Calculus 1
Week 2

Problem 1. Determine whether the following limit exists EIJP sin x.

Solution. Consider the sequences

xn:g+27m, ynzg—{—%m.

Both sequences tend to +oo, but
sinz, =1 and siny, = —1.

The function approaches different values along two sequences tending to +oo. Conse-
quently, the limit does not exist.
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Problem 2. Determine whether the following limit exists lin% sin ()
T T

Solution. Let
1 1

Ty = 7 and Yn = 57—
§+27m 7—}—27m

Then x, — 0 and y,, — 0, whereas

. 1 ) 1
sin () =1 and sin|— | =-1.
Ty Un

Thus, sin(1/x) oscillates between different values arbitrarily close to 0 and therefore the
limit does not exist.

Problem 3. Prove directly from the ¢ definition that lin% (2> +1) = 1.
z—
Solution. Let ¢ > 0 and choose § = /e. If 0 < |z| < ¢, then
’(x2—|—1)—1’:x2<52:€.

Therefore, the required limit is 1.

Before solving the next problem, let us give the definition of infinite limit formally.

Definition. Let f: A — R, and let a be a point that can be approached by points of A
different from a. We say that
liy f(2) = +oc

if, for every M > 0, there exists 0 > 0 such that

reA O0<|zr—a|l<d = f(z)>M.
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Problem 4. Prove from the definition of an infinite limit that lin% — = +oo.
z—0

Solution. Let M > 0 and choose

5— 1
=i
If 0 < |z| <4, then
1
2 < 6= —,
and consequently
1
o > M.

This proves that the limit is 4o00.

Problem 5. Prove directly that 1_1)1_{1 (x+1) = +oo.

Solution. Let M > 0 and choose N = max{0,M — 1}. If x > N, then x > M — 1 and
hence x + 1 > M. Therefore, x +1 — 400 as x — +00.

Problem 6. Prove that, for every a € R, J1:1_r>1r(11x =a.
Solution. Let € > 0 and choose § = ¢. If
0<|z—al <,

then
|z —al| <e.

This is precisely the e—0 condition for the stated limit.

Problem 7. Let k£ € R. Prove that, for every a € R, glclgék = k.

Solution. Let € > 0. We may choose any ¢ > 0, for example § = 1. Then
|k —kl=0<c¢

whenever 0 < |z — a| < 0. Thus, the limit of a constant function is the same constant.

Problem 8. Let f(z) = \/z, whose natural domain is [0, +00). Prove that lim, o+ \/z =
0.

Solution. Let ¢ > 0 and choose § = ¢2. If 0 < x < 6, then
0<vVz<Vi=ce.

Therefore, the right-hand limit is 0.

Problem 9. Prove directly that 11I£1+ Inx = —o0.
T—>



Solution. Let M > 0 and choose § = e™™. If 0 < = < 6, then, since the logarithm is
increasing,
Inz <Ind =In(e™) =M.

Consequently, Inz — —oo0 as z — 07,

Problem 10. Study the one-sided limits of f(x) = 1/z at 0, and determine whether the
two-sided limit exists.

Solution. Let M > 0 and choose § = 1/M. If 0 < x < J, then

1
- > M,
x
SO
1
lim — =400
z—0t 2T
If -6 <z <0, then
- < —-M,
T
and hence
o1
lim — = —o0.
z—0— T

Since the one-sided limits are different, the two-sided limit does not exist.

Problem 11. Prove directly from the e—§ definition that

R — |
lim —— =
x—1 r—1

3.

Solution. For x # 1,

202 —x —1 2z +1)(z—1)

= =2 1.
z—1 z—1 v

Let € > 0 and choose § =¢/2. If 0 < |z — 1] < d, then

202 —x —1
z—1

—3‘:|2x+1—3|:2|x—1| <20 =e.
Thus, the required limit is 3.

Problem 12. Let f : R — R defined by f(z) = 2 and g : R\ {2} — R defined by
g9(y) = %. We have

lim f(x) =2 and lim g(y) = 4.

T2 y—2
Can the composition theorem be used to calculate lim, ,5(g o f)(z)?

Solution. For y # 2,

gly) = Y2 +2) _;)_(y; 2 _y+2

3



so lim,_,» g(y) = 4. However, f(z) = 2 for every x € R, while 2 ¢ Dom(g). Therefore,

(go f)(z)=g(2)

is not defined for any x. The composition theorem cannot be applied: ¢ is not defined at
the limiting value 2, and f(z) does not avoid that value near z = 2.

Problem 13. Calculate the following limits:

(a) EIJP (32° — 27) (b) lim (32 — 27)
2
2
(c) lim L7 (d) lim 22T
z—+oo 1 — 2 z—+oo 1 — 1
3r—1
(e) lim

r—too 12 4+ 1

Solution.

(a) We factor out the dominant power:

3x3—2x:$3<3—2).

22
The second factor tends to 3, whereas 3 — +o00. Therefore, the limit is +oo.

(b) The same factorization gives

2
r° — —00, 3——2—>3>0.
X

Hence, the limit is —oo.

(c) We write
x4+ 7 1+7/a?
=z :
x—2 1-2/x
The quotient tends to 1, while z — +o00. Thus, the limit is +oo0.

(d) Dividing the numerator and denominator by x gives

2047  2+47T/x
r—1 1-1/z

(e) Dividing the numerator and denominator by x? gives

3r—1  3/z—1/2?
24+1 14 1/a2

Problem 14. Calculate lim cos e

r—+o00




Solution. For x > 0, we have
1

X

COS T

X
i

Since 1/x — 0 as © — 400, the squeeze theorem gives

. COS T
lim = 0.
r—+oo

Problem 15. Calculate Erf (x +sinx).
Solution. Since sinx > —1, we have
r+sine > o — 1.

Moreover, z — 1 — +o00. By comparison,

lim (z+sinz) = 4o0.
T—>+00

Problem 16. Calculate lim z sin <1>
x—0 x
n(;)
sin [ —
T
/1
x sin <>’ < |z
T

Because |z| — 0 as © — 0, the squeeze theorem yields

lim z sin (1> =0.
x—0 €T

Solution. Since
<1,

we have

Problem 17. Prove that lim ST 1.

z—0

Solution. For 0 < x < 7/2, the geometric inequalities
sinr <z < tanzx

hold. Dividing by sinz > 0 gives

1
1<%

: < .
S T COS T

Taking reciprocals, we obtain
sin x
cosr < — < 1.
x

Both outer expressions tend to 1 as x — 0%. Hence,

. sinzx
lim =1.
z—0+t I
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The function sin z/x is even, so the left-hand limit is also 1. Therefore,

. sinz
lim =1.
z—0

Problem 18. Calculate lim zsin (1>

T—>+00 x

Solution. We write

Z sin <1> = M

x 1/x

Putting v = 1/x, we have u — 0. Thus,

) (1 . sinu
lim zsin (> = lim =1.
z—+o0 T u—0t U
/3
Problem 19. Calculate lim sin(z )
x—0 x
Solution. For x # 0, , ‘
sin(z%) ,sin(z?)
=z .
T 3
Asz — 0,
3
2 =0 and sm(;:z: ) —1
T
Consequently,
lim sin(z?) =0.
z—0 x

Problem 20. Let g : [0,4+00) — R be defined by g(z) = y/z. Verify directly that g is
continuous from the right at 0.

Solution. We have g(0) = 0. Let € > 0 and choose § = &2, If z € [0,+00) and 0 < = < 4,
then

l9(x) = g(0)| = Vo < Vi =e.

Therefore,
lim g(z) = g(0) =0,

z—0t

and ¢ is continuous from the right at 0.

Problem 21. Show that the polynomial

p(z) =22% — 522 — 100 + 5
has at least one zero in [—1,2]. Find a smaller interval containing a zero.
Solution. The function p is a polynomial, so it is continuous on [—1,2]. Moreover,

p(=1) =8 >0, p(2) =-19<0.



By Bolzano’s theorem, there is a point ¢ € (—1,2) such that p(c) = 0.

We can improve the interval because

1
p(0) =5 >0, p<2>:—1<0.

Applying Bolzano’s theorem once more shows that, in fact, a zero lies in (0,1/2).

4
Problem 22. Calculate lim (el/x + T )
x—0~ 1'2 + 1

Solution. As x — 0~, we have —1/x — 400, and hence
e V7 5 40,

The rational term has the finite limit
4
2 +1

Therefore,

lim (e_l/z + x +4> = +00.
z—0~ 172 + 1

Problem 23. Calculate lim e*t™(==1),
r—1+

Solution. For x > 1,

ex—i—ln(x—l) xeln(x—l) — Gx(llf _ 1)

As x — 17T, the first factor tends to e and the second tends to 0. Hence,

=€

lim e*tin==1) —
r—1+

Problem 24. Calculate lim arctan ()
T 1+ cosx

Solution. Using the identity

1 + cosz = 2 cos? (;),

we see that 1 + cosxz — 01 as z — 7. Therefore,

1+ cosz

Since arctant — 7/2 as t — 400, it follows that

T
=3

lim arctan ()
T 1+ coszx

Problem 25. Determine whether the following limit exists:

1
lim arctan < - ) .
z—0 sin x




Solution. If x — 07, then sinz — 07, so

1 ™
- — 400 and arctan ( - ) — .,
sinx sinx 2

If x - 07, then sinz — 07, so

1

sinx

1 T
— —00 and arctan ( . ) — ——.
sinx 2

The one-sided limits are different. Consequently, the two-sided limit does not exist.

T

Problem 26. Calculate lim

s —1°

Solution. Put t = —z. Then t — 400 and

For t > 0,

Le .

0<
St+1
The right-hand side tends to 0, so the squeeze theorem gives

) e’
lim = 0.
T——00 I —

1 2
Problem 27. Calculate lim In (—i—?m:‘)
T——+00 2+ 1

Solution. Dividing the numerator and denominator inside the logarithm by 22, we obtain

1432* 3+41/2°
w2 +1 1+ 1/22

The logarithm is continuous at 3. Therefore,

Vitzr—+V1—x

T

Problem 28. Calculate 111%
xr—r

Solution. We rationalize the numerator:

Vite—Vi—z (\/1+x—\/1—x><\/1+x+\/1—x)
x a x<\/1—|—x+\/1—x>
(l+z)—(1-z) 2
x<\/1+x+\/1—x) CVito+V/I—a




Thus,

V1t —1—-12x 2
lim = —
x—0 €T 1+1

Problem 29. Calculate the following limits:

(a) lim ——
ac—)-i—oo\/m
(b) lim ——r

T—r—00 1/:[:2 +:L-

Solution. The radicand must be positive because it appears under a square root in the
denominator. Thus,
P +r=z(r+1)>0,

and the natural domain is
(—o0,—1) U (0, 4+00).

For every x in this domain,

1 1
Vat+x =22 <1+x) :|xM/1+E.

(a) When z > 0, we have |z| = . Therefore,

T 1

NCE J1+ 1/

— 1.

(b) When z < 0, we have |z| = —z. Hence,

T 1
= — — —1.
Va2 + o V14 1/z

The different signs come from the identity va? = |z|.

Problem 30. Draw the graph of a function f satisfying

lim f(x)=0, lim f(x) = +o0, lim f(x) = —oc.

T——00 rz—1 T—+00

Solution. One possible function is

f(x):<x_11)2—ew, x # 1.

Indeed, as x — —o0, both 1/(z — 1)? and €” tend to 0, so f(z) — 0. As z — 1, the first
term tends to +oo, while e” remains finite. Finally, as x — 400, the exponential term
dominates and f(x) — —oo.
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Yy = f(l“) E x
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Problem 31. Let
g(x) _ 671/(1+:):).

Find the natural domain of g and calculate its limits at the boundary points of the

intervals in its domain.

Solution. The denominator 1 + x cannot vanish. Therefore,
Dom(g) =R\ {—-1} = (—o0,—1) U (=1, +0).

As © — —o0, the exponent —1/(1 + z) tends to 07, whereas as © — 400 it tends to 0.
Hence,
lim g(x) =1, lim g(z)=1.

T——00 T—+00

At the finite boundary point,

1
— — 400 asx — —17,
1+2
and ]
- — —o00 asx — —17T.
1+
Consequently,
lim g(z) = 400, lim g(z)=0.
z——1" z——17+

Problem 32. Consider the real-valued function
h(z) = “Varctanz = (arctan )Y@,

Find its natural domain and calculate its limits at the boundary points of the intervals
in its domain.

Solution. For a variable real exponent, we use the convention

r—1

h(z) = exp (m(a“ta”)> .
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Thus, we need arctan x > 0, which is equivalent to x > 0, and we must also have x # 1.
Hence,
Dom(h) = (0,1) U (1, 4+00).

As z — 0%, we have In(arctanz) — —oo and # — 1 — —1. Therefore,

1 t
Infarctan®) 0 i A(z) = +o0.
z—1 z—0+

| (W)<0
n 4 .

Dividing by x — 1 gives 400 from the left and —oo from the right. Thus,

As r — 1, the numerator tends to

lim h(x) = 400, lim h(xz)=0.

z—1— z—1t
Finally, as z — 400,

In(arctan x) — In (g) and r—1— 4o0.

The exponent tends to 0, so
lim h(z) =e’ = 1.

T——+00
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