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Integration: Exercises

1 The Fundamental Theorem of Calculus

Exercise 1. Find the derivative of each of the following functions:

2

(a) F(z) = /Ox sin(In(1 + 1)) d¢;

(b) F(z) = / sin®(¢) dt;

2

3

(c) F(z) = / " cos (1) dt.

2

Exercise 2. Study the intervals on which the function f : R™ — R defined by

3 2

flz) = /OI h et dt

is increasing or decreasing. Then determine its local extrema.

Exercise 3. Calculate the following limits:

(a) lim x [ sin(t?) dt
=0 sin(z?)

[ e ay
b) lim ==+ .
( ) :rli% sin’ z

CC2
(¢) lim Jo (V)

z+oo 222 Inx — 22’

I

(d) lim foﬁ arcsin(t?) dt
20 Vrsinzg

Exercise 4. Calculate the following limit:

. Vnzx / Tody
lim
2

In(y?)

x——+00 T
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Exercise 5. Find the absolute maximum of the function f : [1, +00) — R defined by

fcr)zzjgm_l(e—ﬁ —»e_%> dt.

Given that
lim f(x)=

T——+00

(Vr=1),

DO | —

find the absolute minimum of f.

Exercise 6. Let f: R — R be defined by f(x) = 2%e°.

(a) Find an antiderivative F of f.

(b) Determine, if they exist, the points at which the slope of the tangent line to the graph

of F'is smallest and the points at which it is largest.

Exercise 7. Prove that, for every z € R™,

cosh x :
coshz sinhxz =z
VE—1dt= ——" """~ _
[ 2

2

Exercise 8. Consider the function

(a) Find the intervals on which f is increasing or decreasing.

(b) Find the local extrema of f.
(c) Calculate
lim /()

»=0 sin(2? — 22)’

Exercise 9. Let f: (0,400) — R be defined by

/x
flx) = /01 e dt.

(a) Study the intervals of monotonicity of f.

(b) Given that

+oo
/ e dt = ﬁ,
0 2

determine the range f((0, +00)).

Exercise 10. Let f : (0,7/2) — R be defined by

tanx t cotx 1
== dt —
/(@) Ze 1+ 22 +[6 t(1 + )

2
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(a) Study the differentiability of f and calculate f'(x).
(b) Calculate f(m/4).

(c) What conclusion can you draw from the previous parts?

Exercise 11. Find the Taylor polynomial of order 2, centred at the origin, for the function

2

f(z) = /: cos(t?) dt.

2 Antiderivatives

2.1 Basic antiderivatives and substitution

Exercise 12. Find the following antiderivatives:

(@ [ 20 ds

) [ 5

(©) / (427 + 2)%° da
@ [

@ [(vi+a) an

() / sin(z/2) da
(2) / tan(20) dz
) [ G

(i) / cos(e?)e® d;
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2.2 Integration by parts

Exercise 13. Find the following antiderivatives:

(a) / Inz da:

(b) /arctanxdx;
(c) /arcsinxda:;

(d) / xsinz du;

(€) [ e
(t) [a%e
(&) / rsinz cosz da
(h) / & cos(5z) da
(i) / rinzdr.

2.3 Integration of rational functions

Exercise 14. Find the following antiderivatives:

®) / xwég_x_gdx;
© [ eroe=mt
@ /

o 2

O [

(8) /(362(%4)2;
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(h) / 22z + 3) dx:

£E2—|—1

(i) /Zx —3x—|—7 da.

z+1

2.4 Integration of trigonometric functions

Exercise 15. Find the following antiderivatives:

(a) /sin3xdx;

(b) /cos4zcdx;

(c) /tan%:dx;

(d) /0053(556) dz

(e) / tan® z sec’ x du;

(f) /sim2 x cos® z dz;

(g) / sin? x cos®  dx;

(h) / sin® z cos® x da;

@ / sinz’
G [ 25
(k) / cos? x
0 [
Exercise 16. Find the following antiderivatives and definite integral:
@ [ ot
(b) / 1 —i—tanx .

— tan q:
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(c) /L

1+ cos?(3x)’
dx

d

(d) /351n2x+5cos2:c
sin(2x)

(e) /1+sm P

(f)/ COST o

l—l—cosx

3 Improper integrals

Exercise 17. Prove that the following integrals exist and have the indicated values:

b de 2
=1+1 :
(a)/o 1+ e +n(1+e)’

oo 37r—|—1n2
b dr = ——;
(b) / 3:L'2+:U+5 10

+oo

(C)/ . 4d$=\/§7r;
0o 3+ 12
00 dx T

d _—

@ [ =5

1
(e) \/1—x2dx:g,
-1

(f) (1 + cosx)*dz = 3m;

—Tr

w/2 4
(8) |sinal’dr =
—x/2 3
w/2 T
(h) / sinycos®ydy = —.
. 16




