13 Lecture #9: Tuesday, March 17th, 2026

So far, we have learned how to deal with first-order differential equations, both analytically and nu-
merically. We now turn our attention to differential equations of higher order. In general, these equations
are more difficult to analyze than those of order one. However, there is an important class of higher-order
equations that are significantly easier to study.

13.1 Linear differential equations

Definition 13.1. By a linear ordinary differential equation of order n (LODE) we mean any ODE
of the form
Y™ +a, (@) + 4 a(2)y + ag(x)y = b(x)

where a,,_1,...,ap, b are some functions. This equation is called homogeneous if b(z) = 0. Given a linear
ODE by its associated homogeneous equation we mean the equation

Yy + an 1 (@)y" Y 4+ ar(@)y + ag(x)y = 0.
Let us see a simple examples.
Example 13.2. Consider the second—order ODE
y"' =y — 13y + €.
We can rewrite it in the standard linear form
y' —axy 4+ 13y = e,

which shows that it is a linear ODE of order 2. On the other hand, the equation

y' = —sin(y) + e

x

is not linear, since the terms % and sin(y) involve nonlinear expressions in y and its derivatives, which are
not allowed in a linear differential equation.
13.2 Structural theorems

In order to solve linear ODEs, we need the following result.
Theorem 13.3 (on existence and uniqueness for LODE). Consider a linear ODE
Y™ 4 an (@)Y 4t an(2)y + ag(x)y = b(x). (L)

If a,_1,...,a9,b are continuous on an open interval I, then for all zo € I and yo,¥1,...,Yn—1 € R there
exists a solution to the IVP (L),

y(zo) = v0, ¥ (%0) = v1, -,y V(@) = Yu s

on I, and it is unique there.

120



Notice that for an equation of order 2 we need two initial conditions. In general, for an equation of
order n, we require n initial conditions.

We will prove the following result using arguments from Linear Algebra. Before doing so, let us make
some observations. A differential equation can be viewed as an operator acting on functions. Instead
of thinking of the equation only as a relation between derivatives, we consider it as a rule that takes a
function y(z) and produces another function. For example, consider the linear differential equation

Y™ 4 an ()Y Y+ ag ()Y + ao(z)y = b(z).

Denote by C™(I) the vector space of all functions on the an open interval I that are n times continuously
differentiable and C(I) to be the vector spaces of all functions on I which are continuous. Define the
operator L : C"(I) — C(I) by

Lly] = y™ + an—l(l’)y(n_l) + 4 ar(2)y + ao()y.

This operator takes a function y (with sufficiently many derivatives) and produces another function. In
this way, the differential equation can be written as Lly] = b. Thus, solving the differential equation
means finding a function y that is mapped to b(z) by the operator L. In particular, for the homogeneous
equation L[y] = 0, the solutions are exactly the functions in the kernel of the operator L. This point
of view connects differential equations with Linear Algebra, since L is a linear operator and the set of
solutions of the homogeneous equation forms a vector space as we can see below.

Theorem 13.4 (on structure of solution set of homogeneous LODE). Consider a homogeneous linear
ODE

y(") + an_l(:t)y("_l) + -t a (@)Y + ag(x)y = 0.

If a; are continuous on an open interval I, then the set of all solutions of this equation on [ is a linear
space of dimension n.

Proof. Let us consider the subset
S={y:I—R|yisin C"(I) and satisfies y™ 4+ a, 1(z)y" Y + -+ a;(2)y + ao(z)y = 0}.

Observe that S is a subset of the vector space C™(I). First we show that S is a subspace of C"(I). Let
y1,y2 € S and let «, 5 € R. Since differentiation is linear, we have that

(g + Bya) ™ = ay” + Byt
for every k =1,...,n. Substituting ay; + Sys into the differential equation gives

(a1 + By2)™ + ano1(z)(ays + By2) "™ + -+ + ar (@) (ayr + Byz)’ + ao(z)(ayy + Bye).

Using linearity we obtain
(n) (n=1) | . (., (n=1) , .
a(m" + ana (@) + -t ao(@)y) + By + ana @)y + s+ ag(2)y).

Since y1,y2 € S, each expression in parentheses is 0, hence ay; + Fys is also a solution. Therefore S is
closed under linear combinations and hence is a subspace of C"(I).
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Now fix xg € I. For each j = 1,...,n, let us the existence-uniqueness theorem for linear ODEs (see
Theorem 13.3 above) to define a solution y; € S by prescribing the initial conditions

1, k=j5-1
yﬁk)(xo): ’ j ’ k=01,...,n—1.
07 k%j_lv

That is, the vector of initial data of y; at x¢ is the j-th standard basis vector e; € R™.

Step 1: the functions y1, ..., Yy, are linearly independent. Suppose that
ayr+ o+ Cyn =0

as a function on I. Differentiating k times and evaluating at zq gives, for each £k =0,1,...,n — 1,

C1y§k) (wo) 4+ -+ + Cnyék) (zo) = 0.

Using the defining initial conditions, the k-th equation becomes cxy; = 0. Hence ¢y = --- = ¢, = 0,
proving that {yi,...,¥y,} is linearly independent. Therefore, dim .S > n.

Step 2: every solution is a linear combination of i1, . .., yn. Let y € S be arbitrary, and set oy, = y® ()
for k=0,1,...,n — 1. Consider the function

Z=aoY1 + QYo+ -+ Qp_1Yn-

Since S is a vector space and each y; € S, we have z € S. Moreover, by construction and the initial
conditions of the y;,
z(k)(xo) = qy = y(k)(xo)

for every k=0,1,...,n— 1. Thus y and z are two solutions of the same homogeneous linear ODE having
the same initial conditions at xy. By uniqueness, y = z. Hence every y € S lies in span{yi,..., Y}, so
dim S < n. Combining the two inequalities yields dim .S = n. O

We have a second structural theorem about linear ODE.

Theorem 13.5 (on structure of solution set of linear ODE). Let y, be some particular solution of a given
linear ODE on an open interval I. A function y, is a solution of this equation on [ if and only if

Yo = Yp T Yn

for some solution y;, of the associated homogeneous equation on I. Consequently, if ¥, is a general solution
of the associated homogeneous equation on I, then y, 4 y, is a general solution of the given equation.

Proof. Let y, be a particular solution of the given linear ODE, that is, it satisfies

u + ) an(x) g = b(x)

on the interval /. To simplify notation, define the linear differential operator

n—1
Lyl =y™ + > a(x) y™.
k=0
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We can write then the equation as L]y] = b(x) and the associated homogeneous equation is L[y] = 0.
Since this is an “if and only if” statement, we must prove both directions of the implication.

(=) Suppose y is a solution of the given equation on I, so L{yo| = b(z). Define y;, := yo — . Using
linearity of L we obtain

Llyn] = Llyo — yp| = Llyo] — Ly,] = b(z) — b(x) = 0.
Hence yj, is a solution of the associated homogeneous equation on I, and therefore yo = vy, + ys.

(<) Conversely, suppose that y; is a solution of the associated homogeneous equation, i.e. Ly,] = 0,
and set now yy 1= y, + y5. Again by linearity,

Llyo] = Llyp + yn] = Lly,] + Llyn] = b(z) + 0 = b(x),

S0 yp is a solution of the given equation on I. This proves that y, solves L[y] = b(x) if and only if
Yo = Yp + yp for some homogeneous solution yj,. O

Theorem 13.5 says that, in practice, the procedure goes as follows.

1. Find one particular solution y, of the equation L[y] = b(z).
2. Find the general solution y;, of the associated homogeneous equation L[y| = 0.

3. Add them to obtain the general solution of the original equation: y = y, + yp.

For example, consider y” —y = e”. Suppose we know a way of finding the particular solution y, = %xez
and also that we know a way of finding the general solution of the homogeneous equation y” —y = 0 which
is given by y, = C1e” + Coe™™. Then the general solution of the original equation must be

y(z) = swe” + Cre” + Che™™

where C, Cy € R, by using the ideas of Theorem 13.5.

13.3 Homogeneous equations

The first step we need to deal with is how to solve the homogeneous equation associated a linear ODE.
Definition 13.6. Consider a homogeneous linear ODE
Y™ + a1 (2)y" T 4 ag(2)y 4 ag(r)y = 0.

Assume that a; are continuous on an open interval I. By a fundamental system of solutions of this
equation on I we mean any basis of the space of all solutions of this equation on I.

A fundamental system of solutions of a homogeneous linear ODE of order n on an interval I is a set
of n solutions that are linearly independent on I. Since the solution set is an n—dimensional vector space,
such a set forms a basis, so every solution can be written uniquely as a linear combination of the functions
in the fundamental system. For instance, consider the equation

y' =3y +2y=0.
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Let us check that {e®, e**} is a fundamental system of solutions of this equation. First of all, let us check
that y;(z) = e® and ys(x) = €*® are solutions. For y; = €%, we have y; = ¢® and 3y} = €”, hence

vy — 3y; + 2y; = €” — 3e” +2¢” = 0.
So y; is a solution. Likewise, if yo = €%, then we have 3}, = 2¢** and yj = 4€?*, hence
Yy — 3y + 2y = 4e* — 3(2e%) + 2e** = 4e* — 6e** + 2e** = 0.

To check linear independence, assume there exist constants c;,c, € R such that c;e® + c,e?* = 0 for all
z € I. Factoring out e” (which is never zero), we get e”(c; + c2¢”) = 0 again for all z € 1. So,

1+ ce” =0 forall x € I.

Choose two distinct points z1, x5 € I with x; # x5. Then

T2

¢ +ce™ =0 and ¢ + e =
Subtracting gives
Co (e’“ — em) =0.

Since e # e, we obtain ¢; = 0, and then ¢; = 0. Hence e* and €*® are linearly independent on .
Therefore, {e*, e**} is a fundamental system of solutions of y” — 3y’ + 2y =0 on I.

In practice, checking that a set of solutions is linearly independent by working directly with the defi-
nition can be cumbersome. Fortunately, there is a convenient tool called the Wronskian that allows us to
verify linear independence more easily.

Definition 13.7. Let y1, 92, ..., yn be (n — 1)-times differentiable functions. We define their Wronskian

” 0 B
W(:L’) _ Z/l:x yQEfE ) yn:fﬂ
g V@) (@) ey ()

Let y1(z) = e and y5(x) = €**. Their derivatives are

The Wronskian of y; and y, is defined as

yi(7) yo(w)

W@ = @) )|

Substituting the functions and their derivatives gives

Computing the determinant,
W(x) =e" - 2e* — e** . % = 2% — &3 = 37,

It turns that the only thing we need to do to show that {y;(x), y2(x)} are linearly independent is to show
that the Wronskian is different from zero.
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Theorem 13.8. Consider a homogeneous linear ODE
Y + a1 (@)y" D 4 an (@)Y + ao(z)y =0,

where a; are continuous on an open interval I. Let y1,ys, ..., ¥, be solutions of this equation on I, and let
W be their Wronskian. These functions form a linearly independent set (and thus a fundamental system)
if and only if

Wi(x)#0 onl,

which is equivalent to the existence of some xq € I such that

W (xo) # 0.

The previous example shows that W (x) = €3, which is never zero. This implies that the functions
{e®, e*} are linearly independent and therefore form a fundamental system of solutions. Consequently,
the general solution of the equation 3" — 3y’ + 2y =0 is

y(x) = cre” + e

for ¢1,c0 € R.

We will be working with very specific kind of linear equation. Indeed, we will be working with the ones
who have constant coefficients.

Definition 13.9. By a linear ODE with constant coefficients we mean any linear ODE for which
ao(z) = ap, a1(z) = a1, ..., an_1(r) = a,_1 are constant functions.
We need to learn some new names before trying to solve these equations.
Definition 13.10. Consider a homogeneous linear ODE with constant coefficients
Y™ + a1y + -+ ay + agy = 0.
We define its characteristic polynomial as
PN = X"+ ap A" ag )\ + ag.

We define its characteristic equation as p(\) = 0. The solutions of this equation are called character-
istic numbers or eigenvalues of the given ODE.

Consider once again the equation y” — 3y’ + 2y = 0. The associated characteristic polynomial is
p(A) = A% —3X\ + 2, and therefore the characteristic equation is A> — 3\ + 2 = 0. The eigenvalues of this
equation are \; = 1 and Ay = 2 as one can see by solving the characteristic equation. Recall that we
previously claimed that the general solution of this equation is determined by the fundamental system
{e'® e**}. One may wonder whether the numbers 1 and 2 appearing in the exponents are merely a
coincidence with the eigenvalues of the characteristic equation. The answer is no, as the following result
shows.

Fact 13.11. Consider a homogeneous linear ODE with constant coefficients

y™ 4+ a, 1y 4 a4 agy = 0.

Let Ao be its characteristic number. Then y(z) = €% is a solution of this equation. If \i,..., \y are
distinct characteristic numbers of this equation, then {e*? ... e*?} is a linearly independent set of
solutions.
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Proof. Let us prove just the first part of this result. Consider the homogeneous linear ODE with constant
coefficients y™ + a,_1y™ Y + -~ + a1y + apy = 0 and define the linear differential operator L[y] =
Y™+ a,_1y™ Y 4 -+ a1y’ + agy. Let Ay be a characteristic number, i.e.

p(>\0) = )\g + an_l/\g_l + -4+ al)\o + ag = O

Set yo(w) = €. Since (e*?)*) = \feo? for every k, we obtain
Llyo] = L[e™"] = (/\S + g Ay an Ao + ao) % = p(Ng)e® = 0.
Hence yo(x) = € is a solution of the equation. O

In practice, to solve a homogeneous linear ODFE with constant coefficients, we proceed as follows.
First, we write the equation in the standard form 4™ + a,_ ;9™ Y + -+ + a1’ + apy = 0. Then we form
the characteristic polynomial p(A\) = A" +a,, _1A""' + -+ + a1\ + ao and solve the characteristic equation
p(A) = 0. Each root ); of this equation produces a solution y;(z) = €. If the roots Ay, ..., A, are distinct,
then the functions {e*?®, ... e*®} are linearly independent and form a fundamental system of solutions.
Finally, the general solution of the differential equation is obtained by taking a linear combination of these
functions, y(z) = c;eM® + - -+ + c,e’M® where ¢y, ..., ¢, are arbitrary constants.

What happens if the characteristic numbers Aq,..., Ay are not distinct? Let us see the following
example.

Example 13.12. We consider the Cauchy problem

y@ — 3y + 2y =0,
y(0) = 3,

y'(0) = -6,

y"(0) =13,

y"(0) = —22

The characteristic polynomial is
pA) =AM =3+ 22 = AN =320 +2) = AA - DA+ A —2) = A\ — 1)*(A +2).

Hence the characteristic numbers are A = 0, A = 1 (double root), and A = —2. One might be tempted to
conclude that the fundamental system is given by {1,e”, e 2*}. However, this cannot be correct, since a
fourth—order linear ODE requires four linearly independent solutions. Thus, we must find an additional
solution to complete the fundamental system and this is solved in the next result.

Fact 13.13. Consider a homogeneous linear ODE with constant coefficients
Y™ o ay" Y+ any + agy = 0.

Let Ao be its characteristic number with multiplicity m. Then, e*® xzero® . . 2™~1e*? are solutions of
this equation and they form a linearly independent set.

Let us go back to Example 13.12. From there and using the above fact, we have that the fundamental
system is given by
{1, 2 €%, e *}
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and therefore the general solution is given by
y(x) = C) + Coe” + Czze® + Che 2 = C) + (Cy + Csx)e” + Cye 2

for every x € R, where C}, Cs,Cs,C,; € R. Notice that we are not done yet. We have to deal with the
initial conditions still. For this, we compute derivatives

yl(l’) = (CQ + 0317 + C’3)6ac — 2046_2Z,

y”([E) = (Cg + Csx + QCg)Bx + 4046_236,
y"(z) = (Cy + Csz + 3C3)e” — 8Cye™ .

Evaluating at x = 0 gives the system

C1+Cy +Cy = 3,
Cy+ Cs5 —2C, = —6,
Cy 4205 +4Cy = 13,
Cy 4+ 3C5 — 8Cy = —22.

Solving yields C} =1, Cy = —1, C3 = 1, Cy = 3. Therefore, the solution of the Cauchy problem is
y(x) =1+ (z —1)e* + 3>

for every x € R.
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