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Based on a few joint works with

? Petr Hájek (Czech Technical University in Prague, Czech Republic)

? Tommaso Russo (Innsbruck University, Austria)

• (2020) Smooth norms in dense subspaces of Banach spaces

• (2021) Smooth and polyhedral norms via FBS

• (2022) Smooth norms in dense subspaces of `p(Γ) and operator ranges
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The problem
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The problem

Given a Banach space X , is there a dense subspace Y of X which admits
a C k -smooth norm?
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Does this deserve some research?
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Motivation

? Renorming Theory:

to find an equivalent norm with a property:

? Locally uniformly rotund norms
? Uniformly rotund norms
? Strictly convex norms
? Uniformly smooth norms and so on...

? Our property? Smoothness = “Nice differentiable norms”
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Basic concepts

(Differentiability in infinite (normed) spaces)

Let U ⊆ X be open. A
function f : U −→ Y is differentiable at x ∈ U if there exists f ′(x) ∈
L(X ,Y) such that

lim
h→0

f (x + h)− f (x)− 〈f ′(x), h〉
‖h‖

= 0

exists in Y.

? It is the same definition as the usual one

? Everything works pretty much as one expects:

• All the rules coming from Calculus hold.
• Leibniz rules hold.
• Implicit Function theorem (we need Y to be complete)

•
...
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Basic concepts

(Differentiability in infinite (normed) spaces) Let U ⊆ X be open. A
function f : U −→ Y is differentiable at x ∈ U if there exists f ′(x) ∈
L(X ,Y) such that

lim
h→0

f (x + h)− f (x)− 〈f ′(x), h〉
‖h‖

= 0.

exists in Y.

? It is the same definition as the usual one

? Everything works pretty much as one expects

? C k-smoothness: X

? Tools for computing: practically the same we already know
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“Classical” (“Well-known”) results

? If p 6∈ N, then the `p-norm is C bpc-smooth but not C bpc+1-smooth

• This is the canonical `p-norm
• Proof of it in many books
• It requires lots of computations
• It is optimal in some sense
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“Classical” (“Well-known”) results

? If p 6∈ N, then the `p-norm is C bpc-smooth but not C bpc+1-smooth

? `p does not admit any C bpc+1-smooth norm

• Much more suitable result
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“Classical” (“Well-known”) results

? If p 6∈ N, then the `p-norm is C bpc-smooth but not C bpc+1-smooth

? `p does not admit any C bpc+1-smooth norm.

? More examples will come up during the talk...

? There is a large literature about Renorming Theory:

1. Deville, Godefroy, Zizler
Smoothness and Renormings in Banach spaces

2. Hájek, Johanis
Smooth analysis in Banach spaces
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Smoothness known results

“Smoothness does not come for free”

? (M. Fabian, 1987) If a separable Banach space X has a C 1-smooth
norm, then X is Asplund (= the dual of every separable subspace of
X is also separable)

• This means that if we assume that X has a smooth norm, then we
are requiring a lot on the involved Banach space.

• This implies that no closed infinite-dimensional subspace of `1 has a
C 1-smooth norm.

? By a Pe lczyński (one of his thousand results), every infinite dimensional
closed subspace of `1 contains an isomorphic copy of `1. So, it cannot
have a smooth norm because it contains `1.

• This means that smoothness might fail!
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Smoothness known results

“Profound structural consequences on X”

? (Meshkov, 1978) If X and X ∗ admit a C 2-smooth norm, then X is
isomorphic to a Hilbert space.

? (Fabian, Whitfield, Zizler, 1983) If X admits a C 2-smooth norm, then
either it contains c0, or it is super-reflexive with type 2.

? (Deville, 1989) If X has a C∞-smooth norm, either it contains c0, or
it is super-reflexive with exact cotype 2k, and it contains `2k .

• This means that a space with a C∞-smooth norm either contains c0

or `p. That is, it contains a sequence space.
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Profound structural consequences on X

? (Meshkov, 1978) If X and X ∗ admit a C 2-smooth norm, then X is
isomorphic to a Hilbert space.

? (Fabian, Whitfield, Zizler, 1983) If X admits a C 2-smooth norm, ei-
ther it contains c0, or it is super-reflexive with type 2.

? (Deville, 1989) If X has a C∞-smooth norm, either it contains c0, or
it is super-reflexive with exact cotype 2k , and it contains `2k .

? ? ? All these results require X to be complete ? ? ?

? ? ? We do not know if they can be proven without completeness ? ? ?
(New techniques? New tools?)

? ? ? Let us take a look at normed spaces ? ? ?
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Smoothness in normed spaces (our problem)

? Let X be a normed space with a countable algebraic basis.

• (Vanderwerff, 1992) X has a C 1-smooth norm
• (Hájek, 1995) X has a C∞-smooth norm
• (Deville, Fonf, Hájek, 1998) X has an analytic norm

? Which means it is locally a power series

? (Guirao, Montesinos, Zizler, 2016)
Problem 149: Does the space of finitely supported vectors in `1(Γ)
have a C 1-smooth norm (when Γ is uncountable)?

• In other words, take a nonseparable bad space when it comes to
differentiability. Can we build smooth norms in dense subspaces?

Sheldon Dantas Smoothness in normed spaces



Smoothness in normed spaces (our problem)

? Let X be a normed space with a countable algebraic basis.

• (Vanderwerff, 1992) X has a C 1-smooth norm
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• (Deville, Fonf, Hájek, 1998) X has an analytic norm

? Which means it is locally a power series

? (Guirao, Montesinos, Zizler, 2016)
Problem 149: Does the space of finitely supported vectors in `1(Γ)
have a C 1-smooth norm (when Γ is uncountable)?

• In other words, take a nonseparable bad space when it comes to
differentiability. Can we build smooth norms in dense subspaces?

Sheldon Dantas Smoothness in normed spaces



Smoothness in normed spaces (our problem)

? Let X be a normed space with a countable algebraic basis.

• (Vanderwerff, 1992) X has a C 1-smooth norm
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(D., Hájek, Russo, 2020)
Given a Banach space X , is there a dense subspace of X which admits a

C k -smooth norm?
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Our results

(D., Hájek, Russo, 2020)

Let X be a Banach space with suppression 1-unconditional Schauder basis
and let Y be the linear span of such a basis. Then, Y admits a C∞-smooth
norm which approximates the original one.
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Our results

(D., Hájek, Russo, 2022)

Let X be a Banach space with a fundamental biorthogonal system
{eα, ϕα}α∈Γ. Consider Y := span{eα}α∈Γ. Then,

(i) Y admits a polyhedral and LFC norm.

(ii) Y admits a C∞ and LFC norm.

(iii) Y admits a C 1-smooth LUR norm.

All of them approximate the original norm.

? {eα, ϕα}α∈Γ ⊆ X × X ∗ is a FBS for X if

• 〈ϕβ , eα〉 = δα,β
• span{eα}α∈Γ is dense in X

? The norm ‖ · ‖ is LFC on X if for each x ∈ SX there is an open ngh
U of x , functionals ϕ1, . . . , ϕk ∈ X ∗ and G : Rk → R such that

‖y‖ = G (〈ϕ1, y〉, . . . , 〈ϕk , y〉), ∀y ∈ U.
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Our results

? How general our result is?

In other words, what spaces admit a FBS?

• Plichko spaces

? WCG spaces
? reflexive spaces
? c0(Γ)
? L1(µ) for µ finite measure
? C(K) for some K

(Hájek, Montesinos, Vanderwerff, Zizler, Biorthogonal Systems in Bs)

• (Kalenda, 2020) Every space with projectional skeleton

? duals of Asplud spaces
? preduals of Von Neumann algebras
? predual of JBW∗-triples

• `∞(Γ)
• Many more... and
• There exist Banach spaces without FBS
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(Hájek, Montesinos, Vanderwerff, Zizler, Biorthogonal Systems in Bs)

• (Kalenda, 2020) Every space with projectional skeleton

? duals of Asplud spaces
? preduals of Von Neumann algebras
? predual of JBW∗-triples

• `∞(Γ)
• Many more... and

• There exist Banach spaces without FBS

Sheldon Dantas Smoothness in normed spaces



Our results

? How general our result is?
In other words, what spaces admit a FBS?

• Plichko spaces

? WCG spaces
? reflexive spaces
? c0(Γ)
? L1(µ) for µ finite measure
? C(K) for some K

(Hájek, Montesinos, Vanderwerff, Zizler, Biorthogonal Systems in Bs)

• (Kalenda, 2020) Every space with projectional skeleton

? duals of Asplud spaces
? preduals of Von Neumann algebras
? predual of JBW∗-triples

• `∞(Γ)
• Many more... and
• There exist Banach spaces without FBS

Sheldon Dantas Smoothness in normed spaces



What are we interested now?

How about dense subspaces different
from spans of basis?
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What are we interested in now?

(D., Hájek, Russo, 2023)

Let 1 ≤ p <∞ and Γ be any infinite set. Then

Yp :=
{
y ∈ `p(Γ) : ‖y‖q <∞ for some q ∈ (0, p)

}
=

⋃
0<q<p

`q(Γ)

is a dense subspace of `p(Γ) which admits a C∞-smooth and LFC norm
that approximates the ‖ · ‖p-norm.
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Open Problems
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Open Problems

? Can a dense hyperplane in `1 have a smooth norm?

? Does `1(c+) have a dense subspace with a C∞-smooth norm?

? Does the space of simple functions in L1 have a smooth norm?

? Suppose that X admits a C k -smooth norm for every k ∈ N.
Is it true that X admits a C∞-smooth norm?

? (Main one) Is there a Banach space X such that no dense subspace
of X has a C 1-smooth norm?
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Thank you very much
for your attention!

Sheldon Dantas Smoothness in normed spaces


