Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 1

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y/ — yQ
y(0) = —L.
2. a) Find the general solution of the equation y” + 2y’ = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y' +2y ="+ Tx+ 1.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Using the matrix approach, find a general solution of the system

yi = =2y — Y,
Yo = —Y1 — 2Ua.



Solutions for Variant 1

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

d d
y =y = —y:y2 — Y
dx Y

Integrating both sides, we get

1
/y‘zdyzfdx = —Q:x+C.

Hence,

1
x+C’

y:

Now we impose the initial condition y(0) = —1 and find that

1
0+C°

Therefore, C' = 1. Hence, the solution of the initial value problem is

1
r+1

y(z) =

The maximal interval containing 0 on which this solution is defined is (—1, 400).

a)

b)

c)

We consider the homogeneous linear equation y” 4+ 2y’ = 0. Its characteristic
equation is A\* + 2\ = 0. Factoring, we obtain A(A + 2) = 0. Therefore, the
characteristic roots are A\; = 0 and Ay = —2. Hence, the general solution is given
by

y(x) = Cy + Coe™ "

for every x € R.

As we have seen before, a typical solution has the form y(z) = C; +Cye™2*. Since
e — (0 as x — +o00, every solution satisfies y(x) — C; as z — +o0o. Thus,
every solution tends to a finite constant at infinity.

We now impose the initial conditions y(0) = —1 and ¢'(0) = 1. From the general
solution, y(z) = C; + Cye >, we can compute y/(z) = —2Cye~%*. Using the
initial conditions, we obtain

it Cy =1,
Solving this system, we find
1 1
01 — —5, Cg — —5

Therefore, the required solution is



3. We want to guess the general form of a particular solution for y” + 2y’ = e'® + Tz + 1.
We treat the right-hand side term by term and then apply the Superposition Principle.

* For the term e”, since 1 is not a root of the characteristic polynomial, we guess
a particular solution of the form Ae®.

* For the polynomial term of degree one given by 7z + 1, we would normally
guess a polynomial of degree 1, namely Bz + C. However, since 0 is a root of
the characteristic polynomial, we must correct this guess and multiply it by x.
Therefore, for this part we guess z(Bz + C) = Bz? + Cxz.

Hence, by the Superposition Principle, the general form of a particular solution is

y,(r) = Ae® + Ba® + Cx.

4. The matrix of this system is given by

-2 —1
A= <_1 - 2) |
Next, we find the eigenvalues from the characteristic equation as follows

2—-A -1

det(A — X) = “_1 P

‘:)\2+4>\+3.

Thus, A2 + 4\ + 3 = 0, that is, (A + 3)(A + 1) = 0. Therefore, the eigenvalues are
A1 = =3 and Ay = —1. For \; = =3, we solve (A — A\ I)7 = 0, that is,

(7)) 6)
i (1),

For \y = —1, we solve (A — A\o1)U = 0, that is,
-1 -1 v\ 0
-1 -1 (%) - 0/
. (1
Vo = _1)-

Hence, the general solution of the system is

One eigenvector is

One eigenvector is

g(.f) == 016_33%71 —+ 026_1172.

i) = Cre™ G) b Che (_11> .

Therefore, the solution of the system of ODEs is given by y1(z) = C1e™3% + Cye™® and
yo(x) = C1e™3" — Che™® for every x € R.

That is,



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 2

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y' = 2y?,
y(0) = —3.
2. a) Find the general solution of the equation y” — 3’ — 2y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y' —y — 2y =e* +8r —2.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

Yy = —2y1 + 4dyo,
yé = 2.



Solutions for Variant 2

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

d d
& =27 = = =2du.
dx

—_— y2

Integrating both sides, we get

1
/y_2dy=/2d:c - —§:29:+C'.

Hence,

1
2¢ +C

y:

Now we impose the initial condition y(0) = —1 and find that

1 1
2 0+C

Therefore, C' = 2. Hence, the solution of the initial value problem is

1

The maximal interval containing 0 on which this solution is defined is (—1, +00).

a)

We consider the homogeneous linear equation y” — 3’ — 2y = 0. Its characteristic

equation is A> — A\ — 2 = 0. Factoring, we obtain (A — 2)(\ + 1) = 0. Therefore,
the characteristic roots are Ay = 2 and Ay = —1. Hence, the general solution is
given by

y(z) = Cre** + Coe™ ™
for every x € R.

As we have seen before, a typical solution has the form y(z) = C1e?® + Chre™2.
Since e — 0 but e** grows exponentially as x — o0, every solution with
(1 # 0 is unbounded at infinity.

We now impose the initial conditions y(0) = —1 and y’(0) = 1. From the general
solution, y(z) = C1€** + Cye™™, we can compute y'(z) = 2C1€** —1Cye™*. Using
the initial conditions, we obtain

Ci+Cy=-1,
201 - 102 - 1
Solving this system, we find
Cl — 0, Cg =—1.

Therefore, the required solution is

y(r) = —e*, xR



3. We want to guess the general form of a particular solution for 3’ —1y/ —2y = €**+8x—2.
We treat the right-hand side term by term and then apply the Superposition Principle.

% For the term e%*, since 2 is a root of the characteristic polynomial, we must

correct the usual guess and multiply it by x. Therefore, for this part we guess
rAe*.

* For the polynomial term of degree one given by 8x — 2, since 0 is not a root of the
characteristic polynomial, we guess a polynomial of degree 1, namely Bx + C.

Hence, by the Superposition Principle, the general form of a particular solution is

y,(7) = vAe* + Bz + C.

4. The matrix of this system is given by

1= (W a)

Next, we find the eigenvalues from the characteristic equation as follows

2—X A4

det(A—)\I)—‘_ 0 2

’—)\Q—OA—AL.

Thus, A — 0\ — 4 = 0, that is, (A + 2)(A —2) = 0. Therefore, the eigenvalues are
A1 = —2and Ay = 2. For A\; = =2, we solve (A — A\ )7 = 0, that is,

(0 3) (2)- ()
i ().

For Ay = 2, we solve (A — A1) = 0, that is,

One eigenvector is

One eigenvector is

a= (1)

Hence, the general solution of the system is

’J(ZE) = 016_2:6171 + CQGQxUQ.

} e (1 (1
j(x) = Cre? <O> + Cye® (1> :

Therefore, the solution of the system of ODEs is given by y;(z) = Cie™2® + Cye?* and
yo(x) = Cae®® for every = € R.

That is,



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 3

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.
1. Find the solution of the initial value problem
{y’ =3y,
y(0) = 1.
2. a) Find the general solution of the equation y” — 4y’ + 4y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
Y — 4y + 4y = ¥ + 10z + 1.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

yll = —Y,
Yo = —4y1 + 3ye.



Solutions for Variant 3

1. First notice that this is a separable equation. So, for y # 0, we have that

dy _

d
=3y = Y~ 3da.
dz

—_— y2

Integrating both sides, we get

1

Hence,
B 1
(T
Now we impose the initial condition y(0) = 1 and find that
B 1
0+ C
Therefore, C' = —1. Hence, the solution of the initial value problem is
1

The maximal interval containing 0 on which this solution is defined is (—oo, %)

2. a) We consider the homogeneous linear equation y” — 4y’ +4y = 0. Its characteristic
equation is A2 — 4\ + 4 = 0. Factoring, we obtain (A — 2)(A — 2) = 0. Therefore,
the characteristic root is A = 2 with multiplicity two. Hence, the general solution
is given by

y(x) = C1* + Cywe

for every x € R.

b) As we have seen before, a typical solution has the form y(z) = Cie** + Cyze®®.
Since e%* grows exponentially as x — 400, every non-zero solution is unbounded
at infinity.

c) We now impose the initial conditions y(0) = —1 and ¢’(0) = 1. From the general
solution, y(z) = C1e**+Cyre** | we can compute 3/ (1) = 2C1€**+Che** +2Cyxe?.
Using y(0) = —1, we get

Cy=—1.

Using ¢/(0) = 1, we obtain
Therefore, the required solution is

y(x) = 3ze* —e**, z eR.



3. We want to guess the general form of a particular solution for ¢’ — 4y’ + 4y = ** +
10z + 1. We treat the right-hand side term by term and then apply the Superposition
Principle.

% For the term €%*, since 2 is a double root of the characteristic polynomial, we

must multiply the usual guess by z2. Therefore, for this part we guess z2Ae?*.

* For the polynomial term of degree one given by 10z + 1, since 0 is not a root of
the characteristic polynomial, we guess a polynomial of degree 1, namely Bx+C.

Hence, by the Superposition Principle, the general form of a particular solution is

y,(z) = 2°Ae** + Bz + C.

4. The matrix of this system is given by

-1 0
4= (_ h 3> |
Next, we find the eigenvalues from the characteristic equation as follows

I-Xx 0

det(A—)\[):‘__4 3\

’:A2—2)\—3.

Thus, A — 2\ — 3 = 0, that is, (A + 1)(A — 3) = 0. Therefore, the eigenvalues are
A1 = —1and Ay = 3. For A\; = —1, we solve (A — A\ )7 = 0, that is,

D)=
5= (1)

For Ay = 3, we solve (A — \y1)U = 0, that is,
—4 0 U1\ 0
—4 0 V2 o 0/
. (0
Vo = 1]

Hence, the general solution of the system is

One eigenvector is

One eigenvector is

§(z) = Cre 0, + Coe* .

i) = Cre® G) + Oy <(1)> .

Therefore, the solution of the system of ODEs is given by y;(z) = Cie™® and yy(z) =
Cre™™ 4 Cye3® for every x € R.

That is,



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 4

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.
1. Find the solution of the initial value problem
y = —y?
{y(O) =1
2. a) Find the general solution of the equation y” + 4y’ 4+ 4y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
Y 44y 4+ Ay = e 2 4+ 122 + 4.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

?Jll = dy1 — 4yo,
Yo = 2y1 — Ya.



Solutions for Variant 4

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

dy dy

/ 2 2

- — i _— =
dx Y y?

Yy =y = —dzx.

Integrating both sides, we get

1
/y_Qdyz—/d:c — —Q:—x+0.

Hence,

1
C—x

y=—

Now we impose the initial condition y(0) = 1 and find that

B 1
0+ C
Therefore, C' = —1. Hence, the solution of the initial value problem is
1

The maximal interval containing 0 on which this solution is defined is (—1, +00).

a)

We consider the homogeneous linear equation y” + 4y’ +4y = 0. Its characteristic
equation is A>+4\+4 = (. Factoring, we obtain (A42)(A+2) = 0. Therefore, the
characteristic root is A = —2 with multiplicity two. Hence, the general solution
is given by

y(z) = Cre™ + Cyze ™™

for every x € R.

As we have seen before, a typical solution has the form y(z) = C1e™2* + Coze™22.
Since e7?* — 0 as © — +o00, and the exponential decay dominates the linear
factor, every solution satisfies y(z) — 0 as x — +o0.

We now impose the initial conditions y(0) = —1 and ¢'(0) = 1. From the general
solution, y(z) = Cie™%® + Cyre™2®, we can compute y'(z) = —2Ce" 2 Che 2" —
2Cyxe®. Using y(0) = —1, we get

Cy=—-1.
Using ¢/(0) = 1, we obtain
Co+-201=1 = 0+-2(-1)=1 = Cy=-1.
Therefore, the required solution is

y(r) = —e ¥ —ze ™, xR



3. We want to guess the general form of a particular solution for y” + 4y’ + 4y = e ™2 +
12z + 4. We treat the right-hand side term by term and then apply the Superposition
Principle.

% For the term e~2%, since —2 is a double root of the characteristic polynomial, we

must multiply the usual guess by z2. Therefore, for this part we guess z2Ae=22.

* For the polynomial term of degree one given by 12z + 4, since 0 is not a root of
the characteristic polynomial, we guess a polynomial of degree 1, namely Bx+C'.

Hence, by the Superposition Principle, the general form of a particular solution is

yy(r) = 2*Ae™ + Bx + C.

4. The matrix of this system is given by

=501

Next, we find the eigenvalues from the characteristic equation as follows

5—A —4

det(A—)J)—‘ 5 _1_)

’—A2—4A+3.

Thus, A — 4\ + 3 = 0, that is, (A — 1)(A — 3) = 0. Therefore, the eigenvalues are
A1 =1 and Ay = 3. For A\; = 1, we solve (A — A\ I)7 = 0, that is,

b 2) ()-0)
i ().

For Ay = 3, we solve (A — A1) = 0, that is,

One eigenvector is

One eigenvector is

Hence, the general solution of the system is

g(l’) = Clexﬁl + 02631:?72.

i(x) = Cye® G) b Che @ .

Therefore, the solution of the system of ODEs is given by y(z) = Cie® + 2C5e*® and
yo(z) = Cre® + Cye’® for every x € R.

That is,

12



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 5

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y' = 4y?,
y(0) = -7
2. a) Find the general solution of the equation y” — 3y’ + 2y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y" — 3y + 2y = e** + 14z — 3.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

yi = 3y1 — Y2,
Yo = —y1 + 3y2.



Solutions for Variant 5

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

d d
d =4y = Y 4de.
dz

—_— y2

Integrating both sides, we get

1
/y_2dy=/4d:c - —§:49:+C'.

Hence,
1
YT Ty o
Now we impose the initial condition y(0) = —1 and find that
11
4 0+C

Therefore, C' = 4. Hence, the solution of the initial value problem is

1

The maximal interval containing 0 on which this solution is defined is (—1, +00).

a)

We consider the homogeneous linear equation y” — 3y’ +2y = 0. Its characteristic
equation is A\ — 3\ 4+ 2 = 0. Factoring, we obtain (A — 1)(A — 2) = 0. Therefore,
the characteristic roots are Ay = 1 and Ay = 2. Hence, the general solution is
given by

y(x) = Cre” + Coe*”

for every x € R.

As we have seen before, a typical solution has the form y(z) = Cie!® + Cye®®.
Since both exponential terms grow as x — —+o00, every non-zero solution is un-
bounded at infinity.

We now impose the initial conditions y(0) = —1 and y’(0) = 1. From the general
solution, y(x) = C1e® + C1e**, we can compute 3/ (z) = 1C1e® + 2Cye**. Using
the initial conditions, we obtain

Ch 4+ Cy = —1,
101 + 202 = 1
Solving this system, we find
Cl = —3, CQ - 2

Therefore, the required solution is

y(z) = —3¢" +2e**, xR,



3. We want to guess the general form of a particular solution for ¢’ — 3y’ + 2y = €** +
14x — 3. We treat the right-hand side term by term and then apply the Superposition
Principle.

% For the term e%*, since 2 is a root of the characteristic polynomial, we must

correct the usual guess and multiply it by x. Therefore, for this part we guess
rAe*.

* For the polynomial term of degree one given by 14z — 3, since 0 is not a root of
the characteristic polynomial, we guess a polynomial of degree 1, namely Bx+C'.

Hence, by the Superposition Principle, the general form of a particular solution is

y,(7) = 1Ae* + Bz + C.

4. The matrix of this system is given by

3 -1
(5
Next, we find the eigenvalues from the characteristic equation as follows

33— -1

det(A—)\I):‘ 1 a_

‘:)\2—6/\+8.

Thus, A\ — 6\ + 8 = 0, that is, (A — 2)(A — 4) = 0. Therefore, the eigenvalues are
A1 =2 and Ay = 4. For A\; =2, we solve (A — A\ )7 = 0, that is,

)

One eigenvector is

One eigenvector is

Hence, the general solution of the system is

g(l’) = 0162:10771 + (7264’”172.

jlx) = Cre* G) + Coe™ (_11) -

Therefore, the solution of the system of ODEs is given by y(z) = C1e* + Cye?® and
yo(x) = C1e*® — Che’® for every = € R.

That is,

15



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 6

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y' =2y,
y(0) = 3.
2. a) Find the general solution of the equation y” + 3y’ + 2y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y' 4+ 3y +2y=e" + 16z — 1.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

Yy = —4y1 + dyo,
Yy = 0.



Solutions for Variant 6

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

d d
d =2 = Y 9de.
dz

—_— y2

Integrating both sides, we get

1
/y_2dy=/2d:c - —§:29:+C'.

Hence,

1
2¢ +C

y:

Now we impose the initial condition y(0) =  and find that

I 1
2 0+C
Therefore, C' = —2. Hence, the solution of the initial value problem is
1

The maximal interval containing 0 on which this solution is defined is (—oo, 1).

a)

We consider the homogeneous linear equation 3" + 3y’ + 2y = 0. Its characteristic
equation is A + 3\ + 2 = 0. Factoring, we obtain (A + 1)(A +2) = 0. Therefore,
the characteristic roots are A\; = —1 and A\ = —2. Hence, the general solution is
given by

y(r) = Cre " + Che™**

for every x € R.

As we have seen before, a typical solution has the form y(z) = Cie™ + Che™2*.
Since both exponential terms decay to 0 as x — 400, every solution satisfies
y(x) = 0 as z — +o0.

We now impose the initial conditions y(0) = —1 and y’(0) = 1. From the general
solution, y(x) = Cie™® + Coe™2*, we can compute y'(x) = —1C1e™" — 2Cye 2.
Using the initial conditions, we obtain

Ch+Cy= —1,
Oy =20, = 1.

Solving this system, we find
Cl - —1, CQ - O
Therefore, the required solution is

y(x)=—e* zekR



3. We want to guess the general form of a particular solution for y” + 3y’ + 2y = e~ 1% +
16z — 1. We treat the right-hand side term by term and then apply the Superposition
Principle.

* For the term e™*, since —1 is a root of the characteristic polynomial, we must

correct the usual guess and multiply it by x. Therefore, for this part we guess
TAe ",

* For the polynomial term of degree one given by 16z — 1, since 0 is not a root of
the characteristic polynomial, we guess a polynomial of degree 1, namely Bx+C'.

Hence, by the Superposition Principle, the general form of a particular solution is

yp(r) = xAe™ + Bx + C.
4. The matrix of this system is given by
—4 4
A= ( ; O) |
Next, we find the eigenvalues from the characteristic equation as follows

—4 - A 4

det(A—)\I):‘ 0 0_ 1\

‘:A2+4/\+0.

Thus, A\? + 4\ + 0 = 0, that is, (A +4)(A — 0) = 0. Therefore, the eigenvalues are
A = —4 and Ay = 0. For A\; = —4, we solve (A — A\ )7 = 0, that is,

(0 3) (2)- ()
i ().

For Ay = 0, we solve (A — A\ 1)U = 0, that is,

U1 . 0
={y)-

.

Vo = 1)

Hence, the general solution of the system is

One eigenvector is

/—l\
o»h
[@nJTEN

~—__

R
S
(&)

One eigenvector is

g(l‘) = 016_4%71 + 02172.

j(x) = Cre ™ <(1)> LG G) .

Therefore, the solution of the system of ODEs is given by y;(z) = Cre % 4+ C5 and
y2(x) = Cy for every = € R.

That is,

18



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 7

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y = =3y
y(0) = 3.
2. a) Find the general solution of the equation y” — 2y’ = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y' — 2y =e" + 51— 2.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

yi = —Y,
Yo = —2y1 + 2.



Solutions for Variant 7

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

/

d d
92—392 - —y=—3y2 - —g:—3dx.

dx Yy

Integrating both sides, we get

1
Q/w%wzf—&m — _QZ_%+O'

Hence,

Pl

Now we impose the initial condition y(0) = 3 and find that

11
3 0+C
Therefore, C' = —3. Hence, the solution of the initial value problem is
1
vie) =g

The maximal interval containing 0 on which this solution is defined is (—1, +00).

a)

c)

We consider the homogeneous linear equation y” — 2y’ = 0. Its characteristic
equation is A2 — 2\ = 0. Factoring, we obtain A(A — 2) = 0. Therefore, the
characteristic roots are Ay = 0 and Ay = 2. Hence, the general solution is given
by

y(x) = O1 4+ Core*”

for every x € R.

As we have seen before, a typical solution has the form y(x) = C; + Cye*®. Since
e?® — +oo0 as ¥ — 400, every solution with Cy # 0 is unbounded at infinity.
The only solutions that remain bounded are the constant ones, obtained when
Cy = 0.
We now impose the initial conditions y(0) = —1 and ¢'(0) = 1. From the general
solution, y(x) = Cy + Cye**, we can compute y'(z) = 2C2¢?*. Using the initial
conditions, we obtain

Ch 4+ Cy = —1,

20, = 1.

Solving this system, we find

Therefore, the required solution is

3 1
y(z) = 5 + 562’”, r € R.



3. We want to guess the general form of a particular solution for 3’ — 2y’ = ' + 5z — 2.
We treat the right-hand side term by term and then apply the Superposition Principle.

* For the term e”, since 1 is not a root of the characteristic polynomial, we guess
a particular solution of the form Ae®.

* For the polynomial term of degree one given by 5x — 2, we would normally
guess a polynomial of degree 1, namely Bx + C'. However, since 0 is a root of
the characteristic polynomial, we must correct this guess and multiply it by x.
Therefore, for this part we guess z(Bz + C) = Bz? + Cxz.

Hence, by the Superposition Principle, the general form of a particular solution is

yp(r) = Ae® + Ba® + Cu.

4. The matrix of this system is given by

a=(30)

Next, we find the eigenvalues from the characteristic equation as follows

1-Xx 0

det(A — \) = “_2 1y

‘:)\2—0/\—1.

Thus, A* — 0A — 1 = 0, that is, (A + 1)(A — 1) = 0. Therefore, the eigenvalues are
A1 = —1and Ay = 1. For A\; = —1, we solve (A — A\ )7 = 0, that is,

(52 () 6)
i (1),

For Ay = 1, we solve (A — A1) = 0, that is,
-2 0 U1\ 0
-2 0 (%) - 0/
. (0
Vo = 1]

Hence, the general solution of the system is

One eigenvector is

One eigenvector is

y(x) = Cre 1) + Coe™ .

i) = Cre® G) + Cyet G’) .

Therefore, the solution of the system of ODEs is given by y;(x) = Cie™® and yy(z) =
Cre™™ + Cye” for every x € R.

That is,
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Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 8

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y' = 5y?,
y(0) = —3.
2. a) Find the general solution of the equation y” + ¢’ — 2y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 1.

3. Consider the equation
y'+y —2y=¢€"+ 62+ 3.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

?Jll = 9y; — 8ya,
vy = 4y — 3y».



Solutions for Variant 8

1. First notice that this is a separable equation. So, for y # 0, we have that

dy _

d
dx

—

Integrating both sides, we get

1
/ZJQdy:/5d$ — ——=5r+C.

Y
Hence,
B 1
Y= Tt O
Now we impose the initial condition y(0) = —% and find that
11
5 04C

Therefore, C' = 5. Hence, the solution of the initial value problem is

1
50 +5

y(r) =
The maximal interval containing 0 on which this solution is defined is (—1, +00).

2. a) We consider the homogeneous linear equation y” + 3" — 2y = 0. Its characteristic
equation is A + A — 2 = 0. Factoring, we obtain (A — 1)(\ + 2) = 0. Therefore,
the characteristic roots are A\; = 1 and Ay = —2. Hence, the general solution is
given by

y(z) = Cre” + Coe "

for every x € R.

b) As we have seen before, a typical solution has the form y(z) = Cie® + Che 2.
Since e72* — 0 but e® grows exponentially as x — o0, every solution with
C1 # 0 is unbounded at infinity.

¢) We now impose the initial conditions y(0) = —1 and y'(0) = 1. From the general
solution, y(z) = C1e® + Cye™*, we can compute y'(z) = 1C1e* — 2Cye~%*. Using
the initial conditions, we obtain

Cit Co= -1,
1Cl — 202 =1.
Solving this system, we find
2
Cy=—- Cy=—-.
1 3 ) 2 3
Therefore, the required solution is
1 2
y(z) = —=e*— e, xR



3. We want to guess the general form of a particular solution for ¢y’ +y'—2y = e*+6x+3.
We treat the right-hand side term by term and then apply the Superposition Principle.

* For the term e*, since 1 is a root of the characteristic polynomial, we must correct
the usual guess and multiply it by x. Therefore, for this part we guess xAe”.

* For the polynomial term of degree one given by 6x + 3, since 0 is not a root of the
characteristic polynomial, we guess a polynomial of degree 1, namely Bz + C.

Hence, by the Superposition Principle, the general form of a particular solution is

Yp(z) = xAe” + Bx + C.

4. The matrix of this system is given by

9 -8
A= ( ’ _3> |
Next, we find the eigenvalues from the characteristic equation as follows

9—- A -8

det(A—)J)—‘ 4 _3_)

’—A2—6)\+5.

Thus, A> — 6A + 5 = 0, that is, (A — 1)(A — 5) = 0. Therefore, the eigenvalues are
A1 =1 and Ay = 5. For A\; = 1, we solve (A — A\ )7 = 0, that is,

G20 -6)

One eigenvector is

One eigenvector is

a2

Hence, the general solution of the system is

g(l’) = C’lexﬁl + 02651:?72.

i) = Cre® G) b Che®™ (f) .

Therefore, the solution of the system of ODEs is given by ;(x) = C1e® 4+ 2C%¢%® and
yo() = Cre® + Cyed® for every x € R.

That is,

24



Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 9

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y =y
y(0) = 3.
2. a) Find the general solution of the equation y” — 3’ — 6y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = —1 and ¢/(0) = 2.

3. Consider the equation
y' —y — 6y =e 2 +8x — 2.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

YL = Y1 — Yo,
Yo = —Y1 + 2.



Solutions for Variant 9

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

dy dy

/ 2 2

_ = :> R
dr Y y?

y =y - dz.

Integrating both sides, we get

1
/y‘Qdyz/d:c — —;zx—kC.

Hence,

1
x+C

y:

Now we impose the initial condition y(0) =  and find that

I 1
2 0+C
Therefore, C' = —2. Hence, the solution of the initial value problem is
1

The maximal interval containing 0 on which this solution is defined is (—o0, 2).

a)

We consider the homogeneous linear equation 3" — ¢y’ — 6y = 0. Its characteristic
equation is A? — A — 6 = 0. Factoring, we obtain (A — 3)(\ + 2) = 0. Therefore,
the characteristic roots are Ay = 3 and Ay = —2. Hence, the general solution is
given by

y(x) = C1* + Coe™ >

for every x € R.

As we have seen before, a typical solution has the form y(z) = C1e3* + Chye™2*.
Since e?* — 0 but €3* grows exponentially as x — +o00, every solution with
(1 # 0 is unbounded at infinity.

We now impose the initial conditions y(0) = —1 and y’(0) = 2. From the general
solution, y(r) = C1e3 + Cye 2, we can compute y'(x) = 3C 3 — 202,
Using the initial conditions, we obtain

Ch+ Cy = —1,
3C, — 20, = 2.

Solving this system, we find
Cl - O, Cg = —1.
Therefore, the required solution is

y(x) = —e =, zeR.



3. We want to guess the general form of a particular solution for ¢ —1'—6y = e 2*+8x—2.
We treat the right-hand side term by term and then apply the Superposition Principle.

% For the term e~2%, since —2 is a root of the characteristic polynomial, we must

correct the usual guess and multiply it by x. Therefore, for this part we guess
rAe T,

* For the polynomial term of degree one given by 8x — 2, since 0 is not a root of the
characteristic polynomial, we guess a polynomial of degree 1, namely Bx + C.

Hence, by the Superposition Principle, the general form of a particular solution is

yy(r) = vAe”* + Br + C.

4. The matrix of this system is given by

1 -1
A= <_1 : ) |
Next, we find the eigenvalues from the characteristic equation as follows

det(A — \I) =

1-X -1
-1 1-A

‘—A2—2A+0.

Thus, A2 —2X + 0 = 0, that is, (A — 0)(\ —
A1 =0 and Ay = 2. For \; = 0, we solve (

() =6)
()

For Ay = 2, we solve (A — A1) = 0, that is,

G ) () -0

0. Therefore, the eigenvalues are
U=

) pu—
— 1) 0, that is,

One eigenvector is

One eigenvector is

Hence, the general solution of the system is

g([L‘) = 01171 + Cg@zxﬁz.

i(z) = C, G) b Cye (_11) .

Therefore, the solution of the system of ODEs is given by yi(z) = C; + Cye* and
yo(z) = Oy — Cre?® for every x € R.

That is,
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Midterm
2025-2026 - 2nd semester
Differential Equations and Numerical Methods
(BE5SBO1DEN)
Prague, Dejvice, April 21st, 2026
Variant 10

Surname/Name:

(in CAPITAL LETTERS)

* The test is worth 20 points in total and 10 points are required for zdpocet.
* Calculators are not allowed.

* Each problem is worth 5 points.

1. Find the solution of the initial value problem

y =27
y(0) = —3.
2. a) Find the general solution of the equation y” + ¢’ — 6y = 0.

b) Discuss its typical behaviour at infinity.
c¢) Find the solution given by the initial conditions y(0) = 1 and 3/(0) = 2.

3. Consider the equation
y' +1y — 6y =e* + 10z + 1.

Guess the general form (do not find the constants) of a particular solution y,,.

—~

. Find a general solution of the system

Yy = —2y1 + 6yq,
yé = 4ys.



Solutions for Variant 10

1. First notice that this is a separable equation. So, for y # 0, we have that

2.

d d
Y _ -2y = —‘g = —2dx.
dx Yy

/

y = -2

—

Integrating both sides, we get

1

Hence,
1
S — +C’
Now we impose the initial condition y(0) = —% and find that
11
2 0+C

Therefore, C' = 2. Hence, the solution of the initial value problem is

1

y(z) = 57— 3"

The maximal interval containing 0 on which this solution is defined is (—o0, 1).

a)

We consider the homogeneous linear equation 3" + 13’ — 6y = 0. Its characteristic
equation is A> + A — 6 = 0. Factoring, we obtain (A — 2)(\ + 3) = 0. Therefore,
the characteristic roots are Ay = 2 and A\y = —3. Hence, the general solution is
given by

y(x) = C1e* + Coe™ "

for every x € R.

As we have seen before, a typical solution has the form y(x) = C1e** + Cye™37.
Since e73* — 0 but e?* grows exponentially as © — +o00, every solution with
(' # 0 is unbounded at infinity.

We now impose the initial conditions y(0) = 1 and 4'(0) = 2. From the general
solution, y(z) = C1e** + Cye 3% we can compute y'(z) = 2C1e** — 3Cye 3%,
Using the initial conditions, we obtain

Ch+Ch=1,
20, — 3C, = 2.

Solving this system, we find



3. We want to guess the general form of a particular solution for ¢’/ +y'—6y = e**+10x+1.
We treat the right-hand side term by term and then apply the Superposition Principle.

% For the term e%*, since 2 is a root of the characteristic polynomial, we must

correct the usual guess and multiply it by x. Therefore, for this part we guess
rAe*.

* For the polynomial term of degree one given by 10z + 1, since 0 is not a root of
the characteristic polynomial, we guess a polynomial of degree 1, namely Bx+C'.

Hence, by the Superposition Principle, the general form of a particular solution is

y,(7) = vAe* + Bz + C.

4. The matrix of this system is given by

-2 6
A= ( ; 4> |
Next, we find the eigenvalues from the characteristic equation as follows

2—X 6

det(A—)\I)—‘_ 04—

’—)\2—2>\—8.

Thus, A — 2\ — 8 = 0, that is, (A + 2)(A —4) = 0. Therefore, the eigenvalues are
A1 = —2and Ay = 4. For A\; = =2, we solve (A — A\ )7 = 0, that is,

(0 8) (2)- ()
i ().

For Ay = 4, we solve (A — A1) = 0, that is,

One eigenvector is

One eigenvector is

a= (1)

Hence, the general solution of the system is

’J(ZE) = 016_2:6171 + 0264x172.

} e (1 (1
j(x) = Cre? <O> + Cye? (1> :

Therefore, the solution of the system of ODEs is given by y;(z) = Cie™2® + Cye'® and
ya(x) = Coel® for every x € R.

That is,

30



