27 Practice #9: Wednesday, April 15th, 2026

27.1 Solving homogeneous systems of ODE

27.2 Problem 1

Let us solve the system
{yi =2y1 — Y2,
Yo = 4y1 — 3ys,

with initial conditions y;(0) = 0 and y2(0) = —3. We first solve it by elimination. From the first equation,
we isolate ys:

Yo =2y1 — Yy
We now differentiate the first equation. This gives
Y =2y1 — Y.
Using the second equation, namely vy, = 4y; — 3y2, we obtain
i =25 — (dy1 = 3ya).
Substituting the expression ys = 2y; — ¥ into this equation, we get
=20 — 4y + 32y — 1)
Expanding and simplifying, this becomes
Yl ==y + 2y
Hence, 3, satisfies the second-order differential equation
Y +yp — 2y = 0.
We now solve this equation. The characteristic polynomial is
N+A-2=0.

Factoring, we obtain (A—1)(A+42) = 0, so the roots are A\ = 1 and A = —2. Therefore, the general solution
for gy is
y(z) = Cre” + Coe™*

for every x € R. We now recover y, from the relation y» = 2y; — y}. Since
yi (ZL') = Cleg” — 2026_2z,

we get
yg(l') = 2(0161: + 026_21:) — (C’lex — 2026_21:).
Thus,
yao(z) = Cre” 4 4Cye™ >
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for every z € R. Let us now solve the same system by using the matrix approach. We write the system in
matrix form as ' = Ay, where the matrix of the system is given by

2 —1
A= ( 2 - 3) .
We now compute the eigenvalues of A. The characteristic polynomial is

2—-A —1
det(A — ) :det< 4 _3_/\>.

Hence,
det(A—A)=(2—=N)(=3—=\)+4.

Expanding, we get
det(A— M) =X+ —2.

Therefore, the characteristic equation is A* + A — 2 = 0. Factoring, we obtain (A — 1)(\ +2) = 0, so the
eigenvalues are Ay = 1 and Ay = —2. Let us now find an eigenvector associated with \; = 1. We solve

(A—I)U=0. Since
1 -1
A—[:<4 _4),

we obtain the equation v; — vo = 0. Thus, one possible eigenvector is

Therefore, one solution of the system is

Next, we find an eigenvector associated with Ay = —2. We solve (A + 27)¥ = 0. Since

4 -1
wea- (1),

we obtain the equation 4v; — vy = 0. Thus, one possible eigenvector is

a- ()

Therefore, another solution of the system is

Since the eigenvalues are distinct, these two solutions are linearly independent. Hence, the general
solution of the system is

ylx) = Cugi(z) + Cagip ().

i(z) = Cy G) ¢+ Cy (i) e,
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That is,



Therefore, once again we have

y1(z) = Cre” + Coe ®*  and  yo(x) = Cre” + 4Che .

We conclude by imposing the initial conditions. From y;(0) = 0, we obtain C; + Cy = 0. From
y2(0) = =3, we obtain C; + 4Cy = —3. Since C; = —Cj, substituting into the second equation gives
—(C9 4+ 4C5 = —3. Hence, 3Cy, = —3, so Cy = —1 and therefore C; = 1. We conclude that

2x —2x

yi(x) =€ —e™* and yo(x) =€* —4de

Remark 27.1. Are the stationary solutions of this system stable? To determine the stationary solutions,
we impose y; = 0 and y, = 0. This gives the system

{ 201 —y2 =0,
4y1 — 3y2 = 0.

We have that y, = 0, and therefore also y» = 0. So the unique stationary solution is = 0. This stationary
solution is unstable. Indeed, the general solution of the system is

iz) = O (}) ¢ + C (i) 2,

If Cy # 0, then the term

dominates as z — +00. Since e® — 400 as & — +00, it follows that 7(z) does not remain close to 0, but
instead moves away from the origin. Therefore, the stationary solution = 0 is unstable.
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27.3 Problem 2

Example 27.2. As we have mentioned before, in many applications, especially in physics, engineering,
control theory and dynamical systems, it is common to denote the independent variable by ¢ rather than
x, since t usually represents time. Likewise, one often writes the unknown vector as Z(t) instead of ().
With this notation, derivatives are frequently written using dots. For instance, #; and 5 denote the
derivatives of x; and z, with respect to ¢t. Let us now solve the system

i'l =1 + Z2,
i’g = —2l’1 + 3172.
We write the system in matrix form as
T = Az,

where

(1),

We now compute the eigenvalues of A. The characteristic polynomial is

1—A 1
det(A—)\I):det< 9 3_)\>.

Hence, det(A — M) = (1 — \)(3 — \) + 2. Expanding, we get det(A — A\I) = A\? — 4\ + 5. Therefore, the
characteristic equation is A2 — 4\ + 5 = 0. Its discriminant is

A=(—4?—-4-1-5=16—-20=—4.

Thus, the eigenvalues are
A1:2+Z and )\2:2—1

Let us now find an eigenvector associated with A = 2 4 i. We solve (A — (2 +14)I)0 = 0. Since
. —1-7 1
A—(2+Z)I—< 5 1—2’)’
the first row gives (notice that the second row is the first one multiplied by (1 — 7))
(—1 — i)’Ul + Vo = 0.

Hence,
v = (14 4)vy.

Taking v; = 1, we may choose

Therefore, a complex-valued solution is
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Using Euler’s formula, we can write
et = e (cost + isint).
Thus,
Z(1) = <1 _1’_ z) (cost +isint).

We now extract the real and imaginary parts. First component is e*(cost + isint). So its real part is
e?! cost and its imaginary part is e* sint. For the second component, we compute

(14 1i)(cost +isint) = cost +isint +icost — sint.

Hence,
(141i)(cost +isint) = (cost — sint) + i(sint + cost).

Therefore, the real and imaginary parts give the two real solutions

fmmm:&< cost )am m@@pﬁ« sini )

cost —sint sint + cost
These two solutions are linearly independent. Hence, the general solution of the system is

Z(t) = C1ZW(t) 4+ CLE@ (1),

That is,
SN ot cost ot sint
T(t) = Cre (cost — sin t) + Cae (sint + cos t) '
Therefore,
z1(t) = C cos(t)e* + Cysin(t)e,
and

To(t) = Cy(cos(t) — sin(t))e* + Cy(sin(t) + cos(t))e*

for every x € R.
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27.4 Problem 3
Example 27.3. Let us solve the initial value problem

{3/1 = 2y1 — Yo,
Yy = =201 + Yo,

with initial conditions y;(1) = 1+ 2€® and y(1) = 2 + €*. We solve it by using the matrix approach. We
first write the system in matrix form /' = Ay where the matrix of the system is given by

2 -1
A= (_ o ) |
We start by computing the eigenvalues of A. The characteristic polynomial is

2—-X -1
det(A—)J)zdet( 9 1_)\>.

Hence,
det(A—=A)=2-=-N)(1-=-X)—2.

Expanding, we get det(A—\I) = A —3\. Therefore, the characteristic equation is \* =3\ = 0. Factoring,
we obtain A(A—3) = 0, so the eigenvalues are A\; = 0 and Ay = 3. Let us now find an eigenvector associated
with \; = 0. We solve AU = 0. We obtain the equation

201 — vy = 0.

Thus, one possible eigenvector is

Therefore, one solution of the system is

Next, we find an eigenvector associated with Ay = 3. We solve (A — 3I)¢' = 0. Since

-1 -1
o (L),

we obtain the equation v; + v, = 0. Thus, one possible eigenvector is

am (1),

Therefore, another solution of the system is



Since the eigenvalues are distinct, these two solutions are linearly independent. Hence, the general
solution of the system is

ylx) = Cugi(z) + Cagip ().

iz) = O (;) L (_11> ¢,

y(2) = Cp + Cye®  and  yy(x) = 20, — Che™

for every x € R. We now impose the initial conditions at = 1. This gives C} + Cye® = 1 + 2¢3 and
20, — Cye® = 2 + €3, Solving this system, we get that C; =1+ €® and Cy = 1. We then conclude that

@) = (1 +¢*) (;) 4 (_11> &

yi(r) =14+ e +e* and yy(x) =2+ 2% — &>

That is,

Therefore,

Thus,

for every x € R.

27.5 Problem 4

Let us convert the differential equation y"” 4 3y” — 2y’ — y = 0 into a first-order system. We introduce
new unknown functions by setting y; =y, y2 = v} = v/, y3 = v5 = y”". We now compute their derivatives.
Since y; = y, we have y; =y’ = y,. Since y, = v, we have v, = y” = y3. Finally, since y3 = y”, we have
ys = y". From the original differential equation,

y/ll + 3y// _ 2y/ _ y — 0’

we obtain
y/// — _Sy” _|_ 2y/ _|_ y

Using the definitions of 41, y2, and ys, this becomes
Y3 = —3ys + 242 + Y1
Therefore, the equation is equivalent to the system

yll = Y2,
y/2 = Vs,
Yy =1 + 2y — 3ys.
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