY(£,;C) # PN (£y; C) # NAPY(£,;C) if N> p
[2022, D. R. Medina]
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Relation between || - ||, and || - ||

[2022, D., R. Medina]
For every N € N, there is oy € (0,1) with éy — 0 as N — 0 such that,
for every s € (0,1] and for every P € P(NX; Y)

on
1Pl = N I1Plls-

* There is nothing to be done in P(VX; Y).
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for every s € (0,1] and for every P € P(NX; Y)
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1Pl = N I1Plls-

* There is nothing to be done in P(VX; Y).
* In other words,

* NA, P("X; Y) = NAP(VX; Y).
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Relation between || - ||, and || - ||

[2022, D., R. Medina]
For every N € N, there is oy € (0,1) with éy — 0 as N — 0 such that,
for every s € (0,1] and for every P € P(NX; Y)

on
1Pl = N I1Plls-

* There is nothing to be done in P(VX; Y).
* In other words,
* NA, P("X; Y) =NAP(X; Y).

111

« NAP(X; V) = P("x; v) & NAP(X, )1~ = p("x; v)
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Relation between || - ||, and || - ||

[2022, D., R. Medina]
For every N € N, there is oy € (0,1) with éy — 0 as N — 0 such that,
for every s € (0,1] and for every P € P(NX; Y)

on
1Pl = N I1Plls-

* There is nothing to be done in P(VX; Y).
* In other words,

* NA, P("X; Y) = NAP(VX; Y).
« NAP(X; V) = P("x; v) & NAP(X, )1~ = p("x; v)

[1996, Y.S. Choi, G.S. Kim]
[2004, M.D. Acosta, J. Alaminos, D. Garcia, M. Maestre]

[2022, M. Jung]
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Non-homogeneous polynomials
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Weighted norms on PV(X; Y)

* We are “forced” to move forwards to PN(X; Y)
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Weighted norms on PV(X; Y)

* We are “forced” to move forwards to PN(X; Y)

* || llee < || - [[v on PN(X; Y) goes in totally different direction
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Weighted norms on PV(X; Y)

* A convenient way on how to compute the v-norm of a polynomial
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Weighted norms on PV(X; Y)

* A convenient way on how to compute the v-norm of a polynomial

[2022, D., R. Medina]

For every N € N, there is s(V) € (0,1) such that for every pair X, Y of
Banach spaces and every polynomial P € PV(X; Y), we have

[Pllv = sup (1—5)||P||s
se[0.s(N)
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Weighted norms on PV(X; Y)

* A convenient way on how to compute the v-norm of a polynomial

[2022, D., R. Medina]

For every N € N, there is s(V) € (0,1) such that for every pair X, Y of
Banach spaces and every polynomial P € PV(X; Y), we have

[Pllv = sup (1—5)||P||s
se[0.s(N)

* In other to prove this, we need the following:
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Weighted norms on PV(X; Y)

* A convenient way on how to compute the v-norm of a polynomial

[2022, D., R. Medina]

For every N € N, there is s(V) € (0,1) such that for every pair X, Y of
Banach spaces and every polynomial P € PV(X; Y), we have

[Pl = sup (1—5)||P||s
s€[0,s(N)

* In other to prove this, we need the following:

[2022, D., R. Medina]

Let X, Y be Banach spaces. Let N € N be fixed. Then, for every s € (0, 1)
and every P € PN(X; Y), we have

N n
1Pl > (1 -3 -5 ,) Pl

n=1
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Weighted norms on PV(X; Y)

* Why do we need such results?
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Weighted norms on PV(X; Y)

* Why do we need such results?

* To prove that || - || and || - ||, are equivalent norms on PN(X; Y)
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

For every a € (0,1) and every P € PV(X;Y)
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]
For every a € (0,1) and every P € PV(X;Y)
* ||P]ly < ||P||co (we always have this!)
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]
For every a € (0,1) and every P € PV(X;Y)
* ||P]ly < ||P||co (we always have this!)

* [1Pllsany = (1 = a)l|Pllo
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]
For every a € (0,1) and every P € PV(X;Y)
* ||P]ly < ||P||co (we always have this!)

* [1Pllsany = (1 = a)l|Pllo
* [Pl 2 [1 = s(a, N)*] (1 = @)[|Pll
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Weighted norms on PV(X; Y)

For every a € (0,1) and every P € PV(X;Y)
* ||P]ly < ||P||co (we always have this!)
* [1Pllsany = (1 = a)l|Pllo
* 1Pl > [1 = s(e, N)*] (1 = a)[[Plls
In particular,
I sy, IH-lleand -l

are all equivalent on PY(X;Y).
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).

A\

Sheldon Dantas NA weighted norms



Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).
* Let N € N and x* € Sx- be given

A\
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).
* Let N € N and x* € Sx- be given
* Define fy : X — C by fy(x) := x*(x)V

A\
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).
* Let N € N and x* € Sx- be given
* Define fy : X — C by fy(x) := x*(x)V
* fy is a holomorphic function

A\
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).
* Let N € N and x* € Sx- be given
* Define fy : X — C by fy(x) := x*(x)V
* fy is a holomorphic function

Ifvlly = supsepo,y(1 — %)™

*

A\
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Weighted norms on PV(X; Y)

[2022, D. and R. Medina]

|l - Il and || - || are equivalent norms on PN(X; Y)

|- lloc and || - ||, cannot be equivalent on P(X;C) = Jn_, PV(X; C).
* Let N € N and x* € Sx- be given
Define fy : X — C by fy(x) := x*(x)V
fn is a holomorphic function
[fulle = supeioy(1 — )"
lfwlly = oy —> 0 when N — oo

* ot X ot

A\
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There are non-homogeneous polynomials

which attain their v-norms but not
the sup-norm and vice-versa
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NA, and NA,, are different on PY(X; Y)

[2022, D. and R.Medina]

Let 1 < p < oo. For every k € N with k > p,
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NA, and NA,, are different on PY(X; Y)

[2022, D. and R.Medina]

Let 1 < p < oo. For every k € N with k > p,

* there exists P € P*T1(£,; C) such that
* P € NA, P (¢, C)
x P & NAPK(¢,;C)
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NA, and NA,, are different on PY(X; Y)

[2022, D. and R.Medina]
Let 1 < p < oo. For every k € N with k > p,

* there exists P € P*T1(£,; C) such that
* P € NA, P (¢, C)
x P & NAPK(¢,;C)

* there exists @ € P¥*1(£,; C) such that
* Q@ € NAP*1(£,;C)
x Q & NA, PX1(£,; Q)
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NA, and NA,, are different on PY(X; Y)

[2022, D. and R.Medina]
Let 1 < p < oo. For every k € N with k > p,

* there exists P € P*T1(£,; C) such that
* P € NA, P (¢, C)
x P & NAPK(¢,;C)

* there exists @ € P¥*1(£,; C) such that
* Q@ € NAP*1(£,;C)
x Q & NA, PX1(£,; Q)

* How do we do that?

Sheldon Dantas NA weighted norms



NA, and NA,, are different on PY(X; Y)

[2022, D. and R.Medina]

Let 1 < p < oo. For every k € N with k > p,

* there exists P € P*T1(£,; C) such that
* P € NA, P (¢, C)
x P & NAPK(¢,;C)

* there exists @ € P¥*1(£,; C) such that
* Q@ € NAP*1(£,;C)
x Q & NA, PX1(£,; Q)

* How do we do that?

* By proving that there are polynomials which attain their weighted
norms for some radius but not all
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Can we talk about denseness?
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Can we talk about denseness?

[0« (

NA, PV (X, v) " 2 phix; v)

- 4 By y)

=V O =00 =
NA, 4A,(Bx; Y)
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Denseness: a negative result

[2015, Carando and Mazzitelli]

Let N > 2 and w € /) be an admissible sequence. Then,

NAPN(d,(w,1):C) '™ # PN(d.(w,1);C).
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Denseness: a negative result

[2015, Carando and Mazzitelli]

Let N > 2 and w € /) be an admissible sequence. Then,

NAPN(d,(w,1):C) '™ # PN(d.(w,1);C).

[2022, D. and R. Medina]

Let N > 2 and w € ¢y be an admissible sequence. Let X = d,(w,1)
and Y be a strictly convex Banach space. There exists an N-homogeneous
polynomial Q € P(VX; Y) such that

—IH\x
Q ¢ NA, A,(Bx; Y)
In particular,

NA, A,(Bx: V)™ £ Au(Bx: Y)
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Denseness: a positive result

[2022, D. and R. Medina]

Let X be a uniformly convex Banach space and Y an arbitrary Banach
space. Then,

NA, A.(Bx. V) '™ = A.(Bx: Y)
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New directions of research
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New directions of research

* Suppose that X satisfies the Radon Nikodym property and Y an ar-
bitrary Banach space. Then,

NA, A, (Bx: V) 1= @ 4,(Bx: v)

[2023, D., R. Medina]
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New directions of research

* A natural question is to know “how large” is the set

Au(Bx: Y)\NA, A,(Bx: V) =,
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New directions of research

* A natural question is to know “how large” is the set

Au(Bx: Y)\NA, A,(Bx: V) =,

We do not know; nevertheless, we have the following results:
(by using the Fichtenholz-Kantorovich-Hausdorff theorem)
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New directions of research

* A natural question is to know “how large” is the set

Au(Bx: Y)\NA, A,(Bx: V) =,

We do not know; nevertheless, we have the following results:
(by using the Fichtenholz-Kantorovich-Hausdorff theorem)

*x L(Mdi(w,1),£,) \ NA(d.(w, 1),(,,)“'“00 is c-spaceable.
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New directions of research

* A natural question is to know “how large” is the set

Au(Bx: Y)\NA, A,(Bx: V) =,

We do not know; nevertheless, we have the following results:
(by using the Fichtenholz-Kantorovich-Hausdorff theorem)

*x L(Mdi(w,1),£,) \ NA(d.(w, 1),(,,)“'“00 is c-spaceable.

* L("a, Y) \ NA(c, Y)H‘Hoo is c-spaceable.
[2023, D., Falcd, Jung, Rodriguez-Vidanes]
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