16 Lecture #11: Tuesday, March 24th, 2026

16.1 Structural theorems for non-homogeneous linear ODEs

From Theorem 13.5, in order to solve a non-homogeneous linear ordinary differential equation, it suffices
to determine a particular solution. Indeed, every solution of such an equation can be written in the form
Y = Yp + Yn, where y,, is a particular solution of the nonhomogeneous equation and y;, denotes the general
solution of the associated homogeneous equation, which we already know how to find. For the convenience
of the reader and to avoid that they are jumping into different PDFs, we restate Theorem 13.5 here.

Theorem 16.1. Let y, be some particular solution of a given linear ODE on an open interval I. A
function gy, is a solution of this equation on [ if and only if

Yo = Yp T Yn

for some solution g, of the associated homogeneous equation on 1.

In what follows, we illustrate the idea of the method of undetermined coefficients (see Theorem
16.2 below) through a few examples. The goal is to provide a method where we will be able to find a
particular solution y, of a non-homogeneous equation. From the theorem above, we will be able to give
the general solution of a linear ODE with constant coefficients.

16.2 The method of undetermined coefficients for special RHS

The key idea in this section is to guess the form of the particular solution based on the right-hand side
b(z) (here, we write RHS, for short), leaving some coefficients undetermined. These coefficients are then
found by substituting the guess into the differential equation. As we believe that the most efficient way
to learn this method is through examples, in what follows, we will consider first linear ODEs of the form

Yy — 2y = b(z)

where b(x) is considered to be b(x) = e*, b(z) = x or b(x) = cos(z). Consider first y' — 2y = e*. Since the
RHS is an exponential function, we try a particular solution of the same form

yp = Ae”

where A is an unknown constant that we should determine. In order to find A, we compute y, = Ae”.
Substituting into the differential equation gives Ae® — 2Ae* = e*. Hence (—A)e* = e, which implies

A = —1. Therefore a particular solution is y, = —e”.

Now consider 3’ — 2y = x. Since the RHS is a polynomial of degree 1, we try a polynomial of the same
degree, that is,
yp=Ax + B

where A and B are constants to be determined. Once again, we compute y, = A. Substituting into the
equation gives A—2(Ax+B) = z. Expanding, A—2Ar—2B = z. Rearranging terms, —2A z+(A—2B) = x.

Matching the coefficients of equal powers of x, we obtain —24 =1 and A — 2B = 0. Thus, A = —% and
B = —i. A particular solution is therefore given by
B 1
yp = —§$ — Z_l
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Now consider the equation ' — 2y = cosx. For a cosine RHS, we try a combination of sine and cosine,
that is, we need to find A and B such that

yp = Acosx + Bsinx.
We compute y, = —Asinx + B cosz. Substituting into the differential equation,
(—Asinz + Bceosz) — 2(Acosx + Bsinx) = cos .

Expanding,

(B—2A)cosz+ (—A —2B)sinz = cos z.
Matching coefficients gives B — 2A = 1 and —A — 2B = 0. From the second equation, A = —2B.
Substituting into the first equation, B — 2(—2B) = 1, so 5B = 1, that is, B = % Thus A = —%. A
particular solution is therefore given by

2 n 1.
= ——cosz + —sinz.
=5 5
In general, we have the following result which teaches us how to find a possible particular solution for
a non-homogeneous linear differential equation with constant coefficients.

Theorem 16.2 (On guessing a solution for special right hand side). Consider a linear ODE with constant
coeflicients
Y™+ any" Y + -+ @y + aoy = b(a).
Assume that
b(x) = ¢** | P(x) cos(Bx) + Q(x) sin(pz))

for some polynomials P, (), and denote
d = max(deg(P), deg(Q)).

Let m be the multiplicity of the number A = « & 37 as a characteristic number of the associated homoge-
neous equation (we put m = 0 if it is not a characteristic number at all). Then there exist polynomials
P, Q of degree at most d such that

y(x) = a™me™ []5(:1:) cos(Bz) + Q(x) sin(ﬁx)}

is a solution of the given equation on R. This is called the method of undetermined coefficients.

As we have mentioned before, the method of undetermined coefficients is best learned through practice.
Although the general principle is simple - guessing the form of a particular solution based on the RHS and
determining the unknown coefficients by substitution - it becomes intuitive only after working through
many examples. In practice, one must become familiar with which type of guess corresponds to each
type of RHS (here, we will be working with exponentials, polynomials, cosines and sinus, or products and
combinations of these). The only effective way to develop this intuition is to solve a variety of exercises.
For this reason, the reader is encouraged to practice with many different examples until the choice of the
appropriate ansatzl’ becomes natural.

In order to sum up this approach, simpler forms of incomplete RHS are given in the what follows.
Suppose that A\ = a 4+ ¢ is a solution of the homogeneous polynomial and we put m = 0 if A\ is not a
characteristic number.

T Ansatz is a term used in Mathematics and Physics. It comes from German and literally means “approach”, “initial
placement” or “starting assumption”.
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* If b(z) = P(x), then y(z) = 2™ P(z), where m is the multiplicity of A = 0.
* If b(z) = P(x)e™, then y(z) = 2™ P(x)e™, where m is the multiplicity of X = .

*x If b(z) = P(z) cos(Bz) + Q(z) sin(Sz), then y(z) = 2™ [15(:10) cos(Bz) + Q(x) sin(ﬁx)}, where m is the
multiplicity of A = (4.

Let us practice it.

Example 16.3. Consider the differential equation
y — 2y = 8e*.

We solve first the associated homogeneous equation. The homogeneous equation is 3 — 2y = 0. The
characterization equation is given by A — 2 = 0, which means that y, = Ce*® for every z € R. Now we
need to find a particular solution. Since the RHS is 8¢2* and A = 2 is already a solution of the homogeneous
polynomial, we multiply our usual guess by = and try y, = Aze®**. Then, Y, = Ae?® + 2Axe*™. Now we
substitute into the equation to get

(Ae* + 2Are*™) — 2(Are*™) = 8e**.

The 2Aze** terms cancel, leaving Ae** = 8¢**, which it turn implies that A = 8. Thus, y, = 8ze*".
Therefore, the general solution is given by

y(r) = yp +y, = Ce* + 8xe*

for every x € R.

16.3 The superposition principle

The superposition principle allows us to solve more complicated non-homogeneous equations by de-
composing the RHS into simpler parts, finding a particular solution for each part, and then adding these
solutions together. Indeed, we have the following theorem.

Theorem 16.4 (Superposition principle). Consider a linear ODE with left hand-side
L(y) = y™ + an (2)y™ ™ + - 4 ar(2)y + ao(x)y.

Let y; be a solution of L(y) = by(x) on an open interval I and y, be a solution of L(y) = by(x) on /. Then
Y1 + y2 is a solution of
L(y) = bi(x) + ba(x)

on [.
Now we will further apply Theorems 16.2 and 16.4. Note below that examples of this length are not

expected on exams. Nevertheless, studying them helps the reader develop a complete understanding of
the methods discussed here for solving linear ODEs with constant coefficients.
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Example 16.5. We solve
Y + 2y = 9e " sin(2x) + Sre " cos(2x)

using the characteristic polynomial for the homogeneous equation, the method of undetermined coefficients
for particular solutions and finally we apply the superposition principle. We split the solution of this
example into small steps.

* Step 1. Consider the homogeneous equation y’ + 2y = 0. Its characteristic polynomial is A + 2 = 0, so
A = —2 and therefore y, = Ce™ (x € R) is the general solution of the associated homogeneous equation.

* Step 2: Let us write the RHS as a sum of the form b(x) = by(z) + ba(x), where by(z) = 9e *sin(2x)
and by(x) = Sxe * cos(2x). By the superposition principle, if y,; solves ¥’ + 2y = by () and y, 2 solves
Y + 2y = by(x), then y, = yp1 + yp2 solves y' + 2y = b(z).

* Step 3 Let us find now a particular solution for the RHS b, (z) = 9e~*sin(2z). Since by (x) has the form
e sin(fr) with @« = —1 and 8 = 2, we try to find a particular solution as

Ypp =2 -e7" (A cos(2z) + B sin(2x)) =e " (A cos(2z) + B sin(2x))
(notice that m =0 as A = o £ if = —1 & 2i is not a characteristic number). Compute
Ypy = e‘””((—A + 2B) cos(2z) + (—B — 24) sin(2m)>,

hence
Y1+ 201 = e_x<(A +2B)cos(2z) + (B — 2A) sin(2x)).

We match coefficients with 9e™* sin(2x) and obtain the system

A+2B =0,
—2A+ B =09.

Solving gives A = —%, B = %, SO

1
Ypp =€ " (_; cos(2x) + gsin(Qx)> .

* Step 4: Let us find a particular for by(z) = bxe ™ cos(2z). Now the RHS is a polynomial of degree 1
times e ¥ cos(2z), so we try the following particular solution

Ypo =€ ° ((Arc + B)cos(2z) + (Cx + D) sin(2$)>.
Let u(z) = (Az + B) cos(2z) + (Cx + D) sin(2x), so yp2(z) = e *u(z). Then

Upa + 2p2 =€ " (u' + u).

Compute
u' = (A+2Cx +2D)cos(2z) + (C — 2Ax — 2B) sin(2z),

W +u=((A+2Cx+2D)+ (Az + B)) cos(2z) + ((C — 24z — 2B) + (Cz + D)) sin(2z).
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Thus
Ypo T 2Ypo = e_g”(((2C +A)x+ (A+2D + B)) cos(2z) + ((—2A +C)z+ (C—-2B + D)) sin(2x)).

We match this with 5ze™ cos(2z), i.e., with e™* (5:5 cos(2z)+0-cos(2x) +0'sin(2x)>. Hence the coeflicient
equations yield the following system

20+ A =15,

A+2D+ B =0,

—2A+C =0,

C—-2B+D=0.
From —2A 4+ C = 0 we get C' = 2A. Substituting into 2C + A = 5 gives 44+ A = 5,s0 A = 1 and
C =2 Then C —2B+ D =0gives2—-2B+ D =0, ie. D=2B —2. Finally A+ 2D + B = 0 becomes
1+2(2B—-2)+B=0,s01+4B—4+ B =0, hence 5B = 3 and

3 4

B:§ and D=2.--—-2=——.
5 5 5

Therefore, A
Ypo =€ * ((x + g) cos(2x) + (21‘ — 5) sin(Qx)) )

* Step 5. We finally combine these particular solutions by superposition and add the homogeneous part
for the general solution. By superposition, we have that y, = vy, 1 + yp,2. Thus the general solution is

= Ce ™ +e <_€ cos(2z) + R s1n(2x)> +e <(:E + 5) cos(2z) + <2x - 5) sm(Qx))
= Ce® te” ( (x —3)cos(2x) + (2 + 1) sin(2x)>

for every x € R and for an arbitrary constant C' € R.

Remark 16.6. Notice that we do not need to use the superposition principle in Example 16.5. Indeed,
we could have adventured ourselves and guessed a particular solution directly by using the method of
undetermined coefficients. Notice that the RHS is

9¢ *sin(2z) + bre ¥ cos(2x) = e " (9 sin(2x) + bz cos(2x)).

Thus it is an exponential factor e~® multiplied by a polynomial of degree 1 in « times sin(2z) or cos(2x).
According to the guessing rule for the method of undetermined coefficients, if the forcing term has the
form e”w%Pn(x) cos(fz) + Qn(x) sin(ﬁx)), where P, and @), are polynomials of degree n, then we try a
particular solution of the form

yp = e (Pn(x) cos(fBx) + Qn(x) sin(ﬁx))

where Pn and Qn are polynomials of the same degree with undetermined coefficients. In our case a= -1
and $ = 2, and the polynomial degree is 1. Therefore we take polynomials of degree 1, that is, P (x) =
Az + B and @(z) = Cx + D, which leads to the guess

Yp = e_g”<(Arc + B)cos(2z) + (Cx + D) sin(2:p)>.

Finally we verify that —1 £ 27 is not a root of the characteristic polynomial A + 2 = 0. Hence no extra
power of x is required in the guess above.

144



Example 16.7. We solve
Y — 2y +y=e"+27e ** + 13 — 25sin(27)

using the characteristic polynomial for the homogeneous equation, the method of undetermined coefficients
for particular solutions and finally we apply the superposition principle. We split the solution of this
example into small steps. Different from Example 16.5 here we are forced to use superposition as there is
no way to group the terms of the RHS together.

x Step 1: Consider the homogeneous equation 3’ —2y'+y = 0. Its characteristic polynomial is A2 —2X+1 =
(A—1)%,s0 A = 1 is a root of multiplicity 2. Therefore, y, = C1e” + Cyxe®(x € R) is the general solution
of the associated homogeneous equation.

* Step 2: Let us write the RHS as a sum of the form b(z) = bi(x) + ba(z) + bs(x) + by(x), where
bi(x) = e®, by(x) = 27e*, by(x) = 13 and by(z) = —25sin(2x). By the superposition principle, if 3,1
solves ' — 2y +y = b1(x), ypa solves vy’ — 2y’ +y = ba(x), yp3 solves ¥y’ — 2y +y = bs(z) and y, 4 solves
y" — 2y +y = bs(x), then
Yp = Yp1 + Yp2 + Yp,3 + Yp,a
solves the original equation y” — 2y’ + y = b(z), which is what we want.
* Step 3. Let us find a particular solution for the RHS by (z) = e®. Since e* corresponds to the root A =1
of multiplicity 2 of the characteristic polynomial, we multiply the usual guess by 2? and try
Yp1 = Ax’e”.
Compute
Yoy = Ae”(z” +2z) and y,, = Ae"(2” + 4z + 2).
Hence

Ypi = 2Yp 1+ Yp1 = Ae” [(:EQ + 42+ 2) — 2(z® + 22) + :EQ} = 2Ae".
1
3.

We match coefficients with e” and obtain 24 = 1, hence A = =. Therefore, we have that

1

Yp1 = 5:1:263”.
x Step 4: Let us find a particular solution for by(z) = 27¢72*. Since the RHS has the form e®® with o = —2
and —2 is not a characteristic number, we try

Yp2 = Be™?®.

Compute
Yo =—2Be™* and y),=4Be .

Hence
Yoo — 240y + Yp2 = (4B — 2(—2B) + B)e " = 9Be™*".

Matching coefficients with 27¢72 gives 9B = 27, so B = 3 and therefore

-2
yp’z = 36 x'

* Step 5: Let us find a particular solution for b3(x) = 13. Since the RHS is a constant, we try

yp,3 = K
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Then y,, 3 = 0 and y, 3 = 0, 50 Y, 3 — 2y, 3 + Yp 3 = K. Matching with 13 gives K = 13. Therefore, we have
that
yp,3 =13.

* Step 6: Let us find a particular solution for by(z) = —25sin(2z). Since the RHS has the form sin(fx)
with § = 2, we try
Ypa = Acos(2z) + Bsin(2z).

Compute
Y4 = —2Asin(2z) + 2B cos(2z) and ), = —4Acos(2x) — 4Bsin(2z).

Hence
Ypa = 2Up4 + Ypa = (=3A — 4B) cos(2x) + (4A — 3B) sin(2z).

We match coefficients with —25sin(2x) and obtain the system

—3A—-4B =0,
4A — 3B = —25.
From the first equation A = —%B . Substituting into the second equation gives

4
4 <——B) —3B=-25
3
which yields B =3 and A = —4. Hence
Ypa = —4cos(2z) + 3sin(2x).
* Step 7. We finally combine these particular solutions by superposition and add the homogeneous part
for the general solution. By superposition, we have y, = y,1 + Yp.2 + Yp3 + yp.a. Thus the general solution

1S

Yy = yn+t Yp
1
= Cie" + Cywe” + 5:52@“3 +3e % + 13 — 4 cos(2z) + 3sin(27)

for every x € R and for arbitrary constants Cy,Cy € R.
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