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One method for every graph

For each function, we proceed in the same order:

1. determine the domain, symmetry and where the graph meets the coordinate axes;
calculate boundary limits and identify asymptotes;
use the sign of f’ to locate and classify every extremum;

use the sign of f” to study concavity and inflection points;

AR A

determine the range and draw the graph from the analysis.

Calculus 1 = Complete graph analysis



Problem 1



Problem 1

Carry out a complete graph analysis of
f(x) = xe .

Find the maximal intervals of increase and decrease, all local and absolute extrema, the
concavity intervals, the inflection points and the range. ldentify all asymptotes and
sketch the graph.
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Problem 1

Write the function piecewise:

X 0
f(X) = {Xe ’ X< ’
xe ™, x>0
Its domain is R, and
f(—x) = —f(x),

so f is odd. The graph meets both coordinate axes only at (0,0).

Moreover,
lim f(x)=0", lim f(x)=0".

X——00 X——400

y = 0 is a horizontal asymptote at both ends.
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Problem 1

The function is differentiable at 0, with f/(0) = 1, and

oy Je¥(x+1),  x<0,
Pl = {ex(l—x), x > 0.
x | (coe,-1)  (-1,00  (01)  (1+o)
f'(x) — + + -
f

decreasing increasing increasing decreasing

(—1,—1/e) is the absolute minimum and (1,1/e) is the absolute
maximum. The maximal increasing interval is (—1,1).

Calculus 1 = Complete graph analysis



Problem 1

For x # 0,
F1(x) = e*(x+2), x<0,
e *(x—2), x>0.
x | (-e0,-2)  (-2,0) 0,2) (2, +00)
f"(x) - + - +
f concave down concave up concave down concave up

The concavity changes at all three separating points. Thus the inflection points are

(-2, —622> (0,0, (2, 622) .

The second derivative need not exist at an inflection point.
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Problem 1

absolute |in/aexmyum

T
4

aéso ute minimum

f(R) =[-1/e,1/€].
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Problem 2

Carry out a complete graph analysis of
f(x)= arctan(‘x2 - 6XD .

Find all extrema and the maximal intervals of increase and decrease. Determine the
asymptotes and the range, and then sketch the graph.

Calculus 1 = Complete graph analysis
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Problem 2

The expression inside the absolute value changes sign at 0 and 6. Hence

arctan(x2 —6x), x<O0orx>6,
f(x)=
arctan(6x — x2), 0<x <6.
The domain is R. The graph meets the x-axis at (0,0) and (6,0), and it meets the

y-axis at (0,0). Finally,
lim f(x) = g

x—*+o00

y = /2 is a horizontal asymptote; it is never attained.
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Problem 2

Differentiate the two pieces:

& < 0 or > 6
, 1+ (x2—6x)?’ X orx =
Fix) = 6 — 2x
———., 0 .
1+ (6x — x2)?’ x<0
The derivative does not exist at 0 or 6.
x | (m,00 (03 (36  (6+x)
f'(x) - + - +
f decreasing increasing decreasing increasing
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Problem 2

At the three relevant values,
f(0) =f(6) =0, f(3) = arctan9.

Therefore:

e (0,0) and (6,0) are local and absolute minima;

e (3,arctan9) is a local maximum;

e there is no absolute maximum, because f(x) < 7/2 for every x.

f(R) =[0,7/2).

Calculus 1 = Complete graph analysis
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Problem 2

3 6

The absolute minima occur at the two cusps x = 0 and x = 6.
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Problem 3

Carry out a complete graph analysis of
f(x) = Vx* + 2x2.

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph.

Calculus 1 = Complete graph analysis
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Problem 3

The essential simplification is

f(x) =/x?(x®>+2) = x| Vx> + 2.

Therefore, the domain is R, f is even, and the graph meets both coordinate axes only at
(0,0). Moreover,

lim f(x)=+oo0.

x—=+00 ( ) *

There are no vertical, horizontal or oblique linear asymptotes. However,
1

F(x) — (x2+1) = 0.

- —
VXA 4+2x2 4+ x24+1

The curve approaches the parabola y = x% + 1 at both ends.
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Problem 3

For x # 0,
2(x%> +1
_()<2__|;_2)’ X<0,
f'(x) = x
(=102 1) .
Vx2+2' .

At 0 the one-sided derivatives are
f(0)=-v2,  f(0)=V2

Thus the graph has a cusp at the origin.

f decreases on (—o00,0) and increases on (0,+00). The point (0,0) is
the local and absolute minimum; there is no maximum.
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Problem 3

For x # 0,
f”(X) — 2 |X| (X2 + 3)
(x2 + 2)3/2
Hence the graph is concave up on both sides of the origin. In fact, it is convex on all of
R.
Although f’ does not exist at 0, the concavity does not change there. Thus there are no

inflection points.
Useful points for the sketch are

(0,0), (£1,V/3), (£V2,2V/2).

> 0.

£(R) = [0, +00).
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Problem 3

10 1

— x24+1

absoluteminimum)

The cusp comes from v x? = |x|, not from x.
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Problem 4

On the interval [—1, 6], carry out a complete graph analysis of
f(x) =x*>—8|x—1|+8.

In particular, find the absolute maximum and minimum, all interior local extrema, the
concavity intervals and the range. Then sketch the restricted graph.

Calculus 1 = Complete graph analysis
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Problem 4

On the stated domain,

x> +8x, —-1<x<1,
f(x) = 2
(x—4)7, 1<x<e6.

Both formulas give f(1) = 9, so the function is continuous at the junction.

The graph meets the x-axis at (0,0) and (4,0). Its intersection with the y-axis is (0,0).
The relevant endpoint and junction values are

There are no asymptotes because the domain is bounded.
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Problem 4

For interior points different from 1,

2 8, —-1<x<«l1
f/(X): X+7 X 9
2x—8, 1<x<6.

At the junction,
f' (1) = 10, fi (1) = —6,

so ' does not exist at 1.

x | (L) (14 (496
f'(x) + - +
f increasing decreasing increasing
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Problem 4

We compare all candidates:

Therefore:
e (1,9) is an interior local maximum and the absolute maximum;

e (4,0) is an interior local minimum, but not the absolute minimum;

e (—1,—7) is the absolute minimum.
If one-sided local extrema are counted relative to the restricted domain, the left
endpoint is also a local minimum and the right endpoint is also a local maximum.

F(1-1.6)) = [-7.9.
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Problem 4

On both smooth pieces,
f"(x) =2>0.

Thus the graph is concave up on (—1,1) and on (1,6).
At x =1 the derivative jumps from 10 to —6, but the concavity is upward on both
sides. Hence (1,9) is a sharp local maximum, not an inflection point.

The restricted graph has no inflection points.

Calculus 1 = Complete graph analysis
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Problem 4

solute maximum

Calculus 1 = Complete graph analysis

1 local mjnimum

e minimum
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Problem 5

Carry out a complete graph analysis of
f(x) = x> — |x]* +3x% — 12x.

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph.

Calculus 1 = Complete graph analysis

29



Problem 5

Removing the absolute value gives

2x3 +3x%2 —12x, x <0,
F(x) =9,
3x° — 12x, x > 0.

The domain is R and the function is neither even nor odd.
The graph meets the x-axis at

(3%

. ,0>, (0,0, (4.0).

Its intersection with the y-axis is (0,0). The other root of 2x2 + 3x — 12 is positive and does
not belong to the branch x < 0.
Finally,

x—llToo f(X) =% xl:Too f(X) = too.

There are no linear asymptotes.

Calculus 1 = Complete graph analysis
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Problem 5

The two first-derivative formulas agree at 0, where f/(0) = —12:
F(x) = 6(x+2)(x—1), x<0,
6(x — 2), x > 0.
x | (c00,-2) (=200 (0.2)  (2,+o0)
f'(x) + - - +
f increasing decreasing decreasing increasing

(—2,20) is a local maximum and (2, —12) is a local minimum.
Neither is absolute because f is unbounded above and below.

Calculus 1 = Complete graph analysis

31



Problem 5

The second derivatives also agree at 0:

12
f-//(X) _ { X + 6, X < 07 f”(O) — 6.

0, x >0,

Therefore, f is concave down on (—oo, —1/2) and concave up on (—1/2,4+00). The
unique inflection point is
( 1 13)
2’2 )

Since f is continuous and its end limits are —oo and +o0,

f(R) = R.

Calculus 1 = Complete graph analysis
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Problem 5

Calculus 1 =

local ma>é|6nj5y1
inflectio
—3/4v105 —2 _% 2
N —12 |
local minimum
~30 1

Complete graph analysis
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Problem 6

Carry out a complete graph analysis of
f(x) = 3x* — 8x> + 6x°.

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph.

Calculus 1 = Complete graph analysis
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Problem 6

Factor the polynomial:
f(x) = x*(3x* — 8x + 6).

The discriminant of the quadratic factor is
(—8)>—-4-3.6=-8<0,

and its leading coefficient is positive. Thus the graph meets both coordinate axes only
at (0,0). As a zero of f, x = 0 has multiplicity two.
The domain is R, the function has no symmetry, and

lim f(x)=4o0.

xX—rFoo
There are no asymptotes.

Calculus 1 = Complete graph analysis

36



Problem 6

Differentiate and factor:
f'(x) = 12x3 — 24x% + 12x = 12x(x — 1)%.
x | (000 (1) x=1  (L+e)
f'(x) — + 0 +

f decreasing increasing stationary increasing

The derivative does not change sign at x =1, so (1,1) is not an extremum.

(0,0) is the local and absolute minimum. There is no maximum, and
f(R) = [0, +0).

Calculus 1 = Complete graph analysis
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Problem 6

f"(x) = 36x> — 48x + 12 = 12(3x — 1)(x — 1).
x | (m00,1/3)  (1/3,1) (1, +00)

(x)
f

+ - +

concave up concave down concave up

111
=, = 1,1).
(337) @
The point (1,1) is a stationary inflection point: /(1) = 0, but it is not a local
maximum or minimum.

Hence the inflection points are
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Calculus 1 =

Complete graph analysis
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Problem 7

Carry out a complete graph analysis of
f(X) _ ex2+3xf|x\'

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph.

Calculus 1 = Complete graph analysis
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Problem 7

The exponent is

x2+4x=(x+2)2 -4, x<0,

2
x“+3x — |x| =
o {x2+2x:(x+1)2—1, x > 0.

The domain is R. The function is positive, so the graph does not meet the x-axis. It

meets the y-axis at (0, 1). It is neither even nor odd, and

lim f(x) = 4o0.

x—rFoo

There are no asymptotes.

Calculus 1 = Complete graph analysis
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Problem 7

For x # 0,

F(x) = {2(X +2)e T, x <0,

2(x + 1)eX’ 2 x > 0.

At the origin,
' (0) = 4, fj’L(O) =2,

so the function is continuous but not differentiable there.
x | (r00,-2)  (-2,0)  (0,400)
f'(x) - + +

f decreasing increasing increasing
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Problem 7

At the sign change,
f(—2)=e "

Thus (—2,e7%) is the local and absolute minimum. The corner at x = 0 is a critical
number but not an extremum. There is no maximum.
For x # 0,

iy = { (B0 H22 12, <,

(4(x + 1) +2)e 2 x> 0.

Both expressions are positive. The graph is concave up on (—o0,0) and (0, +00); there
is no change of concavity and no inflection point.

F(R) = [e=*, +00).
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Calculus 1 =

Complete graph analysis
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Problem 8

Carry out a complete graph analysis of

In(x + 1)'

f(x) =

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph, including every excluded point.

Calculus 1 = Complete graph analysis
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Problem 8

The natural domain is
(—=1,0) U (0, 4+00).
The graph meets neither coordinate axis: the numerator vanishes only at x = 0, and

this value is excluded from the domain.
At the boundaries of the domain,

lim f(x)= , lim f(x)= lim f(x) =1, lim f(x)=0.
><—:—1Jr (X) oo X—I>0* (X) Xl)0+ (X) X%IJFOO (X)
x = —1 is a vertical asymptote, y = 0 is a horizontal asymptote, and

(0,1) is a removable hole.

Calculus 1 = Complete graph analysis
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Problem 8

By the quotient rule, let

N(x) X
f'(x) = N(x) =
(=00 ey =
Its continuous extension satisfies N(0) = 0, and
x
N(x)=—+—.
S

Thus N increases up to 0 and decreases after 0, so

N(x) <0  (x #0).

f’(x) < 0 on both (—1,0) and (0, 4+0c). There are no |
extrema.

Calculus 1 = Complete graph analysis

ocal or absolute
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Problem 8

Differentiate once more. We obtain

H(x) 2x x?

f”(X): 3 H(x):2|n(x+1)—x+1—(X+1)2.
Now
/ o 2x? _
H(X)—mzo, H(0) = 0.

Therefore H(x) and x® have the same sign whenever x # 0. Hence f”(x) > 0 throughout the
domain.

Both branches are concave up. There is no inflection point because the only
possible separating point, x = 0, is not on the graph.

Calculus 1 = Complete graph analysis



Problem 8

On the left branch, the function decreases from +oo to the missing value 1:

On the right branch, it decreases from the missing value 1 to the unattained horizontal

asymptote 0:
£((0,400)) = (0,1).

Consequently,
f(Dom f) = (0,1) U (1, 400).

The missing point (0, 1) removes the value 1 from the range.
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Calculus 1 =

=<

hole

+

Complete graph analysis
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Problem 9

On the stated interval [—1, 6], analyze

_x2+x—2

) =3

Find the absolute maximum and minimum if they exist, complete the monotonicity and
concavity analysis, determine the range and sketch the graph.
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Problem 9

The natural domain inside the stated interval is
D =[-1,0)u(0,6].

Although [—1,6] is closed and bounded, f is not defined at 0. Therefore, the Extreme Value
Theorem does not apply.
Rewrite ) ) (x 1 2)( 0
X X —
f(x)=1+ P 2 .
The graph meets the x-axis at (1,0) but not the y-axis, since x = 0 is excluded from the domain.
At the missing point,
lim f(x) = lim f(x) = —oc.

x—0-— x—0F

x = 0 is a vertical asymptote.
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Problem 9

1 4 4 — x

fld=-Gta="7
x | [-10) (0,4) (4,6]
'(x) - + -
f decreasing increasing decreasing

The candidate values are

(4,9/8) is the interior local maximum and the absolute maximum. There is
no absolute minimum because f(x) — —oo near 0.

Calculus 1 = Complete graph analysis
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Problem 9

2(x —6)
f(x) = =———.
()=
For every interior point of D, we have x < 6, so
f'(x) < 0.

Both branches are concave down. The value x = 6 is an endpoint, and there is no
change of concavity there. Thus the restricted graph has no inflection points.
The left branch has range (—oo, —2], while the right branch already covers every value
from —oo to 9/8. Hence

f(D) = (—0,9/8].
A bounded interval alone does not guarantee absolute extrema; the domain and
continuity hypotheses matter.
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Problem 9

4

AlOUVIULT 1lH1aAllliutiti
Py

el .

><0
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Problem 10

Carry out a complete graph analysis of

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch both branches of the graph.

Calculus 1 = Complete graph analysis
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Problem 10

The natural domain is
(0,1) U (1, +00).
The graph meets neither coordinate axis: x = 0 is excluded and x/Inx # 0 throughout the

domain.
The relevant limits are

_ X _ ) X
lim — =07, lim — = —o0,
x—0+ In x x—1- Inx

_ X _ X

lim — = 400, lim — = 4o0.
x—1* In x x—+oo In x

x = 1 is the only vertical asymptote. There is no horizontal or oblique
asymptote at infinity.

Calculus 1 = Complete graph analysis
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Problem 10

CInx—1

f'(x) = (nx)?2 "

The denominator is positive on the domain.

x | (1) (Le) (e +o0)
'(x) — — +
f decreasing  decreasing increasing

At the critical point, f(e) =e.

(e, e) is a local minimum and the minimum of the right branch. On the full
domain there is neither an absolute maximum nor an absolute minimum.

Calculus 1 = Complete graph analysis
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Problem 10

Differentiate again:

2 —Inx
Fi(x) = x(Inx)3"
x | (Y (1,¢%) (€2, +00)
" (x) — + -
f concave down concave up concave down
The concavity changes at x = €2, and
o2
f(e?) = =

(e2,e?/2) is the unique inflection point.
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Problem 10

On (0, 1), the function decreases from the missing endpoint value 0 to —oo. Therefore,
£((0,1)) = (=00,0).

On (1, +00), the function decreases from +o0 to e and then increases to +o0.

Therefore,
f((1,4)) = [e, +0).

f(Dom f) = (—00,0) U [e, +00).
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Problem 10

g’
/2| —
€T X ® . inflection
. local minimum
-O- ! . . .
1 e o2 10
—6 7 E x=1
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Problem 11

Carry out a complete graph analysis of
f(x) = xIn?x.

Find all extrema, monotonicity and concavity intervals, inflection points, asymptotes
and the range. Then sketch the graph.

Calculus 1 = Complete graph analysis

67



Problem 11

The natural domain is (0, 4+00). The graph meets the x-axis only at (1,0). It does not
meet the y-axis because x = 0 is outside the domain.
At the ends of the domain,

lim X|n2X—0 lim X|n2X—+OO.
)
x—0*t X—+00

Thus the graph approaches the excluded endpoint (0,0), but x = 0 is not a vertical
asymptote. There is no horizontal or oblique asymptote at infinity.
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Problem 11

f'(x) =In*x +2Inx = Inx(Inx + 2).
The critical points are x = e ™2 and x = 1.
x |0 (@21 (1 +)
Fo) |+ - N

f increasing decreasing increasing

fle?) = ;12, F(1) = 0.

(e=2,4/e?) is a local maximum. (1,0) is the local and absolute minimum.
There is no absolute maximum.
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Problem 11

F1(x) = 2(Inx + 1).
X
Since x > 0, the sign changes at x = e !:
R )
' (x) - +
f concave down concave up

Thus the unique inflection point is
(e_l, e_l) .

Because f(x) > 0, the value 0 is attained, and the function is unbounded above,

£((0, +00)) = [0, +00).

Calculus 1 = Complete graph analysis
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Problem 11

Zoom near the extrema

local max

Calculus 1 = Complete graph analysis
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