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DEFINITION
that

A functional x* € X* attains the norm if there is xy € Sx such

X" (x0)| = [IX*[| = sup |x*(x)].

XGSX
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DEFINITION
that

A functional x* € X* attains the norm if there is x; € Sx such

X" (x0)l = [IX*[| = sup |x*(x)]

XGSX

Throw easy examples!

Sheldon Gil Dantas

=] =)
Norme-attaining functions



DEFINITION

that

X" (x0)l = [IX*[| = sup |x*(x)]

XGSX

Throw easy examples!
PROBLEM

A functional x* € X* attains the norm if there is xy € Sx such

How many functionals on X attain their norms?
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DEFINITION
that

A functional x* € X* attains the norm if there is xy € Sx such

X" (x0)l = [IX*[| = sup |x*(x)]

XGSX

Throw easy examples!
PROBLEM

How many functionals on X attain their norms?
JAMES THEOREM

The following statements are equivalent.
(1) A Banach space X is reflexive.

(2) Every functional in X* attains the norm.
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PROBLEM

When is the set NA(X) dense in X*?

Sheldon Gil Dantas

[m]

Norme-attaining functions

=)



PROBLEM
When is the set NA(X) dense in X*?

BisHop-PHELPS THEOREM (1961)

For every Banach space, NA(X) = X*.

[m]
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PROBLEM
When is the set NA(X) dense in X*?

BisHor-PHELPS THEOREM (1961

)
For every Banach space, NA(X) = X*
PROBLEM

Is it true for bounded linear operators?
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DEFINITION

T € L(X,Y) attains the norm if there is xy € Sx such that

ITCo)ll = Tl = sup [[TC]-

XESx
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DEFINITION

T € L(X,Y) attains the norm if there is xy € Sx such that

ITCo)ll = Tl = sup [[TC]-

xe€

X
BIsHOP-PHELPS’ PROBLEM

NA(X,Y) = L(X,Y) for every X, Y?
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LINDENSTRAUSS COUNTEREXAMPLE (1963)

There is a Banach space X such that
NA(X, X) # L(X, X),

showing that the Bishop-Phelps result does not hold for bounded
linear operators in general.
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AFTER THIS...
o Norm-attaining operators

o J. Bourgain o W. Schachermayer
o R.E. Huff o J.J. Uhl
o W.T. Gowers o J. Wolfe
o J. Johnson o V. Zizler
o Norm-attaining bilinear mappings
o M. Acosta o Y.S. Choi
o R. Aron o V. Lomonosov
o F.J. Aguirre o R. Pay3
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AFTER THIS...
o Norm-attaining homogeneous polynomials

o D. Carando o M. Maestre
o D. Garcia o M. Mazzitelli
o S. Lassalle o J.T. Rodriguez

MORE RECENTLY...

o B. Cascales o J. Meri

o R. Chiclana o V. Montesinos
o L.C. Garcia-Lirola o H.J. Lee

o A. Guirao o G. Lépez-Pérez
o V. Kadets o D. Werner

o S.K. Kim o M. Jung

o M. Martin o J.L. Davila
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MAIN PROBLEM

Can finite-rank operators be approximated by norm-attaining ones?

)
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CURRENT RESEARCH
ON THE TOPIC
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LINEABILITY
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REFERENCES
* V.I. Gurariy and L. Quarta

On lineability of sets of continuous functions
J. Math. Anal. Appl., 2004
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DEFINITION

Let V be a topological vector space, M a subset of V and u a
cardinal number. We say that M is
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Let V be a topological vector space, M a subset of V and u a
cardinal number. We say that M is
* lineable if M U {0} contains an infinite dimensional vector
subspace of V.
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DEFINITION
Let V be a topological vector space, M a subset of V and u a
cardinal number. We say that M is
* lineable if M U {0} contains an infinite dimensional vector
subspace of V.

* p-lineable if MU {0} contains a vector subspace of V of
dimension .
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DEFINITION
Let V be a topological vector space, M a subset of V and u a
cardinal number. We say that M is
* lineable if M U {0} contains an infinite dimensional vector
subspace of V.
* p-lineable if MU {0} contains a vector subspace of V of
dimension .
* spaceable if MU {0} contains a closed infinite dimensional
vector subspace of V.
* p-spaceable if MU {0} contains a closed vector subspace of
V of dimension p.

Sheldon Gil Dantas Norm-attaining functions



* Is it true a Bishop-Phelps type theorem for operators?
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Lindenstrauss says:
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* Is it true a Bishop-Phelps type theorem for operators?
Lindenstrauss says:
“No, it's not!”

“Here it's a renorming of cy and an operator defined on it!”
In fact, we have the following result.
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* Is it true a Bishop-Phelps type theorem for operators?
Lindenstrauss says:
“No, it's not!”
“Here it's a renorming of cy and an operator defined on it!”

In fact, we have the following result.

Theorem (2023, D., Falcé, Jung, Rodriguez-Vidanes)

Let X and Y be Banach spaces. Let I be any infinite set. Let Y
be a strictly convex renorming of ¢p(I'). Then, the subset

E(CO(F)v Y) \ NA(CO(F)v Y)

is 2IM-spaceable in £(c(T), Y).
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* Is it true a Bishop-Phelps type theorem for operators?
Lindenstrauss says:
“No, it's not!”
“Here it's a renorming of cy and an operator defined on it!”

In fact, we have the following result.

Theorem (2023, D., Falcé, Jung, Rodriguez-Vidanes)

Let X and Y be Banach spaces. Let I be any infinite set. Let Y
be a strictly convex renorming of ¢p(I'). Then, the subset

E(CO(F)v Y) \ NA(CO(F)v Y)

is 2IM-spaceable in £(c(T), Y).

This provides a great amount of operators with such a property!
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* After J. Lindenstrauss:
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* After J. Lindenstrauss:

A Banach space Y satisfies property B if NA(Z,Y) is dense in
L(Z,Y) for every Banach space Z.
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A Banach space Y satisfies property B if NA(Z,Y) is dense in
L(Z,Y) for every Banach space Z.

* W. Gowers says: “,-spaces fail property B!"”
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* After J. Lindenstrauss:

A Banach space Y satisfies property B if NA(Z,Y) is dense in
L(Z,Y) for every Banach space Z.

* W. Gowers says: “,-spaces fail property B!"”

Theorem (2023, D., Falcé, Jung, Rodriguez-Vidanes)

Let X and Y be Banach spaces. Suppose that w = (1/n)°, € co
and 1 < p < co. Then, the subset

L(dy(w,1),£,) \ NA(di(w,1),0p)?

is c-spaceable in £(d.(w,1),£p).

?ds(w, 1) is the predual of the Lorentz sequence space d(w,1)
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* After J. Lindenstrauss:

A Banach space Y satisfies property B if NA(Z,Y) is dense in
L(Z,Y) for every Banach space Z.

* W. Gowers says: “,-spaces fail property B!"”

Theorem (2023, D., Falcé, Jung, Rodriguez-Vidanes)

Let X and Y be Banach spaces. Suppose that w = (1/n)°, € co
and 1 < p < co. Then, the subset

L(dy(w,1),£,) \ NA(di(w,1),0p)?

is c-spaceable in £(d.(w,1),£p).

?ds(w, 1) is the predual of the Lorentz sequence space d(w,1)

It says that {,-spaces fail property B in an abundant fashion!
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* Afterwards, M. Acosta generalized Gowers' result:
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* Afterwards, M. Acosta generalized Gowers' result:
"Any infinite-dimensional strictly convex fails property B!"
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* Afterwards, M. Acosta generalized Gowers' result:
"Any infinite-dimensional strictly convex fails property B!"

Theorem (2023, D., Falcd, Jung, Rodriguez-Vidanes)

Let w € ¢, \ ¢1 be a non-increasing sequence of positive numbers
with wy < 1. If Y is an infinite dimensional strictly convex Banach
space, then the subset

L(X(w), Y)\ NA(X(w), Y)?

is c-spaceable in L(X(w), Y).

?X(w) is the Banach space constructed by Acosta
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* Afterwards, M. Acosta generalized Gowers' result:
"Any infinite-dimensional strictly convex fails property B!"

Theorem (2023, D., Falcd, Jung, Rodriguez-Vidanes)

Let w € ¢, \ ¢1 be a non-increasing sequence of positive numbers
with wy < 1. If Y is an infinite dimensional strictly convex Banach
space, then the subset

L(X(w), Y)\ NA(X(w), Y)?

is c-spaceable in L(X(w), Y).

?X(w) is the Banach space constructed by Acosta
V.

A huge subset compressed by operators that cannot be approximated
by norm-attaining operators defined on Acosta’s space X(w)!
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STRONG SUBDIFFERENTIABILITY
OF THE NORM OF A BANACH SPACE
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DEFINITION:

Strong subdifferentiability of the norm
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Strong subdifferentiability of the norm

DEFINITION: The norm of X is strongly subdifferentiable (SSD, for
short) at a point u € Sx if the one-sided limit

1
lim — tx|| — 1) =:
Jim, Ly x| = 1) =0 7(u, x)

exists uniformly for x € Bx.
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Strong subdifferentiability of the norm

DEFINITION: The norm of X is strongly subdifferentiable (SSD, for
short) at a point u € Sx if the one-sided limit

1
lim — + tx|| — 1) =: ,
Jim = (lu+ x| = 1) = 7(u,%)
exists uniformly for x € Bx.

* The norm is Fréchet differentiable iff it is Gateaux and SSD.
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Strong subdifferentiability of the norm

DEFINITION: The norm of X is strongly subdifferentiable (SSD, for
short) at a point u € Sx if the one-sided limit
1
lim — tx|| — 1) =:
Jim (o + o] — 1) = 7(u,x)
exists uniformly for x € Bx.

* The norm is Fréchet differentiable iff it is Gateaux and SSD.
* SSD is more general than Fréchet differentiability.
* Consider ¢, on Bx defined by
1

bn(x) = - <HU+ %H - 1) = ||nu+ x|| — n, Vn.
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Strong subdifferentiability of the norm

DEFINITION: The norm of X is strongly subdifferentiable (SSD, for
short) at a point u € Sx if the one-sided limit

1
lim — + tx|| — 1) =: ,
Jim = (lu+ x| = 1) = 7(u,%)
exists uniformly for x € Bx.

* The norm is Fréchet differentiable iff it is Gateaux and SSD.
* SSD is more general than Fréchet differentiability.
* Consider ¢, on Bx defined by

bn(x) = % <HU+ %H - 1) = ||nu+ x|| — n, Vn.

* (Pn)n2; is a decreasing sequence of continuous functions point-
wise converging on Bx to the continuous function 7(u,-).
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Strong subdifferentiability of the norm

DEFINITION: The norm of X is strongly subdifferentiable (SSD, for
short) at a point u € Sx if the one-sided limit

1
lim — tx|| — 1) =:
Jim < (lu+ x| = 1) = 7(u,%)
exists uniformly for x € Bx.
* The norm is Fréchet differentiable iff it is Gateaux and SSD.

* SSD is more general than Fréchet differentiability.
* Consider ¢, on Bx defined by

bn(x) = % <HU+ %H - 1) = ||nu+ x|| — n, Vn.

* (Pn)n2; is a decreasing sequence of continuous functions point-
wise converging on Bx to the continuous function 7(u,-).

* The norm of X is SSD iff (¢,)32; converges uniformly on Bx.
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
(Dini’s theorem: if a monotone sequence of continuous func-
tions converges pointwise on a compact space and if the limit
function is also continuous, then the convergence is uniform)
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
(Dini's theorem)

* The (sup-)norm on ¢ is SSD at every point.
(C. Franchetti, 1986)
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
(Dini's theorem)

* The (sup-)norm on ¢ is SSD at every point.
(C. Franchetti, 1986)

* Lp-spaces are SSD for 1 < p < oc.
(Uniformly smooth < Uniformly Fréchet differentiable on Sx)
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
(Dini's theorem)

* The (sup-)norm on ¢ is SSD at every point.
(C. Franchetti, 1986)

* Lp-spaces are SSD for 1 < p < oc.
(Uniformly smooth < Uniformly Fréchet differentiable on Sx)

* If X* is SSD, then X must be reflexive.
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Classical Banach spaces

* The norm of any finite-dimensional space is SSD.
(Dini's theorem)

* The (sup-)norm on ¢ is SSD at every point.
(C. Franchetti, 1986)

* Lp-spaces are SSD for 1 < p < oc.
(Uniformly smooth < Uniformly Fréchet differentiable on Sx)

* If X* is SSD, then X must be reflexive.
Hence ¢; and /o, are not SSD.
(C. Franchetti, R. Pay&, 1993)
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Some properties of the SSD

* The norm of /1 is only SSD at points in Sy, which are sequences
with finitely many nonzero terms.
(J.R. Giles, D A. Gregory, B. Sims, 1978)
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Some properties of the SSD

* The norm of /1 is only SSD at points in Sy, which are sequences
with finitely many nonzero terms.
(J.R. Giles, D A. Gregory, B. Sims, 1978)

* The set of SSD points of the norm of £, is not a Gs in /.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)
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Some properties of the SSD

* The norm of /1 is only SSD at points in Sy, which are sequences
with finitely many nonzero terms.
(J.R. Giles, D A. Gregory, B. Sims, 1978)

* The set of SSD points of the norm of £, is not a Gs in /.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)

* A Banach space with an SSD norm is Asplund.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)
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Some properties of the SSD

* The norm of /1 is only SSD at points in Sy, which are sequences
with finitely many nonzero terms.
(J.R. Giles, D A. Gregory, B. Sims, 1978)

* The set of SSD points of the norm of £, is not a Gs in /.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)

* A Banach space with an SSD norm is Asplund.
(G. Godefroy, V. Montesinos, V. Zizler, 1995)

* The norm of X is SSD when X is a predual of the

% Hardy space H' of analytic functions on the ball,
* Lorentz spaces L, 1(u),
* Trace Class C;.

(S.J. Dilworth, D. Kutzarova, 1995)
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Strategy(?)

Which characterization of the SSD should we use?
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
there exists (e, x) > 0 such that whenever x* € Sx- satisfies

() > 1 = (e, x)
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
there exists (e, x) > 0 such that whenever x* € Sx- satisfies

() > 1 = (e, x)

there exists y* € Sx+ such that
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
there exists (e, x) > 0 such that whenever x* € Sx- satisfies

Ix*(x)| > 1 —=n(e,x)
there exists y* € Sx+ such that

y* Ol =1 and [y" —x*] <e.
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
there exists (e, x) > 0 such that whenever x* € Sx- satisfies

Ix*(x)| > 1 —=n(e,x)
there exists y* € Sx+ such that
y* ()l =1 and [y" —x*| <e.

(C. Franchetti and R. Pay3, 1993)
(G. Godefroy, V. Montesinos, V. Zizler, 1995)
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Strategy(?)

Which characterization of the SSD should we use?

* The norm of X is SSD at x € Sx if and only if given € > 0,
there exists (e, x) > 0 such that whenever x* € Sx- satisfies

Ix*(x)| > 1 —=n(e,x)
there exists y* € Sx+ such that
y* ()l =1 and [y" —x*| <e.

(C. Franchetti and R. Pay3, 1993)
(G. Godefroy, V. Montesinos, V. Zizler, 1995)

* Sheldon says:
jOstras! It is "similar” to a Bollobds type theorem!
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Bollobas theorem (1963)

Let X be Banach space. Given ¢ > 0, there is (¢) > 0 such that
whenever x* € Sx+ and x € Sx satisfy

X > 1 =n(e)

there are y* € Sx« and y € Sx such that

y*WI=1 lly—xll<e and [y*—x*[ <e.
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Bollobas theorem (1963)

Let X be Banach space. Given ¢ > 0, there is (¢) > 0 such that
whenever x* € Sx+ and x € Sx satisfy

X > 1 =n(e)

there are y* € Sx« and y € Sx such that

y*WI=1 lly—xll<e and [y*—x*[ <e.

BoLLOBAS = BisHopr-PHELPS
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Bollobas theorem (1963)

Let X be Banach space. Given ¢ > 0, there is (¢) > 0 such that
whenever x* € Sx+ and x € Sx satisfy

X > 1 =n(e)

there are y* € Sx« and y € Sx such that

y*WI=1 lly—xll<e and [y*—x*[ <e.

BoOLLOBAS = BISHOP-PHELPS
Sheldon says:
It is “similar” to a Bollobds type theorem but different/
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SSD on P(VX, Y*)

Theorem (2023, D., Jung, Mazzitelli, Rodriguez)

Under some natural conditions we have:

(i) P(Ney) is SSD if and only if N < p.
(ii) P(Nep, £y) is SSD if and only if Ng < p.
(iii) P(Nipy,) is SSD if and only if N < apy,.
(iv) P(Nimy, Imy,) is SSD if and only if NG, < ap -
(v) P(Nd(w, p)) is SSD if and only if N < p.
(vi) P(Nd(w, p), Im,) is SSD if and only if NBp, < p.
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SSD on L(X; X -+ x Xy, K)

Theorem (2023, D., Jung, Mazzitelli, Rodriguez)

Under some natural conditions we have:
(i) L(lpy % =+ % Lp,) is SSDiff L 4. 4 L

(ii) L(Lp, X -+ X Lpy, L) is SSD iff L+ 4

1

S q

(iii) [,(/Ml X"'X/MN) is SSD iffrlbl—|-...+ﬁ<1
(iV) E(/Ml ><"'><I/\/l/\1all\/lN+1) is SSD IfFT}dl—*__‘_ﬁ < L

Py

(v) L(d(wy, p1) x -~ x d(wn, py)) is SSD iff L 4+ L <1,

(Vi) L(d(wy, p1) X xd(wpn, pn), /M/v+1) is SSD iff iJr. . .+pLN < 1

By
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CURRENT DIFFERENT CONTEXTS...
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