Calculus 1
Week 4

Problem 1. Suppose that f is continuous on [—7,0], differentiable on (—7,0), f(—=7) =
—3, and f’(z) < 2 for every x € (—7,0). Find the largest possible value of f(0).

Solution. The Mean Value Theorem gives a point ¢ € (—7,0) such that
F0) = f(=7) = f(e)(0 = (=7)).
Using f(—7) = =3 and f'(¢) < 2, we obtain
F0)+3="7f"(c) < 14.

Therefore,
f(0) < 11.

This bound is attained by the function f(x) = 2z + 11, which satisfies f(—7) = —3 and
f'(x) = 2. Hence, the largest possible value is 11.

Problem 2. Show that
f(x) = 2% — 72* + 252 + 8

has exactly one real root.
Solution. First,
Jim fle) = —o0, lim_f(x) = +oc.
Since f is continuous, the Intermediate Value Theorem guarantees at least one real root.
For uniqueness, differentiate:
f'(z) = 32° — 14z + 25.
The discriminant of this quadratic is

A= (-14)* —4-3-25=196 — 300 = —104 < 0.

Its leading coefficient is positive, so f/(x) > 0 for every x € R. Consequently, f is strictly
increasing and can have at most one real root. Combining existence and uniqueness, f
has exactly one real root.

Problem 3. Discuss the differentiability on R of

f(x) =1+ |z —1]).
Solution. Using the definition of the absolute value,

flo) = {ln(2 —x), x<l,

Inx, x> 1.



Both expressions are well defined on the indicated intervals, and the function is continuous

at 1 because
lim In(2—2z) =0= lim Inz = f(1).

T—1- z—1t

Away from 1,

-, x> 1.

The one-sided derivatives at 1 are

fay=-1 fl)=L

They are different, so f’(1) does not exist. Thus, f is differentiable on R\ {1} and has a
corner at z = 1.

Problem 4. Consider

(a) Sketch the graphs of f and g.
(b) Determine whether each function is continuous at = = 1.

(c) Determine whether each function is differentiable at x = 1.

Solution. For f,
lim f(z) =1, lim f(z)=2.

T—1- z—1+

The one-sided limits are different, so f is not continuous at 1. Therefore, f is not differ-
entiable there.

For g,
lim g(z) =1= lim g(z) = g(1),

z—1- r—1t

so g is continuous at 1. However,

g (1) = lim 2z = 2, g.(1)=0.

r—1—

Thus, ¢ is not differentiable at 1.




Problem 5. Let f : R — R be given by f(z) = z|x|.

decide whether f/(0) exists.

Solution. We write

-2, <0,
f(l') - {1,‘2, T 2 0
Hence,
—2x, <0
! . ) I
) = {Qx, x>0
At the origin, use the definition:
- f(h) = f(O0) . kb
/ pum =
f10) = Jim == i
Therefore, f is differentiable at 0 and
f(z) =2z, r e R
Problem 6. The position of a particle is
s(t) = =t3 —* — 3t.

(a) Find the velocity and acceleration.
(b) When is the velocity zero?

(c) When is the acceleration zero?

Solution. The velocity and acceleration are

Calculate f'(z) for z # 0 and

= lim |h| = 0.
h—0

v(t) =8(t) =t -2t —3=(t—3)(t+1),

and
a(t) =o'(t) =2t — 2.

Thus, v(t) =0 at ¢t = —1 and t = 3. If time is restricted to ¢ > 0, the physical stopping

time is ¢ = 3. Finally, a(t) =0 at t = 1.
Problem 7. Consider

) +2, z#0, ) +1, xz#0,
f(x)_{o, r=0, g(>_{o, 2 =0,
Show that fa) ()
Syt~ 0 g T

Does this contradict L’Hospital’s rule?



Solution. For x # 0,
flx) x42

glx)  z+1

o F@)
hmgm)—Q.

SO

Also, on a deleted neighbourhood of 0,
f(z) =1, g(x) =1,

and therefore the derivative quotient tends to 1.

There is no contradiction. As x — 0, we have f(z) — 2 and g(xz) — 1. The original
quotient is neither of the form 0/0 nor of the form co/co. The values f(0) = ¢g(0) =0
do not change these limits. Consequently, the hypotheses of L’Hospital’s rule are not
satisfied.

Problem 8. Calculate the following limits:

IE

(a) mggloo; (e) xlgél zln;

(b) lim (e* —x);

r——+00
) L
(€) i =
1 1 . cosx—1
() o2 ( a sinx)’ (8) g o

Solution. (a) The quotient has the form co/oo. Thus,

(b) Factor e*:

Since z/e” — 0, the difference tends to 4o00.

(c) L’Hospital’s rule gives
e —1

lim = lime® = 1.
x—0 €T z—0
(d) Combine the fractions:
1 1 B sinx — x
x sinz  xsinz

The quotient has the form 0/0. Applying L’Hospital’s rule twice,

sinx —x . cosz — 1
lim ——=1lm —-————
z—=0 xsinx z—=0 s x + xrcosx
. —sinx
= lim =0.

z—02cosx — xrsinx



(e) Rewrite the product as a quotient:

Then

lim — = lim —~— = lim (—2) = 0.
Jm T = w7 = im (e =0

(f) Put y = 2*. Since

Iny=xlnz — 0,
we obtain y — e = 1.
(g) The quotient is 0/0, so

. cosz —1 . )
lim ———— = lim(—sinz) = 0.
z—0 €T z—0

Problem 9. Use the Taylor polynomial of degree 2 for f(z) = \/x, centred at 16, to
approximate 1/16.06. Give an upper bound for the error.

Solution. We have

1 1
o / o " _
Therefore,
1 1
'"(16) = — "(16) = ——
and 16 (z—16)?
T — T —
T =4 — .
(1) =4+ —5 512
At x = 16.06,
0.06 0.06%
V16.06 ~ T5(16.06) = 4 + =3 "B 4.00749296875.
To estimate the error, note that 5
(@) = Rd/2°

This function is decreasing on [16, 16.06], so

3 3

"
< = .
@< 5167 = 5102

Taylor’s estimate gives

3
IRo(16.06)] < — 200

192 3] <1.32x 1078,

Problem 10.



(a) Find the tangent and normal lines to f(z) = In(z? + 3z + 1) + "1 at z = 0.

(b) Find the tangent line to g(x) = 7* + 4e”* at z = 0.

Solution. (a) We have
f(0)=Inl+e=e.

Moreover,

so f'(0) = 3. The tangent line is
y—e =3z, or y=3r+e.

The normal slope is —1/3, and hence the normal line is

(b) We have

and
g (x) =T"In7+ 4e”.

Thus, ¢'(0) = In7 + 4, and the tangent line is y =54 (In7 + 4)z.

Problem 11. Find the derivative of each function and compare the domain of the
derivative with the domain of the original function.

r? + 3z
@ )= (55250,
(b) fx) = S5
In(z + 2
(@ fla) = VE,
(@ f) =

(e) f(z) =InVera3;
(f) f(z)=Vzln®x;

(8) fla) =2+

(h) f(z) = (@ + 1),



Solution. (a) A sign chart for
z(x + 3)
(x+ 1) (22 —z+1)

gives
Dom(f) = (—3,—1) U (0, +00).
On this domain,
2r + 3 32
4 — —_
filw) = 224+3r w3+ 1
The derivative has the same domain as f.

(b) The domain is
(0,1) U (1, +00).

Using the quotient rule,

9 2lnz

e*(cosx —sinz)(lnz)* — e* cosx

f'w) = (Inz)*

The derivative has the same domain.

(c) The square root requires In(z + 2) > 0, so x > —1, and the denominator requires
x # 0. Hence,
Dom(f) =[-1,0) U (0, 4+00).

For z > —1, x # 0,

 222(z + 2)/In(z + 2) z?

e 1 2y/In(z + 2)

The derivative is not finite at x = —1, so

Dom(f") = (—1,0) U (0, 4+00).

(d) The numerator is defined for every real x, while 22 + sin? x = 0 only at = = 0. Thus,

Dom(f) = R\ {0}.

The derivative is

ex

————— — /e + 1 (22 + 2sinx cos z)
2ver +1

(22 + sin? z)?

(2 + sin® x)

() =

Its domain is also R\ {0}.

(e) The logarithm requires e*a® > 0, which is equivalent to z > 0. On this domain,

1 s 3T 3
f(x)—iln(ex)—2+2lnx,

SO



(f) The domain is (0, +00). For z # 1,

B In’z +2lnzx

2VzIn®x

Since Vi In® x = \/z |Inz|, the function has a corner at z = 1. Therefore,

f'(x)

Dom(f") = (0,1) U (1, +00).

(g) We use logarithmic differentiation on x > 0:
Inf(z) =2(x+1)Inz.
Thus,

2 1
f(z) = 22+ <2 Inz + W) , z > 0.
T

The function and its derivative have the same natural real domain (0, 400).

(h) On the natural interval z > —1,
In f(z) = cos’z In(x + 1).

Therefore,

2
"(z) = (x+ 1) [ —2si In(z+1) + 2.
f'(z)=(x+1) ( sinz cos x In(z + )+x+1

Both domains are (—1, +00).

Problem 12. Determine the values of a,b € R for which

sin x, )

fz) =

- T
'Z‘ JR—
2

T
ar+b, x> —
2
is continuous and differentiable on R.

Solution. Continuity at x = /2 requires

. . ™
lim sinz =a— +0b.
z—(m/2)~ 2

Thus,

T
—+b=1.
a2+

For differentiability, the one-sided derivatives must agree:

lim cosxz = a.
z—(7/2)~

Hence a = 0. Substitution into the continuity condition gives b = 1. Therefore, a = 0
and b = 1.

Problem 13. Use L’Hospital’s rule to calculate:

8



=0+ cosx — 1’

vr+1 ‘

:E—1>I-ll:loo lnz(x _|_ 1) ’

(b)

1
(c) lim —2.

r—+oo eT

2%+ 3z ‘
9:—>+oo In(x® + 1)’

(d)
(e) tggrnootln (1 + i)

Solution. (a) The form is 0/0. Thus,

. et —1 . er
lim —— = lim -
=0+t cosx —1 z—0t —sinx

= —OQ.

(b) The form is oco/oo. First,

lim xi—i-l: lim 1/@vr+1)

1
T—+00 1H2(ZL’ + 1) T—+00 2111(3; + 1)/(;{; + 1) o Z x—1>r-i{100 ln( )

The new quotient is still co/oo. Applying the rule again,

1 1/(2+/ 1
Dy VVEED L o7 — o
4 75400 1/(x+1) 8 z—+
(c) We obtain
i T g YT o)
rz—+oo T r—+oo et z—+oo e’

(d) Applying L’Hospital’s rule,

, 72 + 3w , 2z + 3 . 2z +3)(23+1)

lim ————— = ————— = lim = +00.

a—+oo In(23 + 1) 2400 322/(x3 + 1)  a—-+oo 32

(e) Rewrite the product as a quotient:

‘o <1 N 3) _ In(1+ 3/t)'

t 1/t
This is 0/0. Therefore,

B 2
Colm(l43/) o =3/[PA+3/] 3
t—4o00 1/t t—+o0 _1/t2 ey ] + 3/t

Problem 14. Let f be the continuous piecewise linear function whose graph joins the
points
<_47 5)7 (_172)7 (274)7 (4> 0)



in this order. Sketch the graph of f’.

Solution. On each open segment, the derivative equals the slope of that segment. The
slopes are

2—-5
= -1
—1—(—-4) ’
4—-2 2
2—(-1) 3
0—4
— = -2
4—2
Therefore,
-1, -d<zr<-—1,
2
fi(x) = 3 l<w<2
-2, 2<z<A4.
The derivative does not exist at the corners x = —1 and x = 2. With the usual two-sided

definition, it is also not defined at the endpoints —4 and 4.

243 / o
! | x
—4 -1 2 4
© o —1
y=f(x
N (x)
Problem 15. The position of an object at time t is
t+1
t) = ——.
0 =3
Find its velocity. Does the object ever stop moving?
Solution. By the quotient rule,
t+4)—(t+1 3
v(?f)ZS’(t)Z(Jr> G+l _ . L4 -4
(t+4) (t+4)

This expression is strictly positive everywhere on its domain. Therefore, the object never
stops moving.
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