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SK AND HJ HAVE DONE THE JOB ALREADY.
0!
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OUR MOTIVATIONS
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[J. DiesTEL, J. UHL, J. JOHNSON, J. WOLFE, » 1970]

Can compact operators be approximated by norm-attaining ones?

J
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[J. DiesTEL, J. UHL, J. JOHNSON, J. WOLFE, » 1970]

Can compact operators be approximated by norm-attaining ones?

[M. MARTIN, JFA, 2014]

There are compact operators between Banach spaces which cannot
be approximated by norm-attaining operators.

v

=} F

Sheldon Gil Dantas Norm-attaining tensors



[J. DiesTEL, J. UHL, J. JOHNSON, J. WOLFE, » 1970]

Can compact operators be approximated by norm-attaining ones?

[M. MARTIN, JFA, 2014]

There are compact operators between Banach spaces which cannot

be approximated by norm-attaining operators. )
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[J. DIESTEL, J. UHL, J. JOHNSON, J. WOLFE, » 1970]

Can compact operators be approximated by norm-attaining ones?

[M. MARTIN, JFA, 2014]

There are compact operators between Banach spaces which cannot
be approximated by norm-attaining operators.

V.

HELLO WORLD! WE ARE HERE: THE NUCLEAR OPERATORS!

(PERHAPS THE) MAIN PROBLEM OF THEORY J

Can finite-rank operators be approximated by norm-attaining ones?
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KNOWN RESULTS

* NUCLEAR OPERATORS *
* PROJECTIVE AND SYMMETRIC TENSORS *
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PROJECTIVE TENSOR PRODUCTS
Let X and Y be Banach spaces.

We denote by X®, Y the projective tensor product of X and Y,
which is defined as the completion of the normed space X ® Y
endowed with the norm
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PROJECTIVE TENSOR PRODUCTS

Let X and Y be Banach spaces.

We denote by X®, Y the projective tensor product of X and Y,
which is defined as the completion of the normed space X ® Y
endowed with the norm

n n
Izl = inf{z Il 2= 3 @y,-}
i=1 i=1

where the infimum is taken over all representation of z.
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PROJECTIVE TENSOR PRODUCTS

Let X and Y be Banach spaces.

We denote by X®, Y the projective tensor product of X and Y,
which is defined as the completion of the normed space X ® Y
endowed with the norm

n
Izl = mf{znx,uuy,n zx,-®y,-}
i=1

where the infimum is taken over all representation of z.

It is known that
* ijéﬁy = E(BX ® BY)
* (X®,Y)* =L(X,Y")
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PROJECTIVE TENSOR PRODUCTS

« (X&,Y) =L(X,Y*)=B(XxY)
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PROJECTIVE TENSOR PRODUCTS

« (X&,Y) =L(X,Y*)=B(XxY)

* There is a canonical operator J: X*®,Y — L(X,Y) with
[J] =1 such that

where

)
u= ZX:®ynHLua
n=1

L,(x):= i_o:lx,f(x)y,, (x € X).
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PROJECTIVE TENSOR PRODUCTS
* (X&:Y)* =L(X,Y*)=B(XxY)
» There is a canonical operator J: X*®;Y — L(X,Y) with
[J] =1 such that

[ee]
U:ZX;:@)/n'_’LUa

n=1

where -
L,(x):= Z:lx,f(x)y,, (x € X).

The operators that arise in this way are called nuclear operators. )
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NUCLEAR OPERATORS

We denote by N (X,Y) the set of all nuclear operators endowed
with the norm:

I Tl = inf{i Ixa llyall = T(x) = ZXZ(X)yn}

where the infimum is taken over all representations of T.
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with the norm:

We denote by N (X,Y) the set of all nuclear operators endowed

I Tl = inf{i Ixa llyall = T(x) = ZXZ(X)yn}

where the infimum is taken over all representations of T.
OBSERVATIONS

* Every nuclear operator is compact
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I Tl = inf{i Ixa llyall = T(x) = ZXZ(X)yn}

where the infimum is taken over all representations of T.

OBSERVATIONS
* Every nuclear operator is compact

* The best we can say in general is that

N(X,Y)=X"8,Y/kerJ
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NORM-ATTAINMENT CONCEPTS
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NORM-ATTAINING CONCEPTS

*» z€ X®, Y attains its projective norm if there is a bounded

sequence (Xp,¥n) € X x Y with X771 |xn|[lyn] < co such that
z = Y5l Xn ® yp and that |z = 2524 [l ya]
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NORM-ATTAINING CONCEPTS

*» z€ X®, Y attains its projective norm if there is a bounded
sequence (Xp,¥n) € X x Y with X771 |xn|[lyn] < co such that
Z = Y21 % ® Y and that [ z]x = 352, x|l yal

x» T e N(X,Y) attains its nuclear norm if there is a bounded
sequence (x;,¥n) € X* x Y with 3721 ||| vn| < oo such that
T = Y51 X, ®yp and that | Tn = 252 [ xy [ [ yal
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AN NOT THAT NEW REFERENCE FOR THIS TOPIC
* R. KHALIL

= Smooth points of unit balls of operator and function spaces
“exact nuclear operators”
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NOTATION

* NA(X,Y)={T e L(X,Y): T attains its norm}
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NOTATION

* NA(X,Y)={T e L(X,Y): T attains its norm}

* NA(X xY)={BeB(XxY,K):B attains its norm}
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NOTATION

* NA(X,Y)={T eL(X,Y): T attains its norm}
* NA(X x Y)={BeB(Xx Y,K): B attains its norm}

* NAZ(X,Y) ={ze X®,Y : z attains its projective norm}
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NOTATION
* NA(X,Y)={T eL(X,Y): T attains its norm}

* NA(X x Y)={BeB(Xx Y,K): B attains its norm}

* NAZ(X,Y) ={ze X®,Y : z attains its projective norm}

* NAN(X,Y)={T e N(X,Y): T attains its nuclear norm}

v
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NUCLEAR OPERATORS AND TENSORS
WHICH ATTAIN THEIR NORMS
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A CHARACTERIZATION

(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X, Y be Banach spaces. Let z € X®, Y with

[ee]
zZ= Z AnXn ® Y,
n=1

where \, €e R*, x, € Sx, and y, € Sy for every ne N
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A CHARACTERIZATION

(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X, Y be Banach spaces. Let z € X®, Y with

[ee]
2= AnXn ® Yn,
n=1

where A\, €e R*, x, € Sx, and y, € Sy for every ne N. TFAE:

Sheldon Gil Dantas

=] =)
Norm-attaining tensors




A CHARACTERIZATION

(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X, Y be Banach spaces. Let z € X®, Y with

[ee]
2= AnXn ® Yn,
n=1

where A\, €e R*, x, € Sx, and y, € Sy for every ne N. TFAE:
(1) ze NAL(X®,Y).
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A CHARACTERIZATION
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X, Y be Banach spaces. Let z € X®, Y with
2= AnXn ® Yn,
n=1
where A\, €e R*, x, € Sx, and y, € Sy for every ne N. TFAE:
(1) ze NAL(X®,Y).
(2) 3G € Sg(x,y+) such that G(x,)(yn) =1,Yn.
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A CHARACTERIZATION
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X, Y be Banach spaces. Let z € X®, Y with
2= AnXn ® Yn,
n=1
where A\, €e R*, x, € Sx, and y, € Sy for every ne N. TFAE:
(1) ze NAL(X®,Y).
(2) 3G € Sg(x,y+) such that G(x,)(yn) =1,Yn.
(3) VG €Sz (x,v+y, G(2) = ||z|x satisfies G(x,)(yn) =1,Vn.
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A CHARACTERIZATION (NUCLEAR COUNTERPART)
(D., JunGg, ROLDAN, RUEDA Zoca, 2022)

Let X, Y be Banach spaces. Let T e N'(X,Y') with
T=> XoXp ® ¥,
n=1

where A\, e R, x, € Sx, and y, € Sy for every n e N. TFAE:
(1) TeNAN(X,Y).

(2) 3G € (kerJ)* with |G| =1 such that G(x;)(yn) =1,Vn.
(3) VGe(ker )4, |G =1,G(T)=|T|n = G(x})(yn) =1,Vn.
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RELEVANT EXAMPLES
(D., JuNG, ROLDAN, RUEDA ZOcCA, 2022)

Every tensor in X®, Y is norm-attaining when

*= X, Y are finite dimensional
(Minkowski-Carathéodory = ¢o(Bx x Bx) = co(Bx ® By))

* X =Y = H complex Hilbert spaces

x X =/{1 and for any Y
(thanks to the canonical isometry between /1®,Y and ¢1(Y))
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RELEVANT EXAMPLES
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)
Every tensor in X®, Y is norm-attaining when
*= X, Y are finite dimensional
(Minkowski-Carathéodory = ¢o(Bx x Bx) = co(Bx ® By))
* X =Y = H complex Hilbert spaces

x X =/{1 and for any Y
(thanks to the canonical isometry between /1®,Y and ¢1(Y))
As a consequence, every nuclear operator

* TeN(c,Y)=018,Y attains its nuclear norm for every Y
(This should be compare to the classical theory!)
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It is natural to ask whether or not the equalities
NAN(X,Y)=N(X,Y) or

NA,(X®,Y)=X®,Y
hold for every Banach spaces X and Y.

Sheldon Gil Dantas
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A DIRECT CONNECTION WITH THE CLASSICAL THEORY
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X,Y be Banach spaces. Suppose that NA(X®,Y) = X&,Y.
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A DIRECT CONNECTION WITH THE CLASSICAL THEORY
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X,Y be Banach spaces. Suppose that NA(X®,Y) = X&,Y.
Then, we have that

NACX < V) = B(X x Y).

o (w1 =
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A DIRECT CONNECTION WITH THE CLASSICAL THEORY
(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X,Y be Banach spaces. Suppose that NA(X®,Y) = X&,Y.
Then, we have that

NAX x Y)' | = B(X x Y).

AN IMMEDIATE CONSEQUENCE...
Let X, Y be Banach spaces. If NAL(X®,Y) = X®, Y, then

NACX, Y*) ' = L(X,Y™).

o (w1 =
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EXAMPLES

3z e X®, Y with z ¢ NA,(X®,Y) when

(in the following cases NA(X x Y') is not dense in B(X x Y,K))
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EXAMPLES

3z e X®, Y with z ¢ NA,(X®,Y) when

(J.J. Uhl, 1976)

(in the following cases NA(X x Y') is not dense in B(X x Y,K))
(a) X =L1[0,1] and Y* = strictly convex without the RNP
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EXAMPLES

3z e X®, Y with z ¢ NA,(X®,Y) when
(in the following cases NA(X x Y') is not dense in B(X x Y,K))

(a) X =L1[0,1] and Y* = strictly convex without the RNP
(J.J. Uhl, 1976)

(b) X = Gowers space and Y =/,
(W.T. Gowers, 1990)
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EXAMPLES

3z e X®, Y with z ¢ NA,(X®,Y) when
(in the following cases NA(X x Y') is not dense in B(X x Y,K))

(a) X =L1[0,1] and Y* = strictly convex without the RNP
(J.J. Uhl, 1976)

(b) X = Gowers space and Y =/,
(W.T. Gowers, 1990)

(c) X =Y =14[0,1]
$ (Y.S. Choi, 1997) &
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DENSENESS OF NUCLEAR OPERATORS
AND TENSORS WHICH ATTAIN THEIR NORMS
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*x We are interested in a property which provides many norm-
attaining objects
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*x We are interested in a property which provides many norm-
attaining objects

* A property studied in [D., Kim, Lee, Mazzitelli, 2018, 2020]
does (part of) the job

Sheldon Gil Dantas Norm-attaining tensors



*x We are interested in a property which provides many norm-
attaining objects

* A property studied in [D., Kim, Lee, Mazzitelli, 2018, 2020]
does (part of) the job

THEOREM
(D., JuNG, ROLDAN, RUEDA ZocaA, 2022)

Let X be a finite dimensional and Y uniformly convex Banach space.
Then, we have that

Il

NA.(X&,Y) " =X&,Y and NANCX,Y) ™= N(X,Y).
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METRIC m-PROPERTY (P.G. CASAZZA’S BOOK)

We say that a Banach space X has the metric 7w-property if given
e>0and {x1,...,xn} € Sx a finite collection in the sphere, then we
can find a finite dimensional subspace M ¢ X such that

x M is 1-complemented

* there exists x; € M with |x; — x/| <& for every j € {1,...,n}.
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BANACH SPACES WITH THE METRIC 7m-PROPERTY
(ALL THE CLASSICAL BANACH SPACES HAVE IT!)
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BANACH SPACES WITH THE METRIC m-PROPERTY
(ALL THE CLASSICAL BANACH SPACES HAVE IT!)

* Banach spaces with monotone Schauder basis

* Lp(p)-spaces for any 1 < p < co and any measure p

* Li-predual spaces

* X @, Y, whenever X, Y satisfy the metric w-property

* X = [@nen Xnlg, OF [@neNXn]ép, V 1< p<oo, X, satisfying
the metric m-property

* X®,Y, whenever X, Y satisfy the metric m-property

* X®.Y, whenever X, Y satisfy the metric m-property
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METRIC 7-PROPERTY

(D., JuNG, ROLDAN, RUEDA ZocCA, 2022)

Let X be a Banach space satisfying the metric m-property. If
* Y satisfies the metric m-property or
* Y is uniformly convex

then we have that

I-ll=

NAL(X&,Y) ™ =X8,Y.
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How ABOUT THE NUCLEAR COUNTERPART?

If a Banach space Z has the metric m-property, then it has the metric
approximation property.
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How ABOUT THE NUCLEAR COUNTERPART?

If a Banach space Z has the metric m-property, then it has the metric

approximation property. |

AS A CONSEQUENCE...

Let X be Banach space such that X* satisfies the metric 7w-property.
If

* Y satisfies the metric m-property or
% Y is uniformly convex

then we have that

NAN (X Y)Y - Aex, y).

o (w1 =
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ARE THERE TENSORS OR NUCLEAR OPERATORS
WHICH CANNOT BE APPROXIMATED BY
NORM-ATTAINING TENSORS?
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A COUNTEREXAMPLE
(D., JunGg, ROLDAN, RUEDA ZocaA, 2022)

Let R be Read's space. There exists a subspace X" of ¢y (which fails
the approximation property) and a ) subspace of R such that the
set of tensors in X®,V* which attain their projective norms is not
dense in X®,)Y*. In other words,

Il

NA,(X8,9) " # X8,
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SYMMETRIC TENSOR PRODUCTS
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SYMMETRIC TENSOR PRODUCTS

*= Luis Carlos Garcia-Lirola, MJ and ARZ.

Sheldon Gil Dantas Norm-attaining tensors



SYMMETRIC TENSOR PRODUCTS

*= Luis Carlos Garcia-Lirola, MJ and ARZ.

* Norm-attaining symmetric tensors ©®
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SYMMETRIC TENSOR PRODUCTS

* Luis Carlos Garcia-Lirola, MJ and ARZ.
* Norm-attaining symmetric tensors ©®

* Symmetric tensors which never attain their norms @
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*

SYMMETRIC TENSOR PRODUCTS

Luis Carlos Garcia-Lirola, MJ and ARZ.
Norm-attaining symmetric tensors ®
Symmetric tensors which never attain their norms ©

Denseness for all classical Banach spaces ®
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*

*

*

*

*

SYMMETRIC TENSOR PRODUCTS

Luis Carlos Garcia-Lirola, MJ and ARZ.
Norm-attaining symmetric tensors ®

Symmetric tensors which never attain their norms ©
Denseness for all classical Banach spaces ®

No counterexample! ®
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NEW RESULTS AND OPEN (QUESTIONS
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NEwW RESULTS
* NON-NORM-ATTAINING TENSORS *

* Due to indirect arguments, we do not have an explicit way of
producing tensors in X®, Y or ®W757NX which do or do not
attain their norms.

Sheldon Gil Dantas Norm-attaining tensors



NEwW RESULTS
* NON-NORM-ATTAINING TENSORS *

* Due to indirect arguments, we do not have an explicit way of
producing tensors in X®, Y or ®W757NX which do or do not
attain their norms. Nevertheless, we have the following result.
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NEwW RESULTS
* NON-NORM-ATTAINING TENSORS *

* Due to indirect arguments, we do not have an explicit way of
producing tensors in X®, Y or @msz which do or do not
attain their norms. Nevertheless, we have the following result.

(RUEDA Zoca, 2023)

Let X be a Banach space with the metric m-property and whose
norm locally depends upon finitely many coordinates (for instance,
X =cp(l)). Let Y be a Hilbert space. Then,

Il

« NAL(X®,Y) " =X8,Y

H_”
-l

« X&-Y “NAL(X®,Y) " =X&,Y

Sheldon Gil Dantas Norm-attaining tensors



NEW REsULTS
»* OPERATORS DEFINED ON X®,Y «*

*= Another direction...
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NEW REsULTS
»* OPERATORS DEFINED ON X®,Y «*

*= Another direction...

* What one can say about operators defined on tensor products?
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NEW REsULTS
»* OPERATORS DEFINED ON X®,Y «*

*= Another direction...

* What one can say about operators defined on tensor products?

(D., KIRME AND JUNG, 2024)
Let X, Y be Banach spaces.
* If X, Y have property quasi-c, so does X®, Y.
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NEW REsULTS
»* OPERATORS DEFINED ON X®,Y «*

*= Another direction...

* What one can say about operators defined on tensor products?

(D., KIRME AND JUNG, 2024)
Let X, Y be Banach spaces.
* If X, Y have property quasi-c, so does X®, Y.

*» [ $ Y.S. Cuor 8 aAND H.G. Song, 2008] If X, Y have
property quasi-o, then X®,Y has property A.
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NEW RESULTS _
* OPERATORS DEFINED ON X®,Y «*

(D., KIRME AND JUNG, 2024)
Let X, Y, Z be Banach spaces.

< ENAX < Y, 2) N = B(X x Y; Z). Then,
NA(X®, Y, Z)”'”

= L(XB.Y,2Z).
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NEW RESULTS _
* OPERATORS DEFINED ON X®,Y «*

(D., KIRME AND JUNG, 2024)
Let X, Y, Z be Banach spaces.

< ENAX < Y, 2) N = B(X x Y; Z). Then,

NA(X®.Y,Z) ' =L(X8,Y,2Z).

» [R. ArRON, C. FINET AND E. WERNER, 1995] If X, Y have
the RNP, then X®, Y has property A.

V.
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OPERATORS DEFINED ON X®,Y

(D., KIRME AND JUNG, 2024)
* Property quasi-a
* Property quasi-f
* Property «
* Property
x Lindenstrauss property A
x Lindenstrauss property B
* Uniformly strongly exposed points

% Residuality
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OPEN QUESTIONS AND NEW DIRECTIONS
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OPEN QUESTIONS

* Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®; Y norm-attaining?
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OPEN QUESTIONS

x Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®, Y norm-attaining?

[Godefroy, 2015] If X = Li(T), where T is the unit circle
equipped with the Haar measure and Y is the 2-dimensional
Hilbert space E%, we have that

NA-(L1(T) ® £3) # L1(T) ® £3.
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OPEN QUESTIONS

x Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®, Y norm-attaining?

[Godefroy, 2015] If X = Li(T), where T is the unit circle
equipped with the Haar measure and Y is the 2-dimensional
Hilbert space E%, we have that

NA-(L1(T) ® £3) # L1(T) ® £3.

[D., Garcia-Lirola, Jung, Rueda Zoca, 2023]

Let X be a Banach space such that Bx = co({xi,...,x,}) for some
X1,...,Xn € Sx and assume that Y is a predual space. Then,

NA;(X8,Y) = X8, Y.

V.

= = - - -
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OPEN QUESTIONS

*x Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®; Y norm-attaining?

* (Nuclear Operators) Are there Banach spaces X and ) so
that NAx (X, DY) is not dense in N'(X,))?
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spaces. Is every tensor in X®; Y norm-attaining?

* (Nuclear Operators) Are there Banach spaces X and ) so
that NAx (X, DY) is not dense in N'(X,))?

* (Symmetric tensors) Is there a Banach space X so that
NA, s N(®r s nX) is not dense in ®, s yX7?

Sheldon Gil Dantas Norm-attaining tensors




OPEN QUESTIONS

*x Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®; Y norm-attaining?

* (Nuclear Operators) Are there Banach spaces X and ) so
that NAx (X, DY) is not dense in N'(X,))?

* (Symmetric tensors) Is there a Banach space X so that
NA, s N(®r s nX) is not dense in ®, s yX7?

NEW DIRECTIONS

» (D.L. Rodriguez-Vidanes) How about lineability properties
for the subset of non-norm-attaining tensors?
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OPEN QUESTIONS

*x Let X be reflexive and Y be finite dimensional Banach
spaces. Is every tensor in X®; Y norm-attaining?

* (Nuclear Operators) Are there Banach spaces X and ) so
that NAx (X, DY) is not dense in N'(X,))?

* (Symmetric tensors) Is there a Banach space X so that
NA, s N(®r s nX) is not dense in ®, s yX7?

NEW DIRECTIONS
» (D.L. Rodriguez-Vidanes) How about lineability properties
for the subset of non-norm-attaining tensors?

* (D., Kirme, Jung) To define a Bollobas type theorem for
tensors (in the sense of [Acosta, Aron, Garcia, Maestre])?
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AND WAIT! THERE IS MORE... &
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