18 Practice #6: Wednesday, March 25th, 2026

18.1 Solving general linear ODEs (undetermined coefficients)

18.2 Problem 1
We solve
Y +y=de tu,
2
1) =2e— -.
y(1) .
using the characteristic polynomial for the homogeneous equation and the method of undetermined coef-
ficients for a particular solution.

* Step 1. Consider the homogeneous equation ' + y = 0. Its characteristic polynomial is A + 1 = 0, so
A = —1. Therefore y, = Ce™™ is the general solution of the homogeneous equation.

* Step 2: Write the RHS as
b(z) = by(z) + ba(x)

where by(z) = 4e” and by(z) = x. By the superposition principle, if v, solves ' +y = by(z) and y,»
solves v/ +y = by(x), then y, = y,1 + yp2 solves ¥ +y = b(z).

* Step 3 Let us find a particular solution for b;(z) = 4e®. As the exponent together with the exponential
is 1 (which does not match with our characteristic number A = —1) and there is no sines and cosines, we
can try

Ypa = Ae”.

Then, y,; = Ae®, s0 y,, + yp1 = 2Ae”. Matching coefficients with 4e® gives 2A = 4, hence A = 2. Thus

Yp1 = 2e”.

* Step 4: Let us find a particular solution for by(x) = x. Since the RHS is a polynomial of degree 1 (notice
that, in this case, there is no exponential; well, there is, but in the form ¢°%)), we can try

Ypo = Az + B.

Then, y, , = A, and therefore y,, , +y,2 = A+ Av+ B = Az + (A + B). Matching coefficients with x gives
A=1and A+ B =0. Hence B = —1 and

Ypo2 = — L.
* Step 5. Combining the particular solutions, we obtain
yp = 2" +x — 1.

Thus the general solution is
Yy=yn+y,=Ce " +2"+ax—1.

* Step 6: Use the initial condition y(1) = 2e — % Substituting z = 1 gives
1 2
Ce " +2e+1—1=2e——.
e
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Hence % = —%, so C'= —2.

* Step 7. Therefore the solution of the initial value problem is
y(x) = —2e"+2e"+2x—1

for every = € R.

18.3 Problem 2

We explain how to construct the guesses for particular solutions in the table using the method of
undetermined coefficients. The general rule is the following: if the RHS has the form

b(x) = ¢ (Pu(x) cos(Bx) + Qu(x) sin(Bz)),
where P, and @), are polynomials of degree n, then we guess a particular solution of the form
yp = e (Pn(a:) cos(Bz) + Qn() sin(ﬁx)),

where P, and Q,, are polynomials of the same degree with unknown coefficients. If a + i is a root of
the characteristic polynomial with multiplicity m, then the whole guess must be multiplied by x™ as a
correction of the guess.

y" —4y' =0 y' -4y +4y =0 Lly] = b(x)
z-(Az+ B)-e (Az + B) - e ™ T-e
A-e* . cos(z) + B - e* - sin(x) A-e** - cos(z) + B -e** - sin(x) 3-e* . cosx
(Az? + Bz +C) -z Az*+ Bx +C 5z? — 1
(Az + B) - cos(mzx) + (Cx + D) sin(rz) || (Az + B) cos(rx) + (Cz + D) sin(rzx) || 13- x - cos(mx)
Ae® + x - Be*” Ae® + 2% - Be*® e’ — 3e*®
x - (Az + B) + Csin(3z) + D cos(3z) (Az + B) + C cos(3x) + D sin(3z) 2z — sin(3x)

Before explaining each row of the table, notice that the homogeneous equations are the same in all
cases. Indeed, the first two columns correspond to the differential operators

Lilyl=y" -4y and Loyl =y" — 4y + 4y.

The characteristic polynomial of L; is A* — 4\ = A(A — 2)(\ + 2), so the characteristic numbers are
A = 0,—2,2. The characteristic polynomial of L, is A\* — 4\ +4 = (A — 2)?, so the only characteristic
number is A = 2, with multiplicity 2.

x Case b(r) = ze **. The RHS has the form e 2* P (z), where P;(x) is a polynomial of degree 1. The
standard guess is therefore y, = (Az 4+ B)e™>*. For the equation y” — 4y’ = 0, the characteristic number
A = —2 appears with multiplicity 1. Hence we multiply the guess by x and obtain

y, = z(Az + B)e ",

For the equation y” — 4y’ + 4y = 0, the only characteristic number is A = 2, so —2 is not a root and the
standard guess remains
Y, = (Az + B)e ",
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x Case b(x) = 3ze** cosx. This term has the form e?* cos z. Therefore we take the guess
Yy, = e** (A cosz + Bsin x) = Ae*” cos(z) + Be*" sin(z).

The corresponding complex frequencies are a + i3 = 2 & 4. These are not characteristic numbers of either
homogeneous equation, so no additional factor of x is needed in both cases.

x Case b(z) = 5z*—1. This is a polynomial of degree 2, so the standard guess is y, = Az*+ Bxz+C. For
the equation y” — 4y’ = 0, the characteristic number A = 0 appears with multiplicity 1. Since polynomials
correspond to the exponential e, we must multiply the guess by x. Thus

y, = v - (Ax* + Bz + O).
For the equation y” — 4y’ + 4y = 0, 0 is not a characteristic number, so the guess remains

y, = Az’ + Br + C.

* Case b(z) = 13z cos(mz). This has the form P (z)cos(rz). Hence we guess
yp = (Azx + B) cos(mz) + (Cx 4+ D) sin(mz).

The corresponding complex numbers +i7 are not characteristic numbers of either homogeneous equation,
so the guess is the same in both columns.

x Case b(z) = e” — 3e?*. We treat each exponential separately. For e” we try Ae®. Since A = 1 is not a
characteristic number of either equation, this term does not need modification. For e** we check whether
A =2isaroot. For ¢y — 4y’ =0, A =2 is a root of multiplicity 1, so we multiply the guess by z, so

Y, = Ae® + x - Be*".
For ¢ — 4y’ + 4y = 0, A = 2 is a root of multiplicity 2, so we multiply by z2 and get
y, = Ae® + 2* - Be*.
* Case b(r) = 2z —sin(3z). We again treat each term separately. For 2z we start with the polynomial
guess Axz + B. For the equation y” — 4y’ = 0, A = 0 is a characteristic number, so we multiply by

x: x(Az 4+ B). For sin(3z) we use the trigonometric guess C cos(3z) + Dsin(3z). Since £3i are not
characteristic numbers of either equation, no extra power of x is required. Combining the terms gives

Yy, = - (Az + B) + Csin(3z) + D cos(3z)

for " — 4y’ = 0, and
yp = (Azx + B) + C cos(3x) + Dsin(3z)

for y" — 4y’ + 4y = 0.
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18.4 Problem 3

We solve
y" —y = 4sin(x) — 2z,
y(0) =3, ¢'(0)=0.

x Step 1: Consider the homogeneous equation y” —y’ = 0. Its characteristic polynomial is A2 — X\ = A(A—1),
so the characteristic numbers are A = 0 and A = 1. Therefore

Yh = Cl + Czem

is the general solution of the homogeneous equation.

* Step 2: Write the RHS as b(x) = by(z) + ba(z), where by(z) = 4sinz and by(xr) = —2z. By the
superposition principle, if y,; solves vy — ¢’ = by(z) and y, 2 solves y” — ¢/ = by(x), then y, = yp1 + Yp2
solves the whole equation.

* Step 3 Let us find a particular solution for b;(z) = 4sinz. Since the RHS has the form sinz, we try

Yp1 = Acosx + Bsinz

with no correction. Compute y,; = —Asinz + Bcosx and y, , = —Acosz — Bsinx. Hence, y,, — v, =
(—A — B)cosz + (A — B)sinz. Matching coefficients with 4sin x gives the system

_A-B=0,

A—B=4.

From the first equation B = —A. Substituting into the second gives 24 = 4, so A = 2 and B = —2.
Therefore
Yp1 = 2CO8ST — 28in .

* Step 4: Let us find a particular solution for by(z) = —2z. Since the RHS is a polynomial of degree 1,
Az + B. However, 0 is a root of the characteristic polynomial, so we need to add x and therefore y,, »
should be

Ypo = (Az + B) - x = Ax® + Buz.

Then, y, , = 2Ax + B and y, , = 2A. Hence y,, — ¥, , = 2A — (2Az + B) = —2Ar + (24 — B). Matching
coefficients with —2x gives —2A = —2 and 2A — B = 0. Thus A =1 and B = 2. Therefore

Yp2 = z? + 2z,
* Step 5. Combining the particular solutions we obtain
Yy, = 2cosT — 2sinz + 2° + 2z.
Thus the general solution is
y=1yn+y,=C1+ Coe” +2cosx — 2sinx + 2° + 2z.
* Step 6: Use the initial conditions. First, y(0) = C; + Cy + 2 = 3, so C; + Cy = 1. Next compute
y'(x) = Cye® — 2sinx — 2cosx + 2z + 2.
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Using y'(0) = 0 gives Cy —2+2 =0, so Cy = 0. Hence C; = 1.
* Step 7. Therefore the solution of the initial value problem is
y(r) =1+ 2cosx — 2sinx + 2° + 27

for every x € R.

18.5 Problem 4
We solve
y/// _ y// +y/ —y = 10621: —
and we study the rate of growth of the general solution as x — oo.

* Step 1. Consider the homogeneous equation y” — y” + vy —y = 0. Its characteristic polynomial is
A — A2+ X —1=(N+1)(A—1). Thus the characteristic numbers are A = 1 and A = +i. Therefore the
general solution of the homogeneous equation is

yp = Cre” + Cycosx + Cysin .
x Step 2: Write the RHS as b(z) = by () +by(x) where by (z) = 10€?® and by(x) = —z. By the superposition

principle, if y,, 1 solves ¥ —y" +vy' —y = by (z) and y, 5 solves ¥y —y" +y' —y = by(2), then y, = yp1 + yp2
solves the equation.

x Step 3: Let us find a particular solution for by (x) = 10e**. Since 2 is not a characteristic number, we try
Ypo = Ae®. Then, y | = 24, yy | = 4Ae*, y, = 8Ae®. Substituting gives

y]/:jl - y],;l + y;,,l - yp,l = (814 - 4A + 2A - A)eQm == 5A€2x.
Matching coefficients with 10e%* yields 5A = 10, hence A = 2. Thus

Yp1 = 2e%"
* Step 4: Let us find a particular solution for by(x) = —z. Since the RHS is a polynomial of degree 1, we
try ypo = Az + B. Then, y,, = A, y;, = 0 and y;’, = 0. Substituting into the equation gives
y;/;I,IQ - y;/;l,Q + y;),z —Ypo2=A— (Az + B) = Az + (A - B).
Matching coefficients with —x gives —A = —1 and A — B =0. Hence A=1and B =1, so

Yp2 =T + 1.

* Step 5. Combining the particular solutions, we obtain
Y, =2 + x4 1.
Therefore the general solution is

y=1yn+y,=Cie" + Cycosz + Cysinz + 2> +x + 1.

* Step 6. Let us study the rate of growth of the solution as x — co. The terms C5cosx and Cssinx
remain bounded, while z + 1 grows linearly. The term Cje® grows exponentially, and 2e** grows even
faster. Hence the dominant term as x — oo is 2¢22. Therefore every solution grows asymptotically like
e?® as x — oo, that is, y(x) ~ 2¢** as x — oo.
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18.6 Problem 5

For each equation we find the homogeneous solution y;, and guess a particular solution y, using the
method of undetermined coefficients. From these expressions we can determine the behavior of the solutions
as T — 00.

a) Consider 3’ — y = 9¢**. The homogeneous equation is y” —y = 0. Its characteristic polynomial is
N —1=A=-1)(A+1),s0 y, = Cie® + Cye ™. Since the RHS is 9¢** and A = 2 is not a characteristic
number, the particular solution is given by y, = Ae**. The general solution therefore has the form

y = Che” + Che™® + Ae.

As z — oo, the dominant term is Ae?*. Hence the solutions grow like €2®, that is, y(z) ~ Ae®.

b) Consider y” + 3y + 2y = sinz + 3cosz. The homogeneous equation is y” + 3y’ + 2y = 0. Its
characteristic polynomial is A24+3X\+2 = (A41)(A+2), so y5, = Cre™?+Che?*. Since the RHS contains sin x
and cos x and £ are not characteristic numbers, we consider the particular solution y, = Acosx + Bsinx.
The general solution therefore has the form

y=Cre 4 Che ?* + Acosz + Bsinz.

As ¥ — o0, the exponential terms decay to 0, while the trigonometric terms remain bounded. Hence the
solutions remain bounded as x — oo and there is no dominant terms at oo.

c) Consider y” — 4y’ + 4y = €**. The homogeneous equation is y” — 4y’ + 4y = 0. Its characteristic
polynomial is A\ — 4\ +4 = (A — 2)2, so y, = C1€*® + Coze®®. Since the RHS is €*® and A\ = 2 is a
characteristic number of multiplicity 2, we multiply the usual guess by 22 and consider the particular
solution y, = Axz?e®**. The general solution therefore has the form

y = C1e*" + Coxe®® + Ax?e™.
As & — oo, all terms behave like a polynomial times e?*. Hence the solutions grow like Az?e?*, that is,

y(z) ~ Az?e.

d) Consider y” — 4y = —8z. The homogeneous equation is y” — 4y = 0. Its characteristic polynomial
is A2 —4 = (A=2)(A+2), so y, = C1e** + Cye™>*. Since the RHS is a polynomial of degree 1 and 0 is not
a characteristic number, we try the particular solution y, = Az + B. The general solution therefore has
the form

y=C1e* + Che ™ 4+ Az + B.

As z — oo, the dominant term is C}e**. Hence the solutions grow like €**, that is, y(z) ~ C1e®.

18.7 Problem 6

We solve the following Cauchy problem

Y’ + 2y = 6e® — 2e** + 8cos(2x) + 4z,
y(0) =2,
y'(0) =2
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% Step 1: Consider the homogeneous equation y” + 2y’ = 0. Its characteristic polynomial is A\? + 2\ =
A(A + 2), so the characteristic numbers are A = 0 and A = —2. Therefore

yp = C) + Che™

is the general solution of the homogeneous equation.

x Step 2: Write the RHS as b(z) = by(x) + ba(z) + b3(z) + by(z), where by(x) = 6€”, by(z) = —2e 27,
bs(z) = 8cos(2z), by(r) = 4xz. By the superposition principle, if y,; solves y” + 2y’ = b;(z), then
Yp = Yp,1 + Yp2 + Yp3 + Ypa solves the whole equation.

* Step 3: Let us find a particular solution for b (z) = 6e*. Since A = 1 is not a characteristic number, we
try yp1 = Ae”. Then y,, = Ae®, Yp1 = Ae®. Hence y,, + 2y, = 3Ae®. Matching coefficients with
6e” gives 3A =6, so A = 2. Thus

Yp = 2€”.

x Step 4: Let us find a particular solution for by(z) = —2¢72*. Since A = —2 is a characteristic number
of multiplicity 1, we multiply the usual guess by z and try y,» = Aze 2*. Compute Yo = A(l — 2r)e%"
and y), = A(—4+4x)e . Hence y, , + 2y, , = —2Ae”*". Matching coefficients with —2e™* gives A = 1.
Therefore

Ypo = zE .
* Step 5. Let us find a particular solution for bs3(z) = 8 cos(2x). Since £2i are not characteristic numbers,
we try y3 = Acos(2z) 4+ Bsin(2z). Then y, 3 = —2Asin(2z) 4+ 2B cos(2x) and y, ;3 = —4Acos(2z) —
4Bsin(2z). Hence, y, 3 + 2y, 3 = (—4A + 4B) cos(2x) + (4B — 4A)sin(2x). Matching coefficients with
8 cos(2x) gives the system

—4B —4A =0.

From the second equation B = —A. Substituting into the first gives —84 = 8, s0 A = —1 and B = 1.
Thus

{—4A+4B =8,

Yps = — cos(2z) + sin(2z).

* Step 6: Let us find a particular solution for by(x) = 4x. Since the RHS is a polynomial of degree 1
and A = 0 is a characteristic number, we multiply the usual guess by z and try y,, = Az? + Bz. Then,
Yps = 2AT+ B, Yp4 = 2A. Hence, y; , + 2y, , = 4Ar+ (2A +2B). Matching coefficients with 4x gives
A=1and A+ B =0, so B= —1. Therefore

Ypa = T° — 7.
* Step 7. Combining the particular solutions, we obtain
Yp = 2¢* + xe > — cos(2x) + sin(2x) + 2° — z.
Thus the general solution is
y=1yn+yp, =C1+ Coe™* + 26" + ze™* — cos(2z) +sin(2z) + 2° — x
for every x € R.
* Step 8 Using that y(0) = 3/(0) = 1, we can find that C; = 0 and Cy = 1. Therefore,
y(r) = e + 2e" + e ** — cos(2x) + sin(2z) + 2° —

for every x € R.
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