23 Lecture #16: Wednesday, April 8th, 2026

23.1 The optimal in the relaxation procedure

We now ask whether there is a way to determine an optimal A in the relaxation procedure (see Definition
22.13). We begin with the following observation. Let us return to our fixed-point problem ¢(z) = x. Since
we can rewrite this equation as ¢(z) — 2 = 0, we may look for a point xq such that zo > ¢(z() and another
point x1 such that z; < ¢(x1). This implies that p(z9) — x¢ < 0 and ¢(x1) — 21 > 0. By the Intermediate
Value Theorem, there exists x; € [zg, 2] such that ¢(zs) — xf = 0, that is, x; is a fixed point of .
Therefore, we can narrow down the interval to which x; belongs.

This implies that we can start our iterations from a point close to the unknown fixed point z ¢, say .
We may then ask whether the derivative of ¢ is small near this point (. If it is, then there is a chance
that the iteration xyy1 = @(x) will converge. If this is not the case, one should instead consider using
relaxation. Thus, we define

oa(x) = dp(x) + (1 = N)z.

Since we are interested in flat functions (see Theorem 22.11), our goal is to choose A so that the function
@y is as flat as possible. This occurs when ¢y = 0. The key point, however, is to determine around
which point this should happen. In the best-case scenario, this would occur at xy, but since this point
is unknown, we instead consider a nearby point z and study the equation ¢ (z9) = 0. In this case, we

obtain
A () +(1=A)-1=0 = 1=X\=A¢(29),

and therefore the optimal value of A\, denoted by Ao, near the point zy is given by

1

T (e PTENE (26)

>\opt =
Example 23.1. Consider once again the equation cos(z) = z. In this case, we have ¢(z) = cos(x). If we
apply (26) at zo = 0, then
1 1
1 +sin(zg) 1+sin(0)

)\opt = )

which does not seem to perform well (see Figure 115).
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> lamb:=1.0:

myphi:=cos(x) :

Root (givenphi-x,xinit=xstart, method=[fixedpoint,lamb*myphi+ (l-lamb) *x], tolerance=0.001,digits=T);
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Figure 115: The fixed-point method (relaxation) with Aoy = 1.

On the other hand, if we start with g = 0.7, then we obtain

1
Aopt = —————— ~ 0.61
PY T 1 4+ 5in(0.7) 0.

and in this case Maple requires only 4 iterations (see Figure 116), which matches the number of iterations
needed by Newton’s method (also in Figure 116).

> lamb:=0.61:

myphi:=cos (x) :

Root (givenphi-x,xinit=xstart method=[fixedpoint, lamb*myphi+ (l-lamb) *x], tolerance=0.001,digits=T7);
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> Root(givenphi-x,xinit=xstart,method=newton,tolerance=0.001,digits=7);
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Figure 116: The fixed-point method (relaxation) with Ap &~ 0.61.

In the graph in Figure 117 we can see the comparison between the cos(x) function (in blue) and the
graph of A\gg1(x) in the green. The figure shows that the relaxed fixed-point function is substantially
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flatter than the original map ¢(x) on the interval under consideration, especially near the intersection
with the line y = x, which represents the fixed point. This is precisely the desired effect of relaxation:
instead of working with the steeper curve ¢(x), we replace it with a function whose slope has smaller
magnitude around the solution, thereby making the fixed-point iteration more stable and, in principle,
faster to converge. In particular, the green curve appears to be almost horizontal near the fixed point,
which suggests that the choice of X is effective.

> plot([x,givenphi,lamb*givenphi+ (l-lamb) *x] ,x=0..1,scaling=constrained,color=[red,navy,green],h legend=["x",
"phi" ,"relaxed phi"]);
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Figure 117: The optimal Aoy ~ 0.61.

23.2 Root finding through fixed points (relaxation for root problems)

Suppose we are once again trying to solve an equation of the form f(z) = 0. As we have seen, we
may use the bisection, Newton, or secant methods. Let us now consider a different approach based on the
fixed-point method. Starting from the equation f(z) = 0, we add = to both sides and obtain

flz)+z=uw.

If we now define ¢(z) := f(x) + x, then we obtain a fixed-point problem. We will apply relaxation. In
this case, we have

ea(z) = AMf(z) +2) + (1 — Az = Af(z) + 2.

Assume now that we have already applied some iterations to this function ¢, and obtained a point
xy. How can we find an optimal value of A around zy, denoted by Aopix? We apply formula (26) at zy as

before and obtain
1 1 1

L—¢'(zr) 1= (flan)+1)  flae)

Aopt,lc =
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Now the iteration formula becomes
1
Tkl = @Aom,k(fﬂk) = —m f(xr) + .

In other words,

Lh+1 = Tk — flow)

[ (@)
which is exactly Newton’s method. This perspective helps explain the remarkable efficiency of Newton’s
method: rather than being viewed merely as a root-finding algorithm, it can be understood as a relaxed
fixed-point iteration in which the parameter A is chosen optimally at every step. In this sense, Newton’s
method is not just fast by accident; its speed comes from adapting the iteration so that the associated

fixed-point map is as flat as possible near the current iterate.

23.3 Review of analytic methods: recognizing the appropriate technique

Before solving a differential equation, one of the most important steps is to recognize its form and decide
which method is appropriate. In this course, there are three analytic methods that we have emphasized:
separation of variables the method of guessing undetermined coefficients, and variation of parameters.
Each of them applies only under specific structural conditions. A first-order equation is a good candidate
for separation of variables when it can be written in the form y' = f(z)g(y), so that all the terms
involving y can be moved to one side and all the terms involving x to the other. The method of guessing
is used for linear equations with constant coefficients and a special right-hand side, such as polynomials,
exponentials; sines, cosines, or products of these. Finally, variation of parameters applies to linear
equations, either first order or higher order, and is particularly useful when the equation is not separable
and the right-hand side is not of the special form required for guessing. The following examples are
intended as a review of how to recognize which method can be used in principle.

Example 23.2. Consider the differential equation
., 22+l

Yy = m

This is a first-order equation, and it is naturally written as
(4 1)y =2+ 1.
Hence, it can be rewritten in separated form as
(v* + 1) dy = (z° + 1) dz.
Therefore, the correct method here is separation of variables.
Example 23.3. Consider the differential equation
Y — 4y + 13y = €** cos(3x).

This is a linear second-order equation with constant coefficients. Moreover, the right-hand side is of a
very special type, namely an exponential times a trigonometric function. For equations of this form, the
appropriate method is guessing (also called the method of undetermined coeflicients). Indeed, one looks
for a particular solution of the form

Yy, = e** (A cos(3z) + Bsin(3x)).

Thus, this is a standard example where guessing can be used in principle.
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Example 23.4. Consider the differential equation
, 2
y' + —y = In(z), x> 0.
x

This is a linear first-order equation, so it is not treated by guessing, since that method is designed for
linear equations with constant coefficients and special right-hand sides. It is also not naturally separable,
because the terms involving y and the terms involving x cannot be split into a product of the form f(x)g(y).
Therefore, the appropriate method here is variation of parameters in the first-order setting. The key point
is that the equation is linear, but neither separable nor of the special constant-coefficient type required for
guessing.

Example 23.5. Consider the differential equation
y" 4y = tan(z).

This is a linear second-order equation with constant coefficients, but the right-hand side tan(x) is not one
of the standard forcing terms for which guessing works well. In particular, it is not a polynomial, not
a pure exponential, not a sine or cosine alone, and not a finite combination of the usual types used in
undetermined coefficients. Therefore, the method of guessing is not appropriate here. The equation is also
clearly not separable, since it is of second order and linear. Hence, the correct method to use in principle
is variation of parameters. This is precisely the kind of example where variation of parameters becomes
necessary because the equation is linear, but the forcing term is not suited to guessing.

23.4 Review of eigenvalues and eigenvectors

Let us briefly review how to compute eigenvalues and eigenvectors of a matrix as we will need it soon.
Recall that if A is a square matrix, a scalar ) is called an eigenvalue of A if there exists a nonzero vector
v such that Av = Av. Any nonzero vector v satisfying this equation is called an eigenvector associated
with A. In practice, to find the eigenvalues of a matrix A, we solve the characteristic equation

det(A — AI) = 0.

Once the eigenvalues are known, we find the corresponding eigenvectors by solving the linear system
(A — Al)v =0. We now review this procedure with some examples.

7 —6

Example 23.6. Consider the matrix A = ( 6 _6

) . To find the eigenvalues, we compute the determinant

I £ W W
det(A—)J)-det( . _6_)\>—)\—)\—6.

Thus, the characteristic equation is A> — A — 6 = 0, so the eigenvalues are A = —2 and A\ = 3. For A = —2,
we solve (A + 21)v = 0. This leads to the relation 3v; — 2v, = 0, so we may choose v; = 2 and vy = 3.

Therefore, one eigenvector associated with A = —2 is . For A = 3, we solve (A — 3I)v = 0. This gives

2
3
2v1 — 3vy = 0, and hence we may take v; = 3 and vy = 2. Thus, one eigenvector associated with A = 3 is

)
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Example 23.7. Consider now the matrix A = (1 9

). Its characteristic polynomial is

2—X 1
det(A—/\I):det< 1 2_/\>:(2—)\)2—1.
Hence, the characteristic equation becomes A2 — 4\ + 3 = 0, so the eigenvalues are A = 1 and A = 3. For

A =1, we solve (A — I)v = 0. This gives v; + vy = 0, so one possible eigenvector is ( ) For A = 3, we
solve (A — 3I)v = 0. This gives —v; + v2 = 0, so one possible eigenvector is (1)

1

Example 23.8. Let us now consider the matrix A = (4

g) . We compute

2

1—-A
det(A—)\I)—det( 4 5

— 2 _
)\)—A 6A + 13.

Therefore, the characteristic equation is A2 —6A+13 = 0, and solving it we obtain the eigenvalues \ = 3£2i.
Let us find an eigenvector corresponding to A = 3 + 2i. We solve (A — AI)v = 0, that is,

(1 . (i+ ) 5— (32+ 2i)> (5;) B (8) '
<_24_ . 2 —22z> (2) - (8)'

From the first row, we get (—2—2i)v; +2vy = 0, or equivalently —(1+¢)vy +vy = 0. If we choose v; = 1—1,

This becomes

then vy = (1+4)(1 — i) = 2. Thus, one eigenvector associated with A = 3 + 2i is (1 ; Z). Similarly, for

A = 3 — 21, one finds an eigenvector (1 ;— Z).
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