17 Lecture #12: Wednesday, March 25th, 2026

17.1 Method of variation for linear ODEs

In this section we introduce another method for finding a particular solution of a non-homogeneous
differential equation. For motivation, let us go back to the first-order equation y'+a(z)y = b(z). Recall how
we solved this equation. First we considered the homogeneous equation ¢’ +a(z)y = 0, which can be solved
by separation of variables. Its general solution can be written in the form y,(x) = C u(zx), where C' is an
arbitrary constant and u(z) is an exponential function that solves the homogeneous equation. The key idea
of the variation method is to replace the constant C' by a function C'(z). In this way we look for a particular
solution of the form y,(z) = C(x)u(z). This idea is somewhat reminiscent of the guessing method: we
propose a form for the particular solution and determine the unknown function from the equation. To
determine C'(x) we substitute y,(z) = C(x)u(z) into the differential equation. First compute y,(r) =
C'(z)u(z) 4+ C(z)u'(x). Substituting into the equation gives C'(x)u(z)+ C(z)u'(x) +a(z)C(x)u(x) = b(x).
Rearranging the terms we obtain

C'(x)u(x) + C(x) (v (x) + a(z)u(x)) = b(x).

Since u(z) solves the homogeneous equation, we have v'(z) + a(x)u(x) = 0. Therefore the second term
vanishes and we obtain C'(z)u(z) = b(z). From this equation we can determine C’(z) and then find
C(z) by integration. The idea of the method of variation of parameters is to extend this same strategy to
second-order linear differential equations.

Consider the equation
Y+ @)y + ao(a)y = b(a).
First we consider the homogeneous equation

y" 4 a1 (2)y + ao(x)y = 0.

Assume that we can find a fundamental system of solutions for this equation. Then every solution of the
homogeneous equation can be written as

yn(z) = Crug(x) + Couz(x),

where Cy and Cy are arbitrary constants.

Now we look for a particular solution of the form
yp(z) = Cr(x)us(x) + Coy(x)ug(x).

We substitute this guess into the equation and hope that some terms cancel out. On the one hand, we
have

Yp = Cr(@)ua() + Co(x)us(2) + Cr(z)ur () + Co(r)us(2),

and
Yp = Cl(z)wi(z) + Oy (z)ua(z) + 2C1 (2)u) () + 205 (x)usy(2) + Cr(2)uf(z) + Ca(x)us ().

If we substitute the expressions for y, and y;, directly into the equation, we obtain a very long expression
containing the terms C7(z), Cy(x), Ci(x), C4(z), and also the functions u;, us and their derivatives.
Although some terms involving u} and uj can be simplified because u; and uy solve the homogeneous
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equation, the resulting expression is still quite complicated and does not immediately allow us to determine

Ci(x) and Cy(x).

For this reason, instead of working with the full expression we introduce additional constraints on
Ci(x) and Cy(x) that simplify the calculations. The idea is to impose conditions that eliminate some of
the terms appearing in y, and y,, making the substitution into the differential equation much easier.

A convenient choice is to require that
Ci(x)ui(z) + Co(z)ug(x) = 0.

With this condition, the expression for y, simplifies to y, = Cy(2)u) (x)+Cs(z)uy(x). When we differentiate
once more, the expression for y, becomes much simpler as well, and after substituting into the differential
equation we obtain another equation involving only C(z) and C%(z). Indeed, in this new case, we get

Yp () = Ci(x)ur () + Cy(x)us(x) + Cr(x)uy (x) + Co(w)us (7).

Now we substitute all of these equations into our original one. We stop writing “(x)” just to simplify the
notation. As the equation is y, + ai(x)y, + ao()y, = b(x), we have

(C{Ull + Céulz + C’lu’l’ + CQ’LLg) + a; (ZL')(Cl’LL/l + CQUlz) + (l()(iE)(Clul + CQUQ) = b([E)
Equivalently,
(Ciu + Cyuy) + Cr(u] + a1 (z)u] + ag(x)ur) + Couy + aq(x)usy + ag(x)uz) = b(z).

As uf 4+ a1 (z)u] + ap()ug = uf + a1 (x)uh + ap(z)ug = 0, we have that Ciuj + Chuy = b(z). Therefore, we
have the following system

{C{Ul + CéUQ = O, (22)

Ciuy + Chuly = b(x).
These ideas are part of a much wider result.

Algorithm 17.1 (variation of parameter method for solving LODE). Given the equation

Y™ 4 any" Y+ @y + aoy = b(a).

1. Using characteristic numbers, find a general solution y;, of the associated homogeneous equation. It
has the form

yn() = crug () + - -+ + cpun ().
2. Variation of parameter: seek a solution of the form
y(x) = cr(@)ur(z) + - + cp(@)uny(x).

The unknown functions ¢;(z) are found by solving the system of equations




Solve for ¢}(x), integrate them to obtain ¢;(z), and substitute these into

n

=> ci(z)u(z

=1

3. If you take for each ¢;(z) one particular antiderivative, then you obtain one particular solution y,(z).
The general solution is then

y:yp+yh'

If you include “+C"” when integrating ¢(z), then after substituting them into

= Zn: ci(x)u;(x)

i=1

you obtain the general solution directly.

Going back to (22). The system

{c; (@)u1 (z) + C(x)us(z) = 0
b

\_/

€
is a linear system for the unknown functions Cf(x) and C4(x). At each fixed x, the coefficient matrix of
this system is

uy(z)  up(w)

uy(z) uy(x))”

This system has a solution whenever this matrix is invertible, that is, whenever its determinant is nonzero.
This determinant is

Cl(@)uy () + Cyw)uy(v) =

W u, up)(w) = = un(w)uy(x) — us()u (z),

which is called the Wronskian (see Definition 13.7) of u; and uy. Since u; and ug form a fundamental
system of solutions of the homogeneous equation, they are linearly independent. For a second—order linear
differential equation, this implies that the Wronskian is not zero on the interval under consideration.
Therefore, W(uy,us)(x) # 0 and the coefficient matrix is invertible. Consequently, the system has a
unique solution for Cf(x) and C%(z). In fact, using Cramer’s rule we obtain

) o (@) 0 o) e
. bl ub(x - us(2)b(x an ,x:u’lx )| _ uq (x)b(x
A = W)@ ~ W w@ ™ T W )@ ~ W, w)@)

Let us put this into practice.

Example 17.2. We solve
y' =2y +y=e"+27e > +13

using the method of variation of parameters.
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* Step 1: Consider the homogeneous equation y” — 2y’ + y = 0. As we have seen before, its characteristic
polynomial is A2 —2X +1 = (A —1)? so A = 1 is a root of multiplicity 2. Therefore a fundamental system
of solutions is u;(z) = €* and uy(x) = ze® and the general solution of the homogeneous equation is

yn(z) = Cre” 4+ Coze®.

* Step 2. By variation of parameters we look for a particular solution of the form
yp(z) = C1(x)e® + Cy(x)ze”.
The functions C(x) and Cy(z) must satisfy the system

{og(x)ew + O (x)ze® =0,
Cl(@)e” + Cy(x)(z + 1)e” = b(xz),

where
b(z) = e” +27e > +13.

* Step & Subtract the first equation from the second one. We obtain
Co(x)e” = b(x).
Hence

b
Co(x) = biz) =1+27e3" +13e7".
ez

Integrating gives
Cy(z) = / (1+27¢73 +13¢7) du = & — 9¢ — 13¢ 7.
* Step 4: Substitute C%(z) into the first equation
Ci(x)e” + Cy(x)xe” = 0.

Dividing by e* gives
Ci(x) + 2C3(x) =0,

SO
Ci(z) = —2Ch(x) = —x (1 + 2773 + 136_“7) :
Therefore
Ci(z) = —x — 2Twe™ ™ — 13ze™".
Integrating,

2

Ci(z) = / (—:E — 27xe™ ™ — 13$6_Z> dx = —% + 9ze™ + 3¢ + 13ze™" + 13",

* Step 5 Substitute Cy(z) and Cy(z) into
yp(x) = C(x)e® 4+ Co(z)xe®.
After simplification we obtain
1
yp(x) = 5:1:267” + 3e7** + 13.
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* Step 6: Finally, the general solution is obtained by adding the homogeneous and particular parts:
1
y(@) = yu (@) + ypl(w) = Cre” + Cowe” + Sa’e” + 3¢ +13

for every x € R.

Example 17.3. Consider the same equation y” — 2y +y = e + 27¢ 2 + 13 as before but now we will use
the Cramer’s rule and the Wroskian to find the unknowns C(z) and Cy(z). As we have seen, to determine
C1(z) and Cy(x) we need to solve the system

{C{(m)e”” + C(z)ze® =0,
Ci(z)e” + Cyz)(z + e = b(x),

where b(x) = e” + 27e72* 4 13. Tts coefficient matrix is given by

e’ xe’
e’ (x+1)e* )"
The determinant of this matrix is the Wronskian of the fundamental solutions u(x) = e* and uy(x) = we”,

namely we have that

x T

ze
e’ (x+1)e”

2x

W(uy, uz)(x) = =e

Since W (uy,us)(z) # 0 for every z € R, the system has a unique solution. By Cramer’s rule,

0 e
o) = M8 @ D] —vebla) o)
B Wug,ug) () e e
and
e 0
) = & YOl _ emba) _ bla)
2 Woug,ug)(z) e e
Now we integrate. Since
bz) _ 1+27e 3 +13e 7,
em
we get )
Cy(z) = / % dr = / (14273 +13¢7) du = & — 9™ — 13¢7.
Also,
Ci(z) = /—%ix) dx = / (—:U — 2Twe 3" — 13x6_x) dx,
hence

2
O (z) = —‘% + (92 + 3)e™ + 13(z + 1)e™.

Therefore, one choice of the functions is

2
Ci(z) = —% + (92 +3)e™ +13(x +1)e™® and Cy(z) =2 — 9™ — 13e7".
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17.2 An example without constant coefficients

Notice that the method of variation of parameters does not require the coefficients of the differential
equation to be constant. In fact, the method works for general linear differential equations with variable
coefficients as well. The only requirement is that we are able to find a fundamental system of solutions
of the associated homogeneous equation. Once such a system {uy,...,u,} is known, the same procedure
can be applied: we replace the constants in the homogeneous solution by functions, derive a system for
their derivatives, and determine them by solving that system and integrating. In practice, however, the
main difficulty is that for equations with variable coefficients it is often much harder to find a fundamental
system of solutions for the homogeneous equation. In the next example, we assume that we know how to
find it although we do not know how.

Example 17.4. We solve
y x 4 1 =2
20 -2 T2 -2 &
for x # 0,2 using the method of variation of parameters. Notice that this is not a linear equation with
constant coefficients.

Y

* Step I: Consider the homogeneous equation

" T 1

VoY Tam )

y=0.

As the coeflicients in this equation are not constant, we cannot use the characteristic polynomial approach.
We claim instead that
u(z) =z and uy(z) = />
form a fundamental system of solutions on the intervals (—oc,2) and (2,+00). First we check that
uy(z) = x is a solution. Since v (x) =1 and v} (z) = 0, substituting into the equation gives
x x

Ry TPy

so  is a solution. Now we check uy(r) = /2. We have

1 1
uh(z) = —e*? and  uf(x) =~/
2 4
Substituting into the equation yields
1 T 1 1
lop_ v lap, 1 ap_
1 Towoy 2 Ty © ’
s0 €%/2 is also a solution on (—o00,2) and (2, +00). To prove that they are linearly independent, we compute

the Wronskian
T e:10/2

1 x/2
156/

W (w1, us) () =

— /2 §_1>
(5 1),

Since this is nonzero for x # 2, the functions x and e*/? are linearly independent on (—oo,2) and on
(2,+00). Therefore they form a fundamental system and the general solution of the homogeneous equation

1S
yh(l‘) = Cll' + Czem/Q.
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* Step 2: By variation of parameters we look for a particular solution of the form
y(@) = C1 (@) + Cola)e’.
The functions C(x) and Cy(z) satisfy the system

Ci(z)x + Ch(z)e*? =0,

1 -2
O (x) + Cyl) 5e/* = ——.

X

* Step 3 Solve this system. From the first equation we obtain

! ez/Z ’
Ci(z) = — T Cy(x).
Substituting this into the second equation gives
x/2 1 -9
_6 ! = x/2 o xz
. Cy(x) + 5¢ Cy(x) = o
Factoring e*/2C}(x) yields
1 1 x—2
ewﬂog(x)<—— + 5) ==
Hence 5 5
I/QC/ T — _ L=
€ 2(.7)) 21 T )

and therefore
Cy(x) = 22,

Integrating, _
Cy(x) = / 2e~ /% dg = —4e™ /2,

* Step 4: From the first equation
Cl(2)z 4 Ch(x)e™* =0

we obtain Cf(z)z + 2 =0, so C{(z) = —2. Integrating,
Ci(z) = —21In|z|.
* Step 5 Substitute these expressions into y,(z) = Cy(x)z + Co(z)e™/?. This gives
Yp(xr) = —2xIn|z| — 4.
* Step 6: Finally, the general solution is obtained by adding the homogeneous and particular parts:
y(x) = yn(x) + yp(x) = Cra + Coe™? — 22 1n || — 4,

for every = € R such that x # 0, 2.
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