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Definition

that

A functional x* € X* attains the norm if there is xy € Sx such

X" (x0)l = X7 = sup |x*(x)]

XESx
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Definition

that

A functional x* € X* attains the norm if there is xy € Sx such

X" (x0)| = [IX*[| = sup |x*(x)]

XESx

Throw two easy examples!
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Definition

that

X" (x0)l = X7 = sup |x*(x)]

XESx

A functional x* € X* attains the norm if there is xy € Sx such

Throw two easy examples!
Question

How many functionals on X attain the norm?

Sheldon Gil Dantas

=] =)
NA nuclear operators



Definition
A functional x* € X* attains the norm if there is xy € Sx such
that

Ix*(x0)l = lIx*]l = sup [x*(x)].
XESx

Throw two easy examples!

Question
How many functionals on X attain the norm?

James Theorem

A Banach space X is reflexive if and only if every functional in X*
attains the norm.

o (w1 =
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Question

When is the set NA(X) dense in X*?
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Question
When is the set NA(X) dense in X*?

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X) = X*.

[m]
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Question
When is the set NA(X) dense in X*?

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X) = X*.

Question

Is it true for bounded linear operators?

[m]
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Definition
T € L(X,Y) attains the norm if there is xp € Sx

TG =TI = sup [T
x€Sx

such that
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Definition

T € L(X,Y) attains the norm if there is xp € Sx such that

ITGo)l =Tl = sup [T(x)

x)||.
Bishop-Phelps’ question

NA(X,Y) = L(X,Y) for every X, Y?
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Lindenstrauss counterexample (1963)
There is a Banach space X such that

NA(X, X) # L(X, X),

showing that the Bishop-Phelps result does not hold for bounded
linear operators in general.
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Question (J. Diestel, J. Uhl, J. Johnson, J. Wolfe, ~ 1970)

Can compact operators be approximated by norm-attaining ones?

J
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Question (J. Diestel, J. Uhl, J. Johnson, J. Wolfe, ~ 1970)

Can compact operators be approximated by norm-attaining ones?

v

Answer (M. Martin, JFA, 2014)

There exist compact operators between Banach spaces which can-
not be approximated by norm-attaining operators.

o (w1 =
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Question (J. Diestel, J. Uhl, J. Johnson, J. Wolfe, ~ 1970)

Can compact operators be approximated by norm-attaining ones?

v

Answer (M. Martin, JFA, 2014)

There exist compact operators between Banach spaces which can-
not be approximated by norm-attaining operators.

Main problem

Can finite-rank operators be approximated by norm-attaining ones?

o (w1 =
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NUCLEAR OPERATORS
AND TENSOR PRODUCTS
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Projective tensor products

Given two Banach spaces X and Y, we denote by X®, Y the projec-
tive tensor product of X and Y, which is defined as the completion
of the normed space X ® Y endowed with the norm
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Projective tensor products

Given two Banach spaces X and Y, we denote by X®, Y the projec-
tive tensor product of X and Y, which is defined as the completion
of the normed space X ® Y endowed with the norm

n n
Izll; = inf {Z Iilllill = 2= 3" x @y,} ,
i=1 i=1

where the infimum is taken over all representation of z of the form
z=3L1 X @Y.
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Projective tensor products

o (X®:Y)* =L(X,Y")
under the action

G (Z Xn & }/n> = Z G(Xn)()/n)
n=1 n=1

for G : X — Y* as a linear functional on X&,Y.
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Projective tensor products x Nuclear operators
o (X®Y)" = L(X,Y?)

B(X xY)
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Projective tensor products x Nuclear operators
o (X®,Y)* = L(X,Y*)

B(X xY)
o There is a canonical operator J : X*®,Y — £(X, Y) with
||J|| =1 such that

x
usz,’,*@ynr—)Lu,
where

n=1

Lu(x) == _xi(x)yn (x € X).
n=1
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Projective tensor products x Nuclear operators
0 (X&,Y)* =L(X,Y*)=B(X xY)

o There is a canonical operator J : X*®,Y — £(X, Y) with
||J|| =1 such that

o0
U= Xr®yn+> Ly,

n=1
where

Lu(x) == _xi(x)yn (x € X).
n=1

The operators that arise in this way are called nuclear operators.

v
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Nuclear operators

We denote by NV (X,Y) the set of all nuclear operators endowed
with the norm:

[Tl = inf{z Ixa Hyall = T(x) = ZXZ(X)yn},
n=1 n=1

where the infimum is taken over all representations of T of the form
T(x) = > 2021 X7 (X)yn-
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Nuclear operators

We denote by NV (X,Y) the set of all nuclear operators endowed
with the norm:

[Tl = inf{z Ixa Hyall = T(x) = ZX:;(X)Yn}a
n=1 n=1

where the infimum is taken over all representations of T of the form
T(x) = > 2021 X7 (X)yn-

Observations

(a) Every nuclear operator is a limit of finite-rank operators.
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Nuclear operators

We denote by NV (X,Y) the set of all nuclear operators endowed
with the norm:

[Tl = inf{z Ixa Hyall = T(x) = ZXZ(X)yn},
n=1 n=1

where the infimum is taken over all representations of T of the form
T(x) = > 2021 X7 (X)yn-

Observations
(a) Every nuclear operator is a limit of finite-rank operators.

(b) The best we can say in general is that

N(X,Y)=X*®:Y [ ker J.
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NORM-ATTAINMENT
CONCEPTS
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Norm-attaining definitions
(a) z € X®, Y attains its projective norm if there is a bounded

sequence (Xn, yn) € X X Y with 27 |Ixn]l[|yall < oo such
that z = 72, xp ® yn and that ||z||»

2 n=1 Ixallllyall-
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Norm-attaining definitions

(a) z € X®, Y attains its projective norm if there is a bounded
sequence (Xn, yn) € X X Y with 27 |Ixn]l[|yall < oo such
that z =3 7% X, @ yp and that [|z[|x = 372, [1Xa/l|yal]

(b) T € N(X,Y) attains its nuclear norm if there is a bounded
sequence (X, yn) € X* x Y with Y07 |Ix5||lyn]| < oo such
that T =3 7%, x; ® ya and that || T{|y = 3 724 [l lyall.
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Notation

(a) NA(X,Y)={T € L(X,Y): T attains its norm}.
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Notation

(a) NA(X,Y)={T € L(X,Y): T attains its norm}.

(b) NA(X x Y)={B € B(X x Y) : B attains its norm}.
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Notation

(a) NA(X,Y)={T € L(X,Y): T attains its norm}.
(b) NA(X x Y)={B € B(X x Y): B attains its norm}.

(c) NAL(X,Y) ={z € X®,Y : z attains its projective norm}.
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Notation
(a) NA(X,Y)={T € L(X,Y): T attains its norm}.

b) NA(X x Y)={B € B(X x Y): B attains its norm}.

(b)
(c) NAL(X,Y) ={z € X®,Y : z attains its projective norm}.
(d) NAN(X,Y)={T e N(X,Y): T attains its nuclear norm}.
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NUCLEAR OPERATORS AND TENSORS
WHICH ATTAIN THEIR NORMS
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Theorem

Let X, Y be Banach spaces. Let z € X®, Y with

n=1

oo
zZ = Z/\nxn & Yn,

where X\, € R, x, € Sx, and y, € Sy for every n € N.
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Theorem
Let X, Y be Banach spaces. Let z € X®, Y with

oo
zZ = Z/\nxn & Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE:
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Theorem
Let X, Y be Banach spaces. Let z € X®, Y with

oo
zZ = Z)\nxn & Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE:
(1) z € NAL(XE®,Y).
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Theorem
Let X, Y be Banach spaces. Let z € X®, Y with

oo
zZ = Z)\nxn & Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE:
(1) z € NAL(XE®,Y).

(2) 3G € Sg(x,y~) such that G(xp)(ya) = 1,Vn
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Theorem

Let X, Y be Banach spaces. Let z € X®, Y with

oo
zZ = Z)\nxn & Yn,

n=1
where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE:
(1) z € NAL(X®,Y).

(2) 3G € Sg(x,y+) such that G(xp)(ya) = 1,Vn.

(3) VG € Spix v+, G(2) = ||z]| satisfies G(x,)(yn) = 1,Vn.
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Theorem

Let X, Y be Banach spaces. Let T € N(X, Y) with

o
T = Z/\,,x,’," ® Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N.
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Theorem

Let X, Y be Banach spaces. Let T € N(X, Y) with

o
T = Z/\,,x,’," ® Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE
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Theorem
Let X, Y be Banach spaces. Let T € N(X, Y) with

o
T = Z/\,,x,’," ® Yn,

n=1

where X\, € RT, x, € Sx, and y, € Sy for every n € N. TFAE:
(1) T € NAN(X,Y).

(2) 3G € (ker J)* with ||G|| = 1 such that G(x})(ya) = 1,Vn.
(3) VG € (ker ), Il = 1, 6(T) = | Tlln = G(x)(va) = 1,¥n.
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Throw one example!
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Proposition

Let Y be a Banach space. Then,
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Proposition

Let Y be a Banach space. Then,

(a) every nuclear operator T € N(cp, Y) attains its nuclear norm.
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Proposition
Let Y be a Banach space. Then,
(a) every nuclear operator T € N (¢, Y) attains its nuclear norm.

(b) every element in (1®, Y attains its projective norm.
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Proposition
Let Y be a Banach space. Then,
(a) every nuclear operator T € N (¢, Y) attains its nuclear norm.

(b) every element in (1®, Y attains its projective norm.

Proposition
Let H be a complex Hilbert space. Then,
(a) every nuclear operator T € N(H, H) attains its nuclear norm.

(b) every tensor in H®, H attains its projective norm.
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It is natural to ask whether or not the equalities

NAN (X, Y) =N(X,Y) or NAL(X®,Y)=X®.Y
hold for every Banach spaces X and Y.
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Proposition

Let X, Y be Banach spaces. If every element in X®,Y attains
its projective norm,
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Proposition

Let X, Y be Banach spaces. If every element in X®,Y attains
its projective norm, then the set of all bilinear forms on X x Y
which attain their norms is dense in B(X x Y).
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Proposition

Let X, Y be Banach spaces. If every element in X®,Y attains
its projective norm, then the set of all bilinear forms on X x Y
which attain their norms is dense in B(X x Y). In other words, if
NA;(X®,Y) = X&, Y, then

NACX x V)T = B(x x v).
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Proposition

Let X, Y be Banach spaces. If every element in X®,Y attains
its projective norm, then the set of all bilinear forms on X x Y
which attain their norms is dense in B(X x Y). In other words, if
NA;(X®,Y) = X&, Y, then

NACX x V)T = B(x x v).

Corollary
Let X, Y be Banach spaces. If NAL(X®,Y) = X&;, Y, then

NACX, Y9 = £(x, v*).
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Examples

3z € X®, Y with z ¢ NA,(X®,Y) in the following cases.
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Examples

3z € X®, Y with z ¢ NA,(X®,Y) in the following cases.

(a) If X'is L1][0,1] and Y* is a strictly convex Banach space without
the Radon-Nikodym property, then the set NA(L1[0,1], Y*) is
not dense in £(L1[0, 1], Y*).
(J.J. Uhl, 1976)
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Examples

3z € X®, Y with z ¢ NA,(X®,Y) in the following cases.

(a) If X'is L1][0,1] and Y* is a strictly convex Banach space without
the Radon-Nikodym property, then the set NA(L1[0,1], Y*) is
not dense in £(L1[0, 1], Y*).

(J.J. Uhl, 1976)

(b) There is a Banach space G such that NA(G X £,) is not dense
in B(G x £p).
(W.T. Gowers, 1990)
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Examples

3z € X®, Y with z ¢ NA,(X®,Y) in the following cases.

(a) If X'is L1][0,1] and Y* is a strictly convex Banach space without
the Radon-Nikodym property, then the set NA(L1[0,1], Y*) is
not dense in £(L1[0, 1], Y*).

(J.J. Uhl, 1976)

(b) There is a Banach space G such that NA(G X £,) is not dense
in B(G x £p).
(W.T. Gowers, 1990)

(c) If X and Y are both L1[0, 1], then the set NA(L1[0, 1] x L1[0, 1])
is not dense in B(L1[0, 1] x L1[0, 1]).
(Y.S. Choi, 1997)
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DENSENESS OF NUCLEAR OPERATORS
AND TENSORS WHICH ATTAIN THEIR NORMS
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The Lo, (D., S.K. Kim, H.J. Lee, M. Mazzitelli)

Let X, Y and Z be Banach spaces. We say that (X x Y, Z) satisfies

the L, , for bilinear mappings if given ¢ > 0 and B € B(X x Y, Z)
with ||B]| = 1,

o (w1 =
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The Lo, (D., S.K. Kim, H.J. Lee, M. Mazzitelli)

Let X, Y and Z be Banach spaces. We say that (X x Y, Z) satisfies
the Lo, for bilinear mappings if given ¢ > 0 and B € B(X x Y, Z)
with ||B|| = 1, there exists 7(e, B) > 0 such that whenever (x, y) €
Sx x Sy satisfies

1B ) > 1 = (e, B),
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The Lo, (D., S.K. Kim, H.J. Lee, M. Mazzitelli)

Let X, Y and Z be Banach spaces. We say that (X x Y, Z) satisfies
the Lo, for bilinear mappings if given ¢ > 0 and B € B(X x Y, Z)
with ||B|| = 1, there exists 7(e, B) > 0 such that whenever (x, y) €
Sx x Sy satisfies

1B ) > 1 = (e, B),

there is (x0, ¥0) € Sx X Sy such that
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The Lo, (D., S.K. Kim, H.J. Lee, M. Mazzitelli)

Let X, Y and Z be Banach spaces. We say that (X x Y, Z) satisfies
the Lo, for bilinear mappings if given ¢ > 0 and B € B(X x Y, Z)
with ||B|| = 1, there exists 7(e, B) > 0 such that whenever (x, y) €
Sx x Sy satisfies

1B(x,y)I| > 1—mn(e, B),
there is (x0, ¥0) € Sx X Sy such that

1B(x0, y0)l = 1, [Ix — xoll <&, and [ly —yof <e.
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Examples of pairs which satisfy the L, o

(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)
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Examples of pairs which satisfy the L, o
(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a) If dim(X),dim(Y) < oo, then (X x Y, Z) has the L, for every
Banach space Z .
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Examples of pairs which satisfy the L, o
(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a) If dim(X),dim(Y) < oo, then (X x Y, Z) has the L, for every
Banach space Z .

(b) (X x Y,K) has the Lo, for bilinear mappings if and only if
(X, Y*) has the L, , for operators, whenever Y is uniformly
convex.
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Examples of pairs which satisfy the L, o
(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a) Ifdim(X),dim(Y) < oo, then (X x Y, Z) has the L, , for every
Banach space Z .

(b) (X x Y,K) has the Lo, for bilinear mappings if and only if
(X, Y*) has the L, , for operators, whenever Y is uniformly
convex.

(c) If 1 < p,q < oo, then (€, x £q,K) has the Lo, if and only if
p > ¢, where ¢’ is the conjugate of q.
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Examples of pairs which satisfy the L, o
(D., S.K. Kim, H.J. Lee, M. Mazzitelli, 2020)

(a) Ifdim(X),dim(Y) < oo, then (X x Y, Z) has the L, , for every
Banach space Z .

(b) (X x Y,K) has the Lo, for bilinear mappings if and only if

(X, Y*) has the L, , for operators, whenever Y is uniformly
convex.

(c) If 1 < p,q < oo, then (€, x £q,K) has the Lo, if and only if
p > ¢, where ¢’ is the conjugate of q.

(d) There are reflexive X, Y such that (X x Y,K) fails the L, ,.

v
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Theorem

bilinear form.

Let X, Y be Banach spaces. Suppose that (X* x Y,K) has L, , for
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Theorem

Let X, Y be Banach spaces. Suppose that (X* x Y,K) has L, , for
bilinear form. Then,

NAN (X Y)Y = Ax, y).

Sheldon Gil Dantas

=] =)
NA nuclear operators



Theorem

bilinear form. Then,

Let X, Y be Banach spaces. Suppose that (X* x Y,K) has L, , for

NAN (X Y)Y = Ax, y).

Corollary

Let X be finite dimensional Banach space.

(a) If Y is finite dimensional, then NAN (X, Y)' ™" = A7(X, ).

(b) If Y is uniformly convex, then NAN(X, Y) " = N(X, Y).

Sheldon Gil Dantas
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Theorem

Let X, Y be Banach spaces. Suppose that (X x Y,K) has L, , for
bilinear forms. Then,

Corollary

Let X be a finite dimensional Banach space.

(a) If Y is finite dimensional, then NA,,(X@)7r Y)”'””

= X®,Y.

(b) If Y is uniformly convex, then NA, (X2, Y) ™

=X®.,Y.
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Definition (Property (P))

Let X be a Banach space. We will say that X has the property (P)
if given e > 0and {x1,...,x,} C Sx a finite collection in the sphere,
then we can find a finite dimensional subspace M C X such that M
is 1-complemented and there exists x; € M with [|x; — x| < ¢ for
every i € {1,...,n}.

V.
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Definition (Property (P))

Let X be a Banach space. We will say that X has the property (P)
if given e > 0and {x1,...,x,} C Sx a finite collection in the sphere,
then we can find a finite dimensional subspace M C X such that M
is 1-complemented and there exists x; € M with [|x; — x| < ¢ for
every i € {1,...,n}.

V.

Observation

Property (P) is equivalent to the so-called metric m-property from
P.G. Casazza's book on approximation properties.
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The following Banach spaces satisfy property (P)

(a) Banach spaces with monotone Schauder basis.
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The following Banach spaces satisfy property (P)

(a) Banach spaces with monotone Schauder basis.

(b) Lp(p)-spaces for any 1 < p < oo and any measure .
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The following Banach spaces satisfy property (P)

(a) Banach spaces with monotone Schauder basis.
(b) Lp(p)-spaces for any 1 < p < oo and any measure .
(c) Li-predual spaces.
(d)

d) X @, Y, whenever X, Y satisfy property (P) and |- |, is an
absolute norm.
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The following Banach spaces satisfy property (P)

(a) Banach spaces with monotone Schauder basis.

b) Lp(w)-spaces for any 1 < p < oo and any measure /.

(b) L
(c) Li-predual spaces.
(d)

d) X @, Y, whenever X, Y satisfy property (P) and |- |, is an
absolute norm.

(&) X = [ ,en Xn] o O [®HENX”]ZP’ V1<p<oo X,
satisfying property (P), Vn.
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The following Banach spaces satisfy property (P)
(a) Banach spaces with monotone Schauder basis.

(b) Lp(p)-spaces for any 1 < p < oo and any measure .
(c) Li-predual spaces.
(d)

d) X @, Y, whenever X, Y satisfy property (P) and |- |, is an
absolute norm.

(&) X = [ ,en Xn] o O [®HENX”]ZP’ V1<p<oo X,
satisfying property (P), Vn.
(f) X®,Y, whenever X, Y satisfy property (P).
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The following Banach spaces satisfy property (P)
(a) Banach spaces with monotone Schauder basis.
(b) Lp(p)-spaces for any 1 < p < oo and any measure .
(c) Li-predual spaces.
(d)

d) X @, Y, whenever X, Y satisfy property (P) and |- |, is an
absolute norm.

(&) X = [ ,en Xn] & O [®neNXn]ZP' V1<p<oo X,
satisfying property (P), Vn.

(f) X®,Y, whenever X, Y satisfy property (P).
(g) X®.Y, whenever X, Y satisfy property (P).
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Theorem

Let X be a Banach space satisfying property (P) (or, equivalently,
metric m-property).

(a) If Y satisfies property (P), then NA(X®,Y) =~ = X&,Y.

lI-ll= ~

(b) If Y is uniformly convex, then NA,(X®,Y) = X®.Y.
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Observation

If a Banach space Z has property (P), then it has the metric ap-
proximation property.
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Observation

If a Banach space Z has property (P), then it has the metric ap-
proximation property.

v

Corollary

Let X be Banach space such that X* satisfies property (P) (or,
equivalently, metric m-property).

(a) If Y satisfies property (P), then NAx/(X, Y)MN =N(X,Y).
(b) If Y is uniformly convex, then NAN(X, Y)' " = (X, Y).
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THERE ARE TENSORS WHICH CANNOT BE
APPROXIMATED BY NORM-ATTAINING
TENSORS
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Idea

3 X and Y such that NA, (X, Y*) is not dense in X&, Y*.
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Idea

X®,Y*.

3 X and Y such that NA (X, Y*) is not dense in X&;, Y*.
(1) Show that the set NA(X, Y**) N By(x, y++) is not norming for
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Idea
3 X and Y such that NA (X, Y*) is not dense in X&;, Y*.

(1) Show that the set NA(X, Y**) N By(x, y++) is not norming for
X® Y™,

(2) Look for our counterexample in the context of Banach spaces
failing the approximation property.
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Idea
3 X and Y such that NA (X, Y*) is not dense in X&;, Y*.

(1) Show that the set NA(X, Y**) N By(x, y++) is not norming for
X®@r Y
(2) Look for our counterexample in the context of Banach spaces

failing the approximation property.

(3) Try to guarantee that the set of operators which attain their
norms is not bigger than the set of finite-rank operators.

v
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Theorem

Let R be Read’s space. There exists a subspace X of g and Y of R
such that the set of tensors in X®, Y* which attain their projective
norms is not dense in X®, Y*.
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Theorem

Let R be Read’s space. There exists a subspace X of g and Y of R
such that the set of tensors in X®, Y* which attain their projective
norms is not dense in X®, Y*.
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OPEN QUESTIONS
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Open Questions

(1) Let Y be finite dimensional. Does every nuclear operator T €

N (Y, Z) attain its nuclear norm for every Banach space Z?
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Open Questions

(1) Let Y be finite dimensional. Does every nuclear operator T €
N (Y, Z) attain its nuclear norm for every Banach space Z?

(2) Let X, Y be reflexive Banach spaces. Is it true that the set of
all norm-attaining tensors is dense in X®,Y?
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Open Questions

(1) Let Y be finite dimensional. Does every nuclear operator T €
N (Y, Z) attain its nuclear norm for every Banach space Z?

(2) Let X, Y be reflexive Banach spaces. Is it true that the set of
all norm-attaining tensors is dense in X®,Y?

(3) Are there Banach spaces X and Y so that NAx/(X, Y) is not
dense in N (X, Y)?
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Open Questions

(1) Let Y be finite dimensional. Does every nuclear operator T €
N (Y, Z) attain its nuclear norm for every Banach space Z?

(2) Let X, Y be reflexive Banach spaces. Is it true that the set of
all norm-attaining tensors is dense in X®,Y?

(3) Are there Banach spaces X and Y so that NAx/(X, Y) is not
dense in N (X, Y)?

(4) What is the “size” (in terms of linealibity) of the set of all
non-norm-attaining tensors X®, Y \ NA;(X®,Y)?

v
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iMUCHAS GRACIAS!
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