9 Practice #3: Week 3

9.1 Differentiation techniques

In this class we will solve seven problems about derivatives from first principles, the product, quotient
and chain rules, logarithmic and implicit differentiation, piecewise differentiability and related rates.

9.2 Problem 1

Let f(z) = 2* + 3z. Use the definition of the derivative to find f’(a) for an arbitrary a € R. Then find
the tangent line at x = 1.

By definition,
fla+h) = f(a)

/ 1
fla) = Jim h
i (a+ h)*+3(a+ h) — (a* + 3a)
 h—0 h
2ah + h2 + 3h
i 2 O 20+ h+3) = 20+ 3,
h—0 h h—0

Therefore, f'(x) =22+ 3. Atz =1,

The tangent line is
y—4=>5x—1), or y=br—1
9.3 Problem 2
Differentiate the following functions and state where the derivative formula is valid:
(a) y =sin(z +3);
(b) y = cos®z;
(c) y=1/cosu;
(d) y=/(1+2)/(1—);

() y = (a2 + 1)1

(a) By the chain rule,
y' = cos(z + 3), r €R.

(b) Regard the function as (cosz)?. Then

Yy =2cosz(—sinz) = —2sinz cos x, x eR.
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(c) The original function is defined when cosz # 0. Using either the quotient rule or the power rule

and chain rule,

, sinz

, :c;éz+k’7r, k€.
cos? x 2

(d) Put u(z) = (1+2)/(1 — x). The real square root requires u(x) > 0, and the derivative is finite on

—1 < x < 1. Since
u,(x):(l—x)—i—(l—kx): 2
(1—2) (1—2)*

we obtain ] ]
! = —l<z<1.

a0t ai-n) Ja-2p(+a)

(e) The base z* + 1 is always positive, so

1 2z
I (2 -2/3 . _
y —3(:5 +1) 2z 32T 1P r eR.

9.4 Problem 3
Differentiate and simplify:

(a) f(z) = (2 +1)%e”;

(0) gla) = 2200,

(c) h(x) =Inv1+ 22,

(a) We need the product and chain rules:

f/(x) = 8x(2® + 1)%e” + (2 + 1)%e”
=e"(2? + 1)*(2* + 8z + 1).
(b) The denominator vanishes at © = —1, so the domain excludes that point. The quotient rule gives

J(x) = 2z cos(x )(1(1—:7::1:)3)—2 3a? sin(x )’ v 41

(c) Since 1+ 2% > 0, we may simplify
1 2
h(z) = §ln(1 + z°).

Therefore,
1 2
= ro__° xz €R.

!
@) =i e = T
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9.5 Problem 4
Use logarithmic differentiation to find the derivative of
y = (1 + %),
The base is strictly positive, so taking logarithms is legitimate for every real x:
Iny = cosz In(1 + 2?).

Differentiate both sides:

y, . 2 2x
= = —sinzIn(1 3 .
y sin z In( +x)+cosx1+x2
Finally, replace y by the original function:
2z cosz
- 1 2\cosx (_ : In(1 2 >
y = (1+2z°) sinzIn(l+2%) + e

9.6 Problem 5

Let f(z) =z +¢® and let g = f~!. Calculate ¢'(1) without finding an explicit formula for g.

The derivative f'(x) = 1+ €* is positive, so f is one-to-one and has an inverse on its image. We first
find the input that maps to 1:
f(0)=0+¢"=1.

The inverse-derivative formula now gives

Notice that solving x + e* = y explicitly would be difficult and was unnecessary.

9.7 Problem 6

(a) Find the tangent line to 2% + zy + y* = 7 at (1,2).

¢ <0
F(x):{e, z Y

(b) Find a,b € R so that

ar+b, =0
is differentiable on R.
(a) Differentiating implicitly gives
20 +y+ay +2yy' =0,
SO

y,:_2$+y
r+2y
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At (1,2), the slope is —4/5. Hence,
4
y—2:—5(:1:—1).

(b) The function is differentiable away from 0. Differentiability at 0 first requires continuity:

lim e =1= F(0) =0,

z—0—

so b = 1. With this value, the left derivative at 0 is e’ = 1, while the right derivative is a. They agree
exactly when a = 1. Therefore,

9.8 Problem 7

A 10-metre ladder rests against a vertical wall. Its foot is pulled away from the wall at 2 metres per
second. How fast is the top moving when the foot is 6 metres from the wall?

Let x(t) be the distance of the foot from the wall and y(¢) the height of the top. The ladder length is
constant, so
2%+ y* = 100.

At the instant when x = 6, we have
y =100 — 36 = 8.

Differentiating the relation with respect to time gives

Substitute z = 6, y = 8 and dz/dt = 2:
dy
2:6-24+2-8—=0.
+ dt
Therefore,
dy 2 _ etres per second
dt 16 o ovres persecond.
Thus, the top of the ladder moves downward at 3/2 metres per second.
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