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HOW ABOUT STARTING WITH A
PROOF?
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How to “produce” non-norm-attaining operators?
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How to “produce” non-norm-attaining operators?

* Let (xp) € Sy be a w-null but not || - [|-null.
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How to “produce” non-norm-attaining operators?

* Let (xp) € Sy be a w-null but not || - [|-null.

* We have that aconv{x, : n € N} is w-compact.
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How to “produce” non-norm-attaining operators?

* Let (xp) € Sy be a w-null but not || - [|-null.
* We have that aconv{x, : n € N} is w-compact.
* Define T(¢1,Y), T(en) := xp is w- but not compact.
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How to “produce” non-norm-attaining operators?

* Let (xp) € Sy be a w-null but not || - [|-null.
* We have that aconv{x, : n € N} is w-compact.
* Define T(¢1,Y), T(en) := xp is w- but not compact.

* 3 Xp reflexive: T=S0oR, Re L({1,X) and S € L(Xop, Y).
(Davis-Figiel-Johnson-Petczyriski factorisation theorem)
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.

We have that aconv{x, : n € N} is w-compact.

Define T(¢1,Y), T(en) := xp is w- but not compact.

3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).

Thus, S cannot be compact.

b . S
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.

We have that aconv{x, : n € N} is w-compact.

Define T(¢1,Y), T(en) := xp is w- but not compact.

3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).

Thus, S cannot be compact.

b . .

Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
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How to “produce” non-norm-attaining operators?

* Let (x,) € Sy be a w-null but not || - ||-null.

* We have that aconv{x, : n € N} is w-compact.

* Define T(¢1,Y), T(en) := xp is w- but not compact.

* 3 Xo reflexive: T=SoR, Re€ L(¢1,X0) and S € L(Xp, Y).
* Thus, S cannot be compact.

* Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
* (vp) admits a subsequence that is a basic sequence of Xp.

*

Denote it again by (v,).
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.

We have that aconv{x, : n € N} is w-compact.

Define T(¢1,Y), T(en) := xp is w- but not compact.

3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).
Thus, S cannot be compact.

Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
(vn) admits a subsequence that is a basic sequence of Xj.
Denote it again by (v,).

Let X :=span{v, : n € N}.

b D S . S . S
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.
We have that aconv{x, : n € N} is w-compact.
Define T(¢1,Y), T(en) := xp is w- but not compact.
3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).
Thus, S cannot be compact.
Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
(vn) admits a subsequence that is a basic sequence of Xj.
Denote it again by (v,).
Let X :=span{v, : n € N}.

* X is reflexive with basis

b D S . S . S
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.

We have that aconv{x, : n € N} is w-compact.

Define T(¢1,Y), T(en) := xp is w- but not compact.

3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).
Thus, S cannot be compact.

Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
(vn) admits a subsequence that is a basic sequence of Xj.
Denote it again by (v,).

Let X :=span{v, : n € N}.

* X is reflexive with basis
* S(v,) admits no convergent subsequences.

b D S . S . S
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How to “produce” non-norm-attaining operators?

Let (x,) € Sy be a w-null but not || - ||-null.

We have that aconv{x, : n € N} is w-compact.

Define T(¢1,Y), T(en) := xp is w- but not compact.

3 Xp reflexive: T=SoR, R € L({1,X0) and S € L(Xo, Y).
Thus, S cannot be compact.

Pick (vn) € Xo w-null: S(v,) no convergent subsequences.
(vn) admits a subsequence that is a basic sequence of Xj.
Denote it again by (v,).

Let X :=span{v, : n € N}.

* X is reflexive with basis
* S(v,) admits no convergent subsequences.

K(X,Y) # L(X,Y).

b D S . S . S

%
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» This belongs to a bigger setting as follows.

D., JUNG AND MARTINEZ-CERVANTES,

J. INSsT. MATH. JUSSIEU, 2023

Let Y be a Banach space. TFAE.

Y has the Schur property.

K(X,Y)=L(X,Y) for every reflexive X.

NA(X, Y) = L(X,Y) for every reflexive X.

K(E,Y) = L(E,Y) for every E reflexive with basis.
NA(E,Y) = L(E,Y) for every E reflexive with basis.

—+

LR . S B
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This talk is based on join works with

* Javier Falcé
Valencia University, Spain
* Daniel Luis Rodriguez Vidanes
Technical University of Madrid, Spain
* Mingu Jung
KIAS, South Korea

* Gonzalo Martinez Cervantes
Murcia University, Spain
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What do we do here?

CONTENTS

* SEARCHING FOR LINEAR STRUCTURE...
* NORM-ATTAINING FUNCTIONALS
* NON-NORM-ATTAINING FUNCTIONALS
* NORM- AND NON-NORM-ATTAINING OPERATORS
* OPERATORS WHICH BELONG TO L(X, Y)\ NA(X,Y)
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NORM-ATTAINING FUNCTIONALS
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* By R.C. James (1963), if X is reflexive, then NA(X) = X*
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* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)
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* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)
* Examples
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* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)
* Examples

» NA(c) =coo C 4
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* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)
* Examples

» NA(co) = coo € ¢ (linear space)
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(4) = {x* € b : ||x*|| = max, |x*(n)|}
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Norm-attaining functionals

Non-density
0000000000

* By R.C. James (1963), if X is reflexive, then NA(X) = X*

(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(4) = {x* € b : ||x*|| = max, |x*(n)|}

This is not a subspace:
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(4) = {x* € b : ||x*|| = max, |x*(n)|}
This is not a subspace: the elements

11
x =(-1,0,0,...) and y:<1,2,3,...,n:1,...>
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(4) = {x* € b : ||x*|| = max, |x*(n)|}

This is not a subspace: the elements
n
,5,...,n+1,...

both belong to NA(¢1) but x + y & NA(/1).

N -

x=(-1,0,0,...) and y= <1,
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(l) = {x* € s : ||x*|| = max, |x*(n)|} (not linear space)
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(l) = {x* € s : ||x*|| = max, |x*(n)|} (not linear space)
» Every x € X attains its norm as a functional x : X* — K
(Hahn-Banach theorem)
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)
* Examples
» NA(co) = coo € ¢ (linear space)
» NA(l) = {x* € s : ||x*|| = max, |x*(n)|} (not linear space)
» Every x € X attains its norm as a functional x : X* — K
(Hahn-Banach theorem)

Thus, X < NA(X*).
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Norm-attaining functionals

* By R.C. James (1963), if X is reflexive, then NA(X) = X*
(itself a linear space)

* Examples
» NA(co) = coo € ¢ (linear space)
» NA(l) = {x* € s : ||x*|| = max, |x*(n)|} (not linear space)
» Every x € X attains its norm as a functional x : X* — K
(Hahn-Banach theorem)
Thus, X < NA(X*).
» In particular, NA(¢1) contains an isometric copy of cp.
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» X be a topological vector space
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Main definitions

Norm- and non-norm-attaining operators

» X be a topological vector space
» M be a subset of X

Non-density
0000000000
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Main definitions

» X be a topological vector space
» M be a subset of X

As I've promised to Tommaso...

We say that M is
* lineable if M U {0} contains a vector space.

Sheldon Gil Dantas On non-norm-attaining operators



Norm-attaining functionals Norm- and non-norm-attaining operators Non-density
00@00000 00000 0000000000

Main definitions

» X be a topological vector space
» M be a subset of X

As I've promised to Tommaso...

We say that M is
* lineable if M U {0} contains a vector space.

* spaceable if M U {0} contains a closed vector space.
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Main definitions

» X be a topological vector space
» M be a subset of X

As I've promised to Tommaso...

We say that M is
* lineable if M U {0} contains a vector space.

* spaceable if M U {0} contains a closed vector space.

» V.I. Gurariy (2004)

Sheldon Gil Dantas On non-norm-attaining operators



Norm- and non-norm-attaining operators Non-density
0000000000

Norm-attaining functionals
00000

00@00000

Main definitions

» X be a topological vector space
» M be a subset of X

As I've promised to Tommaso...
We say that M is
* lineable if M U {0} contains a vector space.
* spaceable if M U {0} contains a closed vector space.

» V.I. Gurariy (2004)

» J.B. Seoane-Sepiilveda (2006)
(R.M. Aron and V.l. Gurariy)
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Main definitions

» X be a topological vector space
» M be a subset of X

As I've promised to Tommaso...

We say that M is
* lineable if M U {0} contains a vector space.
* spaceable if M U {0} contains a closed vector space.

» V.I. Gurariy (2004)

» J.B. Seoane-Sepiilveda (2006)
(R.M. Aron and V.l. Gurariy)

» P. Leonetti, T. Russo and J. Somaglia (2024+)
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» NA(cp) is lineable (NA(cp) = coo C 1)
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Norm-attaining functionals

» NA(c) is lineable (NA(co) = coo C 41)
» NA(/1) is not a linear space but it is spaceable
(as co <5 NA(41))
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Norm-attaining functionals

Yu. I. PETUNIN AND A.N. PLICHKO, 1974

Let X be a separable Banach space. If W C NA(X) separates
points, then W is an isometric predual of X.
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Norm-attaining functionals

Yu. I. PETUNIN AND A.N. PLICHKO, 1974

Let X be a separable Banach space. If W C NA(X) separates
points, then W is an isometric predual of X.

P. BANDYOPADHYAY AND G. GODEFROY, 2006

Let X be a Banach space such that Bx- is w*-sequentially
compact. If M C NA(X) is a closed separable subspace, then M* is

the canonical quotient of X.
o
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Norm-attaining functionals

P. BANDYOPADHYAY AND G. GODEFROY, 2006

If X is an Asplund space with the Dunford-Pettis property, then
the closed subspaces of NA(X) are finite dimensional.
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Norm-attaining functionals

P. BANDYOPADHYAY AND G. GODEFROY, 2006

If X is an Asplund space with the Dunford-Pettis property, then
the closed subspaces of NA(X) are finite dimensional.

» In particular, for a scattered compact K, the set NA(C(K)) is
not spaceable.
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Norm-attaining functionals

P. BANDYOPADHYAY AND G. GODEFROY, 2006

If X is an Asplund space with the Dunford-Pettis property, then
the closed subspaces of NA(X) are finite dimensional.

» In particular, for a scattered compact K, the set NA(C(K)) is
not spaceable.

AcosTA, A1zPURU, ARON AND GARCIiA-PACHECO, 2007

For an infinite compact Hausdorff space K, the set NA(C(K)) is
lineable.
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Norm-attaining functionals

P. BANDYOPADHYAY AND G. GODEFROY, 2006

If X is an Asplund space with the Dunford-Pettis property, then
the closed subspaces of NA(X) are finite dimensional.

» In particular, for a scattered compact K, the set NA(C(K)) is
not spaceable.

AcosTA, A1zPURU, ARON AND GARCIiA-PACHECO, 2007

For an infinite compact Hausdorff space K, the set NA(C(K)) is
lineable.

F.J. GArcia-PacuEco AND D. Pucuisi, 2010

For a non-trivial o-finite measure pu, the set NA(L1(p)) is
spaceable (in fact, ¢ 2 NA(L1(w)).

=] = =

Sheldon Gil Dantas On non-norm-attaining operators



Norm-attaining functionals Norm- and non-norm-attaining operators Non-density
00000080 00000 0000000000

Norm-attaining functionals

Given an infinite-dimensional Banach space X, does NA(X)
contain at least a 2-dimensional linear space?
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Norm-attaining functionals

Given an infinite-dimensional Banach space X, does NA(X)
contain at least a 2-dimensional linear space?

M. RmouriL, JFA, 2017

There is a Banach space X (= Read’s space) for which NA(X)
does not contain 2-dimensional spaces.
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Given an infinite-dimensional Banach space X, does NA(X)
contain at least a 2-dimensional linear space?

M. RmouriL, JFA, 2017

There is a Banach space X (= Read’s space) for which NA(X)
does not contain 2-dimensional spaces.

M. MARTIN, JFA, 2020

Given n € N, there is a Banach space X, such that NA(X)
contains n-dimensional spaces but not (n + 1)-dimensional spaces.
v
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Norm-attaining functionals

Given an infinite-dimensional Banach space X, does NA(X)
contain at least a 2-dimensional linear space?

M. RmouriL, JFA, 2017

There is a Banach space X (= Read’s space) for which NA(X)
does not contain 2-dimensional spaces.

M. MARTIN, JFA, 2020

Given n € N, there is a Banach space X, such that NA(X)
contains n-dimensional spaces but not (n + 1)-dimensional spaces.

F.J. GARcia-PAcHECO AND D. PucgLisi, 2018

For any infinite—diNmensionaI Banach space X, there is an
isomorphic copy X of X such that NA(X) is lineable.

T
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NORM- AND NON-NORM-ATTAINING
OPERATORS
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Let xg € Sx. Set

NA, = A{T € LIX, V) [ITI = [IT(xo)ll}-
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Norm- and non-norm-attaining operators

Let xg € Sx. Set

NA, = A{T € LIX, V) I T][ = [IT (o)l

D. PELLEGRINO AND E. TEXEIRA, 2009

Let X, Y be Banach spaces so that Y contains an isometric copy
of {4 for some 1 < g < 0o. Then, for xg € Sx, the set NA, is
lineable. In particular,

* NA(X,Y) is lineable.

* L(X,Y)\ NA(X,Y) is lineable if it is non-empty.
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Norm- and non-norm-attaining operators

* M. MARTIN, J. MERf AND R. PAYA, 2006 There exists a
Banach space X such that NA(X, cp) # L(X, c).

Sheldon Gil Dantas On non-norm-attaining operators



Norm-attaining functionals Norm- and non-norm-attaining operators Non-density
00000000 00e00 0000000000

Norm- and non-norm-attaining operators

* M. MARTIN, J. MERf AND R. PAYA, 2006 If X is an
infinite dimensional Banach space, then there exists a
norm-one operator T € L(X, ¢p) which is not norm-attaining.
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Norm- and non-norm-attaining operators

* M. MARTIN, J. MERf AND R. PAYA, 2006 If X is an
infinite dimensional Banach space, then there exists a
norm-one operator T € L(X, ¢p) which is not norm-attaining.

D., FALcO, JUNG, RODRIGUEZ-VIDANES, 2024+

If X is an infinite dimensional Banach space, then ¢j is
isometrically embedded in

* [L£(X, ) \ NA(X, c)] U {0}.
* NA,, (X, c) for xo € Sx.
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» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
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Norm- and non-norm-attaining operators

» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
» Recall that (by BP) X* = £(X,K) = NA(X).
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» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
» Recall that (by BP) X* = £(X,K) = NA(X).

» Miguel said: there is no version of the BP for operators.
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» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
» Recall that (by BP) X* = £(X,K) = NA(X).

» Miguel said: there is no version of the BP for operators.

However:
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Norm- and non-norm-attaining operators

» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
» Recall that (by BP) X* = £L(X,K) = NA(X).
» Miguel said: there is no version of the BP for operators.

However:

J. LINDENSTRAUSS, ISRAEL J. MATH, 1963

If X is reflexive, then NA(X,Y) = L(X, Y) for every Y.
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Norm- and non-norm-attaining operators

» How about NA(X, Y) and £L(X,Y)\ NA(X, Y)?
» Recall that (by BP) X* = £L(X,K) = NA(X).
» Miguel said: there is no version of the BP for operators.

However:

J. LINDENSTRAUSS, ISRAEL J. MATH, 1963

If X is reflexive, then NA(X,Y) = L(X, Y) for every Y.

J. BOURGAIN, ISRAEL J. MATH, 1977

If X is dentable?, then NA(X, Y) = L(X,Y) for every Y.
(in fact, it is Gs-dense)

?A Banach space X is dentable if every nonempty bounded subset of X has
slices of arbitrarily small diameter: reflexive spaces, separable dual spaces,
locally uniformly convex dual spaces, ¢1(I'), H?(D) with 1 < p < 0.

==
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NON-DENSITY
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» J. LINDENSTRAUSS, ISRAEL MATH. J., 1963 If Y is strictly

convex and if there exists a non-compact operator from ¢y
into Y, then NA(c, Y) # L(c, Y)
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Non-density

» J. LINDENSTRAUSS, ISRAEL MATH. J., 1963 If Y is strictly
convex and if there exists a non-compact operator from ¢y

into Y, then NA(c, Y) # L(c, Y).
» W.T. GOWERS, ISRAEL MATH. J., 1990 If w = (1/n)%°

n=1

and 1 < p < oo, then NA(d,(w, 1),¢p) # L(di(w,1),£p).
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Non-density

» J. LINDENSTRAUSS, ISRAEL MATH. J., 1963 If Y is strictly

convex and if there exists a non-compact operator from ¢y
into Y, then NA(c, Y) # L(c, Y).

» W.T. GOWERS, ISRAEL MATH. J., 1990 If w = (1/n)%2,
and 1 < p < oo, then NA(d,(w, 1),¢p) # L(di(w,1),£p).

» M.D. Acosta, PrROC. Roy. Soc. EDINBURGH SEC A,

1999 Give w € /5 \ ¢1, one can construct a Banach space
X(w) such that NA(X(w), Y) # L(X(w), Y) for any
infinite-dimensional strictly convex space Y.

Sheldon Gil Dantas On non-norm-attaining operators



Norm-attaining functionals Norm- and non-norm-attaining operators Non-density
00000000 00000 0e00000000

Non-density

Let ' be an infinite set.

(a) (LINDENSTRAUSS) For Y is a strictly convex renorming of the
Banach space co(IN),

L(co(T), Y)\ NA(co(T), Y) # 0.

(b) (GowERs) For any 1 < p < o0,

L(de(w,1),£p) \ NA(d.(w, 1), £p) # 0.

(c) (Acosta) For any infinite-dimensional strictly convex Y/,

L(X(w), Y)\ NA(X(w),Y) # 0.
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Non-density

D., FALcO, JUNG, RODRIGUEZ-VIDANES, 2024+

Let I be an infinite set.

(a) For Y is a strictly convex renorming of ¢p(I),
L(co(T), Y) \ NA(co(T), Y) is 2/M-spaceable.

(b) Forany 1< p < oo,

L(di(w,1),£,) \ NA(di(w,1),¢p) is c-spaceable.

(c) For any infinite-dimensional strictly convex Y,

L(X(w),Y)\ NA(X(w), Y) is c-spaceable.
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» We shall use modern techniques from lineability theory.
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Non-density

» We shall use modern techniques from lineability theory.

FICHTENHOLZ-KANTOROVICH-HAUSDORFF THEOREM

If I is a set of infinite cardinality x, then there is a family of
independent subsets ) of [ of cardinality 2*. In other words, for
any pairwise disjoint sets V1,...,V, € Y and e1,...,¢, € {0,1}
we have

yrrn...ny;n#90

where )0 =Y and Y1 =T \ Y for Y CT. In fact, such a set
Yitn...NnYe s infinite.
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THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.
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THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.
Sketch of the proof.
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Non-density

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N.
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Non-density

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N.
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Non-density

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:cp—Y by
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Non-density

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:q—Y by

_ Jen, when neF,
Tr(en) = { 0, otherwise
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Non-density

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:q—Y by

_ Jen, when neF,
Tr(en) = { 0, otherwise

Then, Tfr is a well-defined bounded linear operator.
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Claim 1: {Tg : F € YV} is linearly independent.
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Claim 1: {Tg : F € YV} is linearly independent.

Claim 2: span{Tr : F € Y} C L(co, Y) \ NA(co, Y)
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Claim 1: {Tg : F € Y} is linearly independent.
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Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

ZQ;TFI. =0
i=1
for ai,...,am # 0 and Fq,.

HFme .
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Non-density

Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

m
Z aj TF,- =0
i=1

for aj,...,am #0and Fq,...,Fy € Y. We may (and we do) pick
ae F\ (UL F).
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Non-density

Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

m
Z aj TF,- =0
i=1

for aj,...,am #0and Fy,...,Fy, € Y. We may (and we do) pick
a € Fi\ (U™, Fi). Therefore,

m
0= (Z a; T,:,) (en) = a1€4
i=1
which yields a contradiction.
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Claim 2: span{Tr : F € Y} C L(co, Y) \ NA(cp, Y)
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Claim 2: span{Tr : F € Y} C L(co, Y) \ NA(cp, Y)

Sketch of the proof: For simplicity, we only prove that

m
Z aj TF,- S E(Co, Y) \ NA(Co, Y)
i=1
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Non-density

Claim 2:span{Tr : F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that

m
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U, F;) is an infinite set.
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Claim 2:span{Tr : F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U ,F;) is an infinite set. Take a sequence
(ak)izy € A\ (ULRF).
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Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U ,F;) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have
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Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0.

= |lareally = Cla]
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Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0. And we are done since Miguel said:

= |lareally = Cla]
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Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0. And we are done since Miguel said:
(S € NA(cp, Y) = IN € N: S5(¢) =0,Vi > N)

= |lareally = Cla]
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In the same direction...

MARTINEZ-CERVANTES, RUEDA ZOCA AND TRADACETE

AT. IBEROAM., 2023)

* Infinite dimensional spaces in SNA(M)

D., R. MEDINA, A. QuILis, O. ROLDAN
(NONLINEAR ANALYSIS, 2023)

* On isometric embeddings into SNA(M)

G. CHo1, M. Jung, H.J. LEE AND O. ROLDAN 2024+
* Embeddings in the sets of SNA(M)

* Linear structures of NA Lipschitz and their complements
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THANK YOU VERY MUCH
FOR YOUR ATTENTION!
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