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* Spanish AEI Project
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This talk is based on join papers with

o

Marc Caballer
Universitat de Valéncia

©®

William Correa
Universidade de Sao Paulo

o

Javier Falcé
Universitat de Valéncia

$

. Mingu Jung
Korea Institute For Advanced Study

o

Daniel Luis Rodriguez Vidanes
Universidad Politécnica de Madrid
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What do we do here?

CONTENTS
x BASIC CONCEPTS
x MOTIVATION AND EXAMPLES

* FOUR DIFFERENT CONTEXTS

* SEQUENCES VERSUS NETS

* THE STONE-WEIERSTRASS THEOREM
* NON-NORM-ATTAINING OPERATORS
* TWISTED HILBERT SPACES
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CONTENTS
x BASIC CONCEPTS
x MOTIVATION AND EXAMPLES
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* The search for the existence of linear subspaces lying inside
non-linear sets is known as lineability.

Sheldon Gil Dantas

[m]

=)

Searching for linear structures in different contexts



Basic concepts Motivation and Examples
e0 00000000

Lineability

Sequences versus Nets
000000

Non-norm-attainment
0000000000000

non-linear sets is known as lineability.

* The search for the existence of linear subspaces lying inside
* The term lineability was coined by
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non-linear sets is known as lineability.
* The term lineability was coined by

* The search for the existence of linear subspaces lying inside
» V.I. Gurariy (2004)
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Lineability

* The search for the existence of linear subspaces lying inside
non-linear sets is known as lineability.

* The term lineability was coined by
» V.I. Gurariy (2004)
» J.B. Seoane-Seplilveda (2006)
(R.M. Aron and V.I. Gurariy)
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Lineability

* The search for the existence of linear subspaces lying inside
non-linear sets is known as lineability.
* The term lineability was coined by

» V.I. Gurariy (2004)
» J.B. Seoane-Seplilveda (2006)
(R.M. Aron and V.I. Gurariy)

* In fact, since 1940 this study was considered.
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Lineability

* The search for the existence of linear subspaces lying inside
non-linear sets is known as lineability.

* The term lineability was coined by

» V.I. Gurariy (2004)
» J.B. Seoane-Seplilveda (2006)
(R.M. Aron and V.I. Gurariy)

* In fact, since 1940 this study was considered.

(1940, B. Levine and D. Milman)

The set of all functions of bounded variation on [0, 1] does not
contain a closed infinite dimensional subspace of C[0, 1] endowed
with the supremum norm.
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MOTIVATION AND EXAMPLES
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» Let X be a topological vector space,
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» Let X be a topological vector space,
» M be a subset of X and
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» Let X be a topological vector space,
» M be a subset of X and

» and p be a cardinal number.
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Motivation and Examples

» Let X be a topological vector space,
» M be a subset of X and

» and p be a cardinal number.

Definition
We say that M is

* p-lineable if M U {0} contains a vector space of dimension .
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Motivation and Examples

» Let X be a topological vector space,
» M be a subset of X and

» and p be a cardinal number.

Definition
We say that M is

* p-lineable if M U {0} contains a vector space of dimension .

* p-spaceable if M U {0} contains a closed vector space of
dimension .
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Motivation and Examples

» Let X be a topological vector space,
» M be a subset of X and

» and p be a cardinal number.

Definition

We say that M is
* p-lineable if M U {0} contains a vector space of dimension .

* p-spaceable if M U {0} contains a closed vector space of
dimension .

» M is lineable if and only if M is Ng-lineable.
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Motivation and Examples

» Let X be a topological vector space,
» M be a subset of X and

» and p be a cardinal number.

Definition

We say that M is

* p-lineable if M U {0} contains a vector space of dimension .

* p-spaceable if M U {0} contains a closed vector space of
dimension .

» M is lineable if and only if M is Ng-lineable.
» M is spaceable if and only if M is Ng-spaceable.

Sheldon Gil Dantas Searching for linear structures in different contexts



Basic concepts Motivation and Examples Sequences versus Nets Non-norm-attainment
[o]e] 0Oe000000 000000 0000000000000

Motivation and Examples

1872, K. Weierstrass

There exists a function that is continuous everywhere but
differentiable nowhere:
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Motivation and Examples

1872, K. Weierstrass

There exists a function that is continuous everywhere but
differentiable nowhere:

[e.9]

f(x) = Z ak cos(b*mx)

where 0 < a < 1, b is any odd integer and ab > 1 + 37“
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Motivation and Examples

1931, S. Banach

The set of all continuous but nowhere differentiable functions on R
is residual® in C(R), when endowed with the topology of uniform
convergence in compacta.

it contains some dense Gs set
(a Gs set is a set which is a countable intersection of open sets)
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Motivation and Examples

1931, S. Banach

The set of all continuous but nowhere differentiable functions on R
is residual® in C(R), when endowed with the topology of uniform
convergence in compacta.

it contains some dense Gs set
(a Gs set is a set which is a countable intersection of open sets)

1966, V.. Gurariy

The set of continuous nowhere differentiable functions on [0, 1] is
lineable.
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Motivation and Examples

1931, S. Banach

The set of all continuous but nowhere differentiable functions on R
is residual® in C(R), when endowed with the topology of uniform
convergence in compacta.

it contains some dense Gs set
(a Gs set is a set which is a countable intersection of open sets)

1966, V.. Gurariy

The set of continuous nowhere differentiable functions on [0, 1] is
lineable.

1999, V. Fonf, V.I. Gurariy and V. Kadet

The set of nowhere differentiable functions on [0, 1] is spaceable.
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* Recently

» American Mathematical Society
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* Recently

» American Mathematical Society

» Mathematics Subject Classification 2020
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* Recently

» American Mathematical Society

» Mathematics Subject Classification 2020
» Classifications: 15A03 and 46B87
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* Recently

» American Mathematical Society

» Mathematics Subject Classification 2020

» Classifications: 15A03 and 46B87
* Nowadays:
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Lineability

* Recently

» American Mathematical Society
» Mathematics Subject Classification 2020
» Classifications: 15A03 and 46B87

* Nowadays:

» Complex Analysis
Set Theory
Dynamical Systems
Real Analysis

>
>
>
» Functional Analysis
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* Nets x sequences
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* Nets x sequences

* Non-norm-attaining bounded linear operators
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* Nets x sequences
(2024, D. and D.L. Rodriguez-Vidanes)

* Non-norm-attaining bounded linear operators
(2023, D., J. Falcé, M. Jung and D.L. Rodriguez-Vidanes)
(2021, D., M. Jung and G. Martinez-Cervantes)
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* Nets x sequences
(2024, D. and D.L. Rodriguez-Vidanes)
Israel Journal of Mathematics

* Non-norm-attaining bounded linear operators
(2023, D., J. Falcé, M. Jung and D.L. Rodriguez-Vidanes)
Preprint on ArXiv

(2021, D., M. Jung and G. Martinez Cervantes)
Journal of the Institute of Mathematics of Jussieu
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NETS X SEQUENCES
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* Every weakly convergent sequence is bounded.
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Sequences versus Nets

* Every weakly convergent sequence is bounded.

* Banach-Steinhaus theorem: every sequence (T,) in
L(X,Y) that converges pointwise to some T € L(X,Y) is
uniformly bounded.
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Sequences versus Nets

* Every weakly convergent sequence is bounded.

* Banach-Steinhaus theorem: every sequence (T,) in
L(X,Y) that converges pointwise to some T € L(X,Y) is
uniformly bounded.

Are these results true for nets?
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Set A:=(Z,<).
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Sequences versus Nets

Set A:=(Z,<). Then, A is a directed set.
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Sequences versus Nets

Set A:=(Z,<). Then, A is a directed set. Define the following
net in R:

a, if a<0,

0, if a>0.

X5 =
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Sequences versus Nets

Set A:=(Z,<). Then, A is a directed set. Define the following

net in R:
__Ja, if a<O,
%= 0, if a>o0.

This net converges to 0 (in fact, we can take ag = 0 for any
neighborhood of 0)
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Sequences versus Nets

Set A:=(Z,<). Then, A is a directed set. Define the following

net in R:
__Ja, if a<O,
%= 0, if a>o0.

This net converges to 0 (in fact, we can take ag = 0 for any
neighborhood of 0) but the image of the set is

{0,-1,-2,-3,...}

which is unbounded.
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number.
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let g < k < ¢ be a cardinal number. Let X be a real or complex
infinite dimensional TVS.
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let g < k < ¢ be a cardinal number. Let X be a real or complex
infinite dimensional TVS. Then, there exists a directed set A of
cardinality
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let g < k < ¢ be a cardinal number. Let X be a real or complex
infinite dimensional TVS. Then, there exists a directed set A of
cardinality x such that
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let g < k < ¢ be a cardinal number. Let X be a real or complex
infinite dimensional TVS. Then, there exists a directed set A of
cardinality  such that the family of all the nets in X indexed by A
that are unbounded and w-convergent
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let g < k < ¢ be a cardinal number. Let X be a real or complex
infinite dimensional TVS. Then, there exists a directed set A of
cardinality  such that the family of all the nets in X indexed by A
that are unbounded and w-convergent is 2”-lineable.
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Sequences versus Nets

The Banach-Steinhaus theorem is a result about sequences, not
nets.
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Sequences versus Nets

The Banach-Steinhaus theorem is a result about sequences, not
nets. Indeed, let Idx be the identity operator on X.
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Sequences versus Nets

The Banach-Steinhaus theorem is a result about sequences, not
nets. Indeed, let Idx be the identity operator on X. Define

A n~Mdx, if n>1,
" nldx, if n<O.
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Sequences versus Nets

The Banach-Steinhaus theorem is a result about sequences, not
nets. Indeed, let Idx be the identity operator on X. Define

A n~Mdx, if n>1,
" nldx, if n<O.

Then, {A, : n € Z} is a countable net that converges in norm to
the operator 0

Sheldon Gil Dantas Searching for linear structures in different contexts



Basic concepts Motivation and Examples Sequences versus Nets Non-norm-attainment
[o]e] 00000000 000080 0000000000000

Sequences versus Nets

The Banach-Steinhaus theorem is a result about sequences, not
nets. Indeed, let Idx be the identity operator on X. Define

A n~Mdx, if n>1,
" nldx, if n<O.

Then, {A, : n € Z} is a countable net that converges in norm to
the operator 0 but the net is not bounded.
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number.
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number. If X, Y are real or complex
normed spaces,
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number. If X, Y are real or complex
normed spaces, then there exists a directed set A with cardinality
k such that
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number. If X, Y are real or complex
normed spaces, then there exists a directed set A with cardinality
k such that the set of all nets (T,).c4 in £(X,Y) that are
convergent pointwise but {|| T,| : a € A} is unbounded
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Sequences versus Nets

(2024, D. and D.L. Rodriguez-Vidanes)

Let Ng < k < ¢ be a cardinal number. If X, Y are real or complex
normed spaces, then there exists a directed set A with cardinality
k such that the set of all nets (T,).c4 in £(X,Y) that are
convergent pointwise but {|| T,|| : a € A} is unbounded is
2%-lineable.
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NON-NORM-ATTAINMENT
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Norm-attaining functions

Definition

Let X be a Banach space over a field K = R or C. We say that a
bounded linear function x* : X — K is norm-attaining if there
exists xg € Bx such that

[IX*[l = sup [x*(x)| = |x*(x0)l-
xEBx
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Norm-attaining functions

Definition

Let X be a Banach space over a field K = R or C. We say that a
bounded linear function x* : X — K is norm-attaining if there
exists xg € Bx such that

[IX*[l = sup [x*(x)| = |x*(x0)l-
xEBx

NA(X) := the set of all norm-attaining functionals on X.
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Norm- and non-attaining functions

We have that
(a) x* : 41 — R defined by
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Norm- and non-attaining functions

We have that
(a) x* : 41 — R defined by

(b) x*:¢; — R defined by

X (x) = f: (1 _ ,17> s & NA(LL).

n=1
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Norm- and non-attaining functions

We have that
(a) x* : 41 — R defined by

x*(x) = z_; 7 e NA(4).
(b) x*:¢; — R defined by
NN 1
x*(x) = z::l (1 - n) xn & NA(4).

» James theorem: X is reflexive if and only if NA(X) = X*.
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Non-norm-attainment
000@000000000

> NA(L1) = {(yn)n € loo < [[(¥n)lloo = maxp |ynl}
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Norm- and non-attaining functions

Non-norm-attainment
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» this is not a subspace:

> NA(L1) = {(yn)n € loo < [[(¥n)lloo = maxp |ynl}
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Norm- and non-attaining functions

> NA(41) = {(¥n)n € loc = [[(¥n)lloc = maxn |ynl}
» this is not a subspace: the elements

1
TR e ERE

N

x=(-1,0,0,...) and y= (1,
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Norm- and non-attaining functions

> NA(41) = {(¥n)n € loc = [[(¥n)lloc = maxn |ynl}
» this is not a subspace: the elements

1
x=(-1,0,0,...) and y= (1,2,3,...,%'11,...)

both belong to NA(/1) but x + y & NA(¢1).
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Norm- and non-attaining functions

> NA(41) = {(¥n)n € loc = [[(¥n)lloc = maxn |ynl}
» this is not a subspace: the elements

1
x=(-1,0,0,...) and y= (1,2,3,...,,711,...)

both belong to NA(/1) but x + y & NA(¢1).
» NA(/1) contains dense subspaces
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Norm- and non-attaining functions

> NA(41) = {(¥n)n € loc = [[(¥n)lloc = maxn |ynl}
» this is not a subspace: the elements

1
x =(-1,0,0,...) and y:(1,2,3,..., n )

both belong to NA(/1) but x + y & NA(¢1).
» NA(/1) contains dense subspaces

» NA(/1) contains infinite dimensional closed subspaces

Does every dual space contain a 2-dimensional subspace consisting
of norm-attaining functionals?
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Norm- and non-attaining functions

> NA(41) = {(¥n)n € loc = [[(¥n)lloc = maxn |ynl}
» this is not a subspace: the elements

1
x =(-1,0,0,...) and y:(1,2,3,..., n )

both belong to NA(/1) but x + y & NA(¢1).
» NA(/1) contains dense subspaces

» NA(/1) contains infinite dimensional closed subspaces

Does every dual space contain a 2-dimensional subspace consisting
of norm-attaining functionals? No! (2015, M. Rmoutil)
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Norm- and non-attaining functions

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X) = X*.

Sheldon Gil Dantas Searching for linear structures in different contexts



Basic concepts Motivation and Examples Sequences versus Nets Non-norm-attainment
[o]e] 00000000 000000 0000@00000000

Norm- and non-attaining functions

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X) = X*.

Is it true for bounded linear operators?
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Norm- and non-attaining functions

Bishop-Phelps Theorem (1961)

For every Banach space, NA(X) = X*.
Is it true for bounded linear operators?

Definition
T € L(X,Y) attains the norm if there is xo € Bx such that

ITCo)ll = [Tl = sup [ITC)]-

xEBx
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Norm- and non-attaining functions

Bishop-Phelps Theorem (1961)
For every Banach space, NA(X) = X*.

Is it true for bounded linear operators?

Definition
T € L(X,Y) attains the norm if there is xo € Bx such that

ITCo)ll = [Tl = sup [ITC)]-

xEBx

Bishop-Phelps’ problem
NA(X,Y) = L(X,Y) for every X, Y?

=== =
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Basic concepts
[o]e] 000000 0000@00000000

Norm- and non-attaining functions

Bishop-Phelps Theorem (1961)
For every Banach space, NA(X) = X*.

Is it true for bounded linear operators?

Definition
T € L(X,Y) attains the norm if there is xo € Bx such that

ITCo)ll = [Tl = sup [ITC)]-

xEBx

Bishop-Phelps’ problem

NA(X,Y) = L(X,Y) for every X, Y?
No! (1963, J. Lindenstrauss)

=== =
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Norm- and non-attaining functions

(1963, Lindenstrauss)

(2023, D., J. Falcé, M. Jung, D.L. Rodriguez-Vidanes)

Non-norm-attainment
00000@0000000

Let X, Y be Banach spaces. Let [ be any infinite set.
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Norm- and non-attaining functions

(1963, Lindenstrauss)

(2023, D., J. Falcé, M. Jung, D.L. Rodriguez-Vidanes)

Let X, Y be Banach spaces. Let [ be any infinite set. Let Y be a
strictly convex renorming of ¢p(I"). Then, the subset

E(CO(F)v Y) \ NA(CO(F)v Y)
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Norm- and non-attaining functions

(1963, Lindenstrauss)

(2023, D., J. Falcé, M. Jung, D.L. Rodriguez-Vidanes)

Let X, Y be Banach spaces. Let [ be any infinite set. Let Y be a
strictly convex renorming of ¢p(I"). Then, the subset

E(CO(F)v Y) \ NA(CO(F)v Y)

is 2IM-spaceable in £(co(T), Y).
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Norm- and non-attaining functions

(1963, Lindenstrauss)

(2023, D., J. Falcé, M. Jung, D.L. Rodriguez-Vidanes)

Let X, Y be Banach spaces. Let [ be any infinite set. Let Y be a
strictly convex renorming of ¢p(I"). Then, the subset

E(CO(F)v Y) \ NA(CO(F)v Y)
is 2IM-spaceable in £(co(T), Y).

This provides a great amount of operators with such a property!
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WHAT WE USE TO PROVE THESE
RESULTS?
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What we use to prove these results?

Non-norm-attainment
0000000800000

» We shall use modern techniques from lineability theory.
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What we use to prove these results?

» We shall use modern techniques from lineability theory.

FICHTENHOLZ-KANTOROVICH-HAUSDORFF THEOREM

If I is a set of infinite cardinality x, then there is a family of
independent subsets ) of [ of cardinality 2*. In other words, for
any pairwise disjoint sets V1,...,V, € Y and e1,...,¢, € {0,1}
we have

yrrn...ny;n#90

where )0 =Y and Y1 =T \ Y for Y CT. In fact, such a set
Yitn...NnYe s infinite.
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sheldon Gil Dantas Searching for linear structures in different contexts



Basic concepts Motivation and Examples Sequences versus Nets Non-norm-attainment
[o]e] 00000000 000000 00000000 e0000

What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof.
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N.
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N.
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:q—Y by
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:q—Y by

_ Jen, when neF,
Tr(en) = { 0, otherwise
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What we use to prove these results?

THEOREM: If Y is a strictly convex renorming of ¢y, then the
non-empty subset £(cp, Y) \ NA(co, Y) is 2%0-spaceable.

Sketch of the proof. Apply FKH theorem to N. Then, there exists a
family ) of independent subsets of N. For each F € ), we define
TF:q—Y by

_ Jen, when neF,
Tr(en) = {0, otherwise

Then, Tfr is a well-defined bounded linear operator.
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What we use to prove these results?

Non-norm-attainment
0000000008000

Claim 1: {Tg : F € YV} is linearly independent.
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What we use to prove these results?

Claim 1: {Tg : F € YV} is linearly independent.
Claim 2:span{Tr : F € Y} C L(co, Y) \ NA(co, Y).
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000000

What we use to prove these results?

Non-norm-attainment
0000000000800

Claim 1: {Tg : F € Y} is linearly independent.
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What we use to prove these results?

Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

m
Z aj TF,- =0
i=1

for a;,...,am#0and Fi,...,Fh € ).
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What we use to prove these results?

Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

m
Z aj TF,- =0
i=1

for aj,...,am #0and Fy,...,Fy, € Y. We may (and we do) pick
ae F\ (UL F).
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What we use to prove these results?

Claim 1: {Tg : F € Y} is linearly independent.
Sketch of the proof: Suppose that

m
Z aj TF,- =0
i=1

for aj,...,am #0and Fy,...,Fy, € Y. We may (and we do) pick
a € Fi\ (U™, Fi). Therefore,

m
0= (Z a; T,:,) (en) = a1€4
i=1
which yields a contradiction.
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What we use to prove these results?

Sequences versus Nets

Non-norm-attainment
0000000000080

Claim 2: span{Tr : F € Y} C L(co, Y) \ NA(cp, Y)
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What we use to prove these results?

Claim 2:span{Tr : F € Y} C L(co, Y) \ NA(cp, Y).
Sketch of the proof: For simplicity, we only prove that

m
> ai Tk € L(co, Y) \ NA(co, Y).
i=1
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What we use to prove these results?

Claim 2:span{Tr : F € Y} C L(co, Y) \ NA(cp, Y).
Sketch of the proof: For simplicity, we only prove that

m
Z aj TF,- € ﬁ(C0> Y) \m
i=1

Recall that F; \ (U, F;) is an infinite set.
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What we use to prove these results?

Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U ,F;) is an infinite set. Take a sequence
(ak)izy € A\ (ULRF).
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What we use to prove these results?

Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U ,F;) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have
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What we use to prove these results?

Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0.

= |lareally = Cla]
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What we use to prove these results?

Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0. And we are done since

= |lareally = Cla]
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What we use to prove these results?

Claim 2: span{Tr: F € Y} C L(co, Y) \ NA(co, Y).
Sketch of the proof: For simplicity, we only prove that
m e —
> ai Tk € L(co, Y) \ NA(co, Y).
i=1

Recall that F; \ (U 2F) is an infinite set. Take a sequence
(o) C F1\ (UM ,F;). For each k € N, we have

()

for some C > 0. And we are done since
(S € NA(cp, Y) = IN € N: S(¢) =0,Vi > N)

= |lareally = Cla]
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THANK YOU VERY MUCH
FOR YOUR ATTENTION!
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