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In what world will we be
working?
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Polynomials and Lipschitz-free spaces

Let k ≥ 0 be given. Let X ,Y be normed spaces.

⋆ P(kX ,Y ) = k-homogeneous polynomials from X into Y 12.

⋆ P(X ,Y ) = all (continuous) polynomials of the form

P =
m∑

k=0

Pk

where Pk ∈ P(kX ,Y ) for every k = 0, 1, . . . ,m.

• P(X ,Y ) has a structure of a normed space:

∥P∥ := sup
x∈BX

∥P(x)∥ (P ∈ P(X ,Y )).

11-homogeneous polynomials are the linear operators
20-homogeneous polynomials are the constant maps
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Polynomials and Lipschitz-free spaces

(Personal) relevant references about this topic:

@ S. Dineen, Complex Analysis on infinite dimensional spaces

@ J. Mujica, Complex analysis in Banach spaces

@ P. Hájek and M. Johanis, Smooth Analysis in Banach spaces
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Polynomials and Lipschitz-free spaces

Let (M, d , 0) be a pointed metric space.

Let

Lip0(M) = {f : M → R : f is Lipschitz and f (0) = 0}.

endowed with the norm

∥f ∥L := Lip(f ) = sup
x ̸=y

|f (x) − f (y)|
d(x , y)

.

For every x ∈ M, we consider δx : Lip0(M) → R defined by

δx(f ) = f (x)

which is continuous and linear, that is, δx ∈ Lip0(M)∗,∀x ∈ M.
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Polynomials and Lipschitz-free spaces

We then define the Lipschitz-free space over M by

F(M) = span{δx : x ∈ M} ⊆ Lip0(M)∗.

We have that

(a) Lip0(M,X ) = L(F(M),X ) and, in particular,

(b) Lip0(M) = F(M)∗.

We consider the elementary molecule mxy defined by

mxy =
δx − δy
d(x , y)

∈ SF(M)

for x ̸= y . It turns out that

BF(M) = conv(Mol(M)).
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Polynomials and Lipschitz-free spaces

Geodesic metric spaces

A geodesic metric space is a metric space which admits a geodesica

between any two of its points.

aA geodesic is a shortest possible path between any two of its points.

Length metric spaces

A length metric space is a metric space such that the distance be-
tween any two points x and y is the infimum of lengths of paths
between them.

⋆ Unlike in a geodesic metric space, the infimum does not have to be
attained in a length space.

⋆ An example of a length space which is not geodesic is the Euclidean
plane minus the origin: the points (1, 0) and (−1, 0) can be joined by
paths of length arbitrarily close to 2, but not by a path of length 2.
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Polynomials and Lipschitz-free spaces

Relevant references about this topic:

@ N. Weaver, Lipschitz Algebras

@ G. Godefroy, A survey on Lipschitz-free Banach spaces

@ G. Godefroy and N. J. Kalton, Lipschitz-free Banach spaces

@ R.J. Aliaga, E. Pernecká and R.J. Smith, De Leeuw represen-
tations of functionals on Lipschitz spaces,
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What property are we
considering?
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The (polynomial) Daugavet property

Daugavet property

X has the DP if the norm equality

∥ Id+T∥ = 1 + ∥T∥

holds for all rank-one bounded linear operators on X .

Equivalently, for all weakly compact linear operatorsa on X .

aT : X → Y is weakly compact if T (BX ) is a weakly compact set in Y

⋆ C (K ) with K perfect [Daugavet, ’63]

⋆ L1(µ) with µ atomless [Lozanovskii, ’66]

⋆ Some Banach algebras of holomorphic functions on an
arbitrary Banach space [Wojtaszczyk, ’92], [Werner, ’97],
[Jung, ’23]
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The (polynomial) Daugavet property

@ V. Kadets, M. Mart́ın, A. Rueda Zoca, D. Werner
Banach spaces with the Daugavet property, preprint 2025

Surprising results

9 If X ∈ DP, then X fails the RNP.

9 If X ∈ DP, then X has a subspace isomorphic to ℓ1.

9 If X ∈ DP, then X ∗ is neither strictly convex nor smooth.

9 If X ∗ ∈ DP, then X ∈ DP.

9 C [0, 1]∗ ̸∈ DP.
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The (polynomial) Daugavet property

Still surprising results

V. Kadets, R. Shvidkoy, G. Sirotkin, D. Werner, TAMS, 2000

Let X be a Banach space. TFAE:

(a) X ∈ DP.

(b) ∀x ∈ SX , ∀ε > 0, ∀ slice S of BX , ∃ y ∈ S such that

∥x + y∥ > 2 − ε.

(c) ∀x ∈ SX ,∀ε > 0, ∀ slice S of BX , ∃ y ∈ S such that

∥x − y∥ > 2 − ε.
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The (polynomial) Daugavet property

How about Lipschitz functions/Lipschitz-free spaces?

⋆ Dirk Werner asked if Lip0([0, 1]2) has the DP or not.

⋆ Lip0(M) has the DP whenever M is a length metric space.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

⋆ If M is compact, then Lip0(M) ∈ DP iff F(M) ∈ DP.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

Sheldon Dantas The (polynomial) Daugavet property



The (polynomial) Daugavet property

How about Lipschitz functions/Lipschitz-free spaces?

⋆ Dirk Werner asked if Lip0([0, 1]2) has the DP or not.

⋆ Lip0(M) has the DP whenever M is a length metric space.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

⋆ If M is compact, then Lip0(M) ∈ DP iff F(M) ∈ DP.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

Sheldon Dantas The (polynomial) Daugavet property



The (polynomial) Daugavet property

How about Lipschitz functions/Lipschitz-free spaces?

⋆ Dirk Werner asked if Lip0([0, 1]2) has the DP or not.

⋆ Lip0(M) has the DP whenever M is a length metric space.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

⋆ If M is compact, then Lip0(M) ∈ DP iff F(M) ∈ DP.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

Sheldon Dantas The (polynomial) Daugavet property



The (polynomial) Daugavet property

How about Lipschitz functions/Lipschitz-free spaces?

⋆ Dirk Werner asked if Lip0([0, 1]2) has the DP or not.

⋆ Lip0(M) has the DP whenever M is a length metric space.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

⋆ If M is compact, then Lip0(M) ∈ DP iff F(M) ∈ DP.
@ [Y. Ivakhno, V. Kadets, D. Werner, Math. Scand., 2007]

Sheldon Dantas The (polynomial) Daugavet property



The (polynomial) Daugavet property

L. Garćıa-Lirola, T. Procházka, A. Rueda Zoca, JMAA, 2018

Let M be a complete pointed metric space. TFAE:

(a) M is a length metric space.

(b) Lip0(M) has the Daugavet property.

(c) F(M) has the Daugavet property.
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The polynomial Daugavet property

What property would we like to study?

The polynomial Daugavet property

X has polynomial DP if every weakly compact polynomial P ∈
P(X ,K) satisfies

∥ Id+P∥ = 1 + ∥P∥.

Of course, we have that

Polynomial DP ⇒ DP

@ Choi, Garćıa, Maestre, Mart́ın, 2007, Studia Math.
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The polynomial Daugavet property

Y.S. Choi, D. Garćıa, M. Maestre, M. Mart́ın, 2007, Studia Math.

Let X be a Banach space. TFAE:

(a) X has the polynomial DP.

(b) ∀x ∈ SX , ∀ε > 0, ∀P ∈ P(X ,K) with ∥P∥ = 1, ∃y ∈ BX and
∃ω ∈ T such that

ReωP(y) > 1 − ε and ∥x + ωy∥ > 2 − ε.
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What kind of problems do
we want to tackle?
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Problem

DP ⇔ polynomial DP?

These properties are the same in

⋆ some C (K )-spaces
@ [Y.S. Choi, D. Garćıa, M. Maestre, M. Mart́ın]

⋆ some L1- and vector-valued L1-spaces
@ [M. Mart́ın, J. Meŕı, M. Popov]

⋆ Isometric preduals of L1(µ),
⋆ uniform algebras and
⋆ some spaces of Lipschitz functions
@ [M. Mart́ın, A. Rueda Zoca]

⋆ JB∗-triple (in particular C ∗-algebras)
@ [D. Cabezas, M. Mart́ın, A. Peralta]
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Problem

How about in Lipschitz-free spaces?

⋆ Is there a length metric space M (and therefore F(M) satisfies
the DP) such that F(M) does not have the polynomial DP?

⋆ Or not? Will they coincide also in F(M)?

⋆ Expectation? As Mingu would say 물론이지! It is expected
they are equivalent in this case, too! Well, let’s see...
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What results do we have?
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Our results

Strategy:

⋆ Analyze why L1[0, 1] satisfies the polynomial DP.

⋆ Generalize this proof to a broader context.

⋆ (Try to) adapt this new approach to Lipschitz-free spaces.

First observations:

⋆ It turns out that there two main ingredients in the proof:

• A “weakly sequential” property which yields big distances
• and the Dunford-Pettis on L1[0, 1].
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Our results

Sequential Daugavet property

We say that X has the sequential Daugavet property if there
exists a dense subset W of BX such that for every x ∈ SX and for
every y ∈ W , we can find a sequence (yn) ⊆ BX such that

yn
w−→ y and ∥x + yn∥ → 2.

Example (Essentially in [Daugavet-book, Lemma 4.5.9])

The space L1[0, 1] has the sequential Daugavet property.

⋆ Why to study that? As a warm up for Lipschitz-free spaces!
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Our results

What else do we need?

Dunford-Pettis property

X has the DPP if every continuous weakly compact operator T :
X → Y transforms weakly compact sets in X into norm-compact
sets in Y .

⋆ In other words, X has DPP if, for every Y , every weakly com-
pact operator T : X → Y maps weakly convergent sequences
to norm converge sequences.
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Our results

Proposition [Daugavet-book, Proposition 4.5.4]

If X = c0 or X = L1(µ), then every polynomial P ∈ P(X ,K) is
weakly sequentially continuous, that is,

xn
w−→ x ⇒ P(xn) → P(x).

More generally, the same holds true whenever X has the DPP.

Remark

The proof that L1[0, 1] has the polynomial DP finishes then from
this together with the fact that it satisfies the sequential DP.
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Our results

Recall that we are dealing here with Lipschitz-free spaces!

We then wonder

when does F(M) have the Dunford-Pettis property?

⋆ If F(M) has the Schur property, then it has the DPP.

⋆ If X is a separable infinite dimensional reflexive space, then
F(X ) cannot have the DPP. Indeed, in this case X is com-
plemented in F(X ) and it is known that a Banach space with
DPP cannot have complemented reflexive spaces.

⋆ In particular, F(ℓ2) fails the DPP.

⋆ It is not known whether F(Rn) has the DPP or not.
(Antońın Procházka private communication)
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Our results

Subject of study of some relevance:

When does F(M) have the Dunford-Pettis property?

⋆ For us, this seems to be a difficult problem!

⋆ How to avoid it?

⋆ In other words, we want to get rid of

• the polynomials (geometric characterization) and
• the DDP

As Geunsu would say There is no way, man!
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Our results

We have the following result.

Proposition (S.D., Y. Perreau, M. Mart́ın, 2025+)

Let X ∈ sequential DP (with respect to some dense subset W of
BX ). Assume that for every y ∈ W , the sequence (yn) from the
sequential DP is contained in a closed subspace Y of X with the
DPP. Then X has the polynomial Daugavet property.

What does it mean? That the Dunford-Pettis property in a smaller
subspace would do the job!
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Our results

With all of this in mind, we have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+)

Let M be a geodesic space. Then F(M) has the sequential DP.

Idea of the proof: We go through the following steps:

⋆ We “force” a finite amount of molecules to live on a finite
number of separated segments.
(“support splitting lemma”)

⋆ Then, we reproduce the L1[0, 1] proof on each one of them.

⋆ Finally, we check that all of them are still far away from all
the elements of the Lipschitz-free space.
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Our results: M geodesic ⇒ F(M) polynomial DP

Proof: While proving the sequential DP for F(M), we obtain, for
every ν ∈ W , a sequence (νn) which lives in the free space

F

(
k⋃

i=1

Im(γi )

)
.

These geodesics are δ-separated. So, it is isomorphic to(
k⊕

i=1

F (Im(γi ))

)
⊕ ℓk−1

1

and then to an ℓ1-sum of k copies of L1[0, 1] and ℓk−1
1 .

@ A. Godard, Tree metrics and their Lipschitz-free spaces
Thus, to L1[0, 1] itself (by the Pe lczyński decomposition method).
So, it has the DPP. This finishes the proof. ■
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Our results

In fact, we have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+)

Let M be a length space. Then F(M) has the polynomial DP.

The proof of this fact

⋆ is inspired by the polynomial DP on

• L1-preduals spaces and
• spaces of Lipschitz functions

@ M. Mart́ın and A. Rueda Zoca, DP in ⊗π Banach spaces

⋆ goes to the bidual F(M)∗∗ and

⋆ uses the Aron-Berner extension P̂ of a polynomial P ∈ P(X ).
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Our results

The big picture of the whole thing now becomes

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+)

Let M be complete metric space. TFAE:

(1) M is length.

(2) F(M) has the polynomial Daugavet property.

(3) F(M) has the Daugavet property.

In fact...
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Our results

The really big picture is

Theorem

Let M be complete metric space. TFAE:

(1) M is length.

(2) F(M) has the polynomial Daugavet property.

(3) F(M) has the Daugavet property.

(4) F(M) has the strong diameter 2 property.

(5) F(M) has the diameter 2 property.

(6) F(M) has the slice diameter 2 property.

(7) BF(M) does not have strongly exposed points.

(8) Lip0(M) has the Daugavet property.
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Our results

Let us consider two definitions.

Definition

Let X be a Banach space and x ∈ SX . We say that

⋆ x is a ∆-point if supy∈S ∥x − y∥ = 2 for every slice S of BX .

⋆ x is a super ∆-point if supy∈W ∥x − y∥ = 2 for every
relatively weakly open subset W of BX with x ∈ W .

@ Delta- and Daugavet points in Banach spaces
T. A. Abrahamsen, R. Haller, V. Lima, and K. Pirk

@ Diametral notions for elements of the unit ball of a Banach space
M. Mart́ın, Y. Perreau and A. Rueda Zoca
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Our results

We have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+) and also in
(E. Basset, Y. Perreau, A. Prochazka, T. Veeorg, 2025+)

Let M be a complete metric space. Let µ ∈ F(M) be finitely sup-
ported. If µ is a ∆-point, then it is a super ∆-point.

Proof: We use the “support splitting lemma” once again. ■

It is worth mentioning that the “support splitting lemma” was
already used (with a different proof) in

@ The Lipschitz-free over a length space is LASQ but never ASQ
R. Haller, J.K. Kaasik, and A. Ostrak

@ Weakly almost square Lipschitz-free spaces
J.K. Kaasik and T. Veeorg

Sheldon Dantas The (polynomial) Daugavet property



Our results

We have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+) and also in
(E. Basset, Y. Perreau, A. Prochazka, T. Veeorg, 2025+)

Let M be a complete metric space. Let µ ∈ F(M) be finitely sup-
ported. If µ is a ∆-point, then it is a super ∆-point.

Proof: We use the “support splitting lemma” once again. ■

It is worth mentioning that the “support splitting lemma” was
already used (with a different proof) in

@ The Lipschitz-free over a length space is LASQ but never ASQ
R. Haller, J.K. Kaasik, and A. Ostrak

@ Weakly almost square Lipschitz-free spaces
J.K. Kaasik and T. Veeorg

Sheldon Dantas The (polynomial) Daugavet property



Our results

We have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+) and also in
(E. Basset, Y. Perreau, A. Prochazka, T. Veeorg, 2025+)

Let M be a complete metric space. Let µ ∈ F(M) be finitely sup-
ported. If µ is a ∆-point, then it is a super ∆-point.

Proof: We use the “support splitting lemma” once again. ■

It is worth mentioning that the “support splitting lemma” was
already used (with a different proof) in

@ The Lipschitz-free over a length space is LASQ but never ASQ
R. Haller, J.K. Kaasik, and A. Ostrak

@ Weakly almost square Lipschitz-free spaces
J.K. Kaasik and T. Veeorg

Sheldon Dantas The (polynomial) Daugavet property



Our results

We have the following result.

Theorem (S.D., Y. Perreau, M. Mart́ın, 2025+) and also in
(E. Basset, Y. Perreau, A. Prochazka, T. Veeorg, 2025+)

Let M be a complete metric space. Let µ ∈ F(M) be finitely sup-
ported. If µ is a ∆-point, then it is a super ∆-point.

Proof: We use the “support splitting lemma” once again. ■

It is worth mentioning that the “support splitting lemma” was
already used (with a different proof) in

@ The Lipschitz-free over a length space is LASQ but never ASQ
R. Haller, J.K. Kaasik, and A. Ostrak

@ Weakly almost square Lipschitz-free spaces
J.K. Kaasik and T. Veeorg

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

⋆ The original question was DP ⇒ polynomial DP.

⋆ Lipschitz-free spaces do not provide a counterexample.

⋆ But wait! In fact, 2 days before I came to Korea...

⋆ We think we have a general proof for “DP ⇒ polynomial DP”.
⋆ It uses Davie-Gamelin and the polynomial-star topology.
⋆ What this means? It means that you can forget about all the

things I have told you about today!
⋆ Actually, there are more...
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What will we be doing now?

Weak operator Daugavet property (M. Mart́ın and A. Rueda Zoca)

X has the WODP if, given x1, . . . , xn ∈ SX , ε > 0, a slice S of BX

and x ′ ∈ BX , we can find x ∈ S and T : X → X with

∥T∥ ≤ 1 + ε, ∥T (x) − x ′∥ < ε and ∥T (xi ) − xi∥ < ε

for every i = 1, . . . , n.

⋆ There is a polynomial WODP.

⋆ We think we have a proof for WODP ⇔ polynomial WODP.

⋆ X ∈ WODP ⇒
⊗̂

π,s,NX ∈ WODP ⇒
⊗̂

π,s,NX ∈ DP.

⋆ L1-preduals with the DP ∈ WODP and
L1(µ,Y ), µ atomless, ∀Y ∈ WODP.
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⋆ We think we have a proof for WODP ⇔ polynomial WODP.

⋆ X ∈ WODP ⇒
⊗̂

π,s,NX ∈ WODP ⇒
⊗̂

π,s,NX ∈ DP.

⋆ L1-preduals with the DP ∈ WODP and
L1(µ,Y ), µ atomless, ∀Y ∈ WODP.
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What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



What will we be doing now?

What now?

⋆ To verify if everything is correct with DP ⇔ polynomial DP.

⋆ To give a talk about it in KIAS as an apology for today.

After we are all happy once again... then

⋆ To study the sequential DP further.

⋆ M geodesic ⇔ F(M) has the sequential DP?

⋆ X has the sequential DP ⇒ X contains ℓ2 or c0?

Sheldon Dantas The (polynomial) Daugavet property



Thank you very much for
your attention!
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