Calculus 1
Integration: Exercises with Solutions

Problem 1. Calculate

/(zem— ; _1\/5) dx.

Solution. The expression is defined for x > 0, with x # 1. We integrate the first term
directly:

/26”2 dr = 4¢%/2,

For the second term, put u = y/z. Then z = u? and dx = 2u du. Hence,

_/1—6%5__2/11“_/(2_131&)“

=2u+2In|l —ul+C.

Therefore, on every interval contained in the domain,

4" +2y/z +2In |1 — 3| + C.

Problem 2. Calculate p
x
—_—, > 0.
/ Verve "
Solution. The exponents 1/2 and 1/3 suggest the substitution # = u°. Then dx = 6u’ du,
and
3

dx u® u
/\/54—% 6/u3—|—u2 “ 6/u—|—1 "

Polynomial division gives

3
u 9 1
=u" — 1— .
u—+1 Wt u—+1
Consequently,
ud
6/ du = 2u® — 3u® + 6u — 61n(u + 1) + C.
u+1
Since u = x'/%, the answer is

2/ — 3z + 6z —6In(vz + 1) + C.

Problem 3. Calculate

2x
/ ¢ dx.
e2r 41



Solution. Put v = €* 4+ 1. Then du = 2¢** dx, so

e’ 1 [du 1
de == [ — =|=In(e*®*+1 C.
/62x+1 T 5 " 5 n(e + )—|—

Problem 4. Calculate .
e

——dx.

/ e2r + 1 o

Solution. With u = e, we have du = e” dx. Therefore,

e’ du -
/€2x+1dx:/u2+1: arctan(e®) + C.

Problem 5. Calculate
2 . (%
/ z° sin <§> dzx.

Solution. We apply integration by parts with
u= 1% dv = sin(z/2) dz, du = 2z dz, v = —2cos(x/2).

Thus,
/a:2 sin(z/2) dv = —2x% cos(x/2) + 4/:Bcos(a:/2) dx.

For the remaining integral, integrate by parts once more:
/:pcos(x/Z) dr = 2z sin(x/2) + 4 cos(z/2) + C.

Therefore,

—222 cos(z/2) + 8z sin(x/2) + 16 cos(z/2) + C.

Problem 6. Calculate

/a:ln(2a:) dzx, x> 0.
Solution. Take v = In(2x) and dv = x dx. Then du = dx/x and v = x?/2. Hence,

z? 1
zIn(2x) dx = ) In(2z) — 5 xdx

2 2

= %ln(2m) - xz +C.

Problem 7. Calculate

/ arctan z dz.

2



Solution. Write the integrand as 1 - arctan z and use integration by parts:

dx

u = arctan x, dv = dx, dy = ——,
14 22

Then

x
arctan x dx = x arctanx — dx
1+ 22

1
= |rarctanz — 3 In(1+ 2% + C.

Problem 8. Calculate

/x3 sin(z?) da.
Solution. Let u = x2. Since du = 2z dz, we have 2 dx = udu/2. Thus,

1
/x3 sin(2?) do = §/usinudu.

Integration by parts gives
/usinudu = —ucosu +sinu + C.

Consequently,

Problem 9. Calculate

/sin(\/E) dz, x> 0.
Solution. Put u = y/z. Then x = u* and dx = 2u du. Hence,

/sin(\/E) dr = 2/usinudu.
Using integration by parts,
Q/usinudu = —2ucosu + 2sinu+ C.

Therefore,

—2¢/z cos(v/x) + 2sin(y/x) + C.

Problem 10. Calculate

/arcsinxdx, —-l<z<l1.



Solution. Take v = arcsinz and dv = dx. Then

d
du:—x V= I.

NI
Thus,

T
arcsinx dx = rxarcsine — | ———dx
/ /\/1—932
=|zarcsinz + V1 — 22+ C.

Problem 11. Calculate

arctan(,/)
Ve

Solution. Put v = \/x, so dx = 2udu. The integral becomes

dx, x > 0.

2 / arctan u du.
Using the result of Problem 7,
2 / arctan u du = 2u arctanu — In(1 + u?) + C.

Hence,

2v/z arctan(y/z) — In(1 +z) + C.

Problem 12. Calculate
Lx[ dz,
1+ Jx

Solution. Let x = u5. Then dx = 6u® du, and

CR— s
1+\3/5d:v—6 1+u2du.

x> 0.

Polynomial division gives

8
u 6 4 2 1
= — —1 .
T2 U U +u +1—|—u2

Therefore,

ud 6 . 6 . 5
6 du=-u"— -u’> + 2u”> — 6u + 6arctanu + C.
1+ u? 7 5

Returning to =z,

6 6
?:c7/6 — 5x5/6 + 2v/x — 63/x + 6arctan(v/z) + C.




Problem 13. Decompose the rational function into elementary terms and calculate its
integral:
/ 3 —Tr — 24
—— dx.
x?2—2x—8
Solution. Since the numerator has larger degree, we first divide the polynomials:

3 —Tr — 24 Loy or — 8
——— =z .
2 —2r —8 (x —4)(z+2)

For the proper fraction, write

Sr — 8 A B

C—D(e+2) -4 242

Substitution of x =4 and x = —2 gives A = 2 and B = 3. Hence,

[E3—7ZL‘—247 Loy 2 n 3
x2—2x—8_x r—4 x+2

Therefore,

2

%+2x—|—21n|x—4|+31n|x+2|—i—C’.

Problem 14. Decompose into partial fractions:

-2 +5
(x —1)2(x+2)

Solution. The repeated factor (z — 1)? requires two terms:

~2+5 _ A B C
(x—1)2%(z+2) -1 (x—-12 2+2

After multiplying by (z — 1)%(z + 2),
—22+5=A(x —1)(z+2) + Bz +2) + C(z — 1)%

Putting = 1 gives B = 1, and putting z = —2 gives C' = 1. Taking x = 0 then gives
A = —1. Thus,

1 N 1 n 1
r—1 (z—12 z+4+2

Problem 15. Calculate

/:c2 +2r+1
———dux.
(2?2 +1)

Solution. We seek constants A, B, C' such that

x2—|—2:c+1_A+Bx+C
r(z24+1) 2241



Comparing coefficients in
2422 +1=A@*+1)+ (Br+O)x

gives A=1, B=0 and C = 2. Hence,

1 2
/(__,_ : )dxz In || 4+ 2arctanz + C.
r x*+1

Problem 16. Calculate

/ 222 + 3x + 18
—_—dx.

3 4 9
Solution. Since 2® + 9z = z(2* + 9), write

2x2—|—3x+18_A+B:c+C
z(224+9) oz 2249

Comparing coefficients yields A =2, B =0 and C' = 3. Therefore,

21In |x| + arctan (g) +C.

Problem 17. Calculate

X.

/ 53 + 6z + 2
22(2? 4 2z + 2)

Solution. The appropriate decomposition is

523 + 62 + 2 7A B Cx+ D

22(22 + 22 + 2) ;+x2+x2—|—2x+2‘

After clearing denominators and comparing coefficients, we obtain
A=2, B =1, C =3, D = -5.

Thus,
523 4+ 6x + 2 2 1 3r—5

r2(2? 4 22 + 2) §+ﬁ+x2+2x+2'

Since 3z — 5 = 3(22 + 2) — 8 and 2% 4+ 2z 4+ 2 = (x + 1)® + 1, integration gives

1 3
2In |z| — - + éln(x2 + 2z 4 2) — 8arctan(z + 1) + C.
T




Problem 18. Calculate
/ 1822 V63 + 5 dx.

Solution. Put v = 62 + 5. Then du = 1822 dx, and hence

4
/18w2(6w3+5>”4dx=/u1/4du= = (62" +5) - C.

Problem 19. Calculate
/ 263 + 1
——dt.
(t* + 2t)3

Solution. Let u = t* 4+ 2¢t. Since du = (4t> + 2)dt = 2(2t* + 1)dt, we obtain

2t3 + 1 1 1
/ 20" 2 /“ YT T

Problem 20. Calculate

1 X
/ te dz.
1—e>*

Solution. First multiply the numerator and denominator by e*:

IL+e*  e"(1+e")

l—e=®  ev—1

Put u = €%, so du = e* dx. Then

/de:/1+udu:/<l+ 2 )du.
et —1 u—1 u—1

Therefore, on every interval not containing 0,

e +2nle® — 1|+ C.

Problem 21. Calculate

/ln(l + 2?) du.
Solution. Use integration by parts with u = In(1 + 2?) and dv = dz. Then
/ln(l + 2% dr = xIn(1 + 2?) — / 2 dx
B 1+ a2

1
2
:xln(1+x)—2/<1—1+x2)daﬁ



Hence,

rIn(1+ 2?) — 2x + 2arctanz + C.

Problem 22. Calculate

3t+5
[ A5
(tQ + 1)2
Solution. Separate the numerator:

/Ldt+5/L
(t2 +1)2 (24 1)

3
22+ 1)

The first integral is

For the second, the identity

/ at ! +1 tant + C
= — arctan
(t2+1)2  2(2+1) 2

may be verified by differentiation. Combining the terms gives

ﬂ +§arctant+ C
2062+ 1) ' 2 '

Problem 23. Calculate

/ 4 + 1 d
——dzx.
2 —2x+5

dr+1=22z—-2)+5,

dr +1 2 — 2 dx
———d2 =2 | ————dx+5 | ———————
/x2—2x—|—5 v /m2—2x+5 v /(x—1)2—|—4

Solution. Since

we have

5 -1
=|2In(z® — 22 +5) + 3 arctan (:cT) +C.

Problem 24. Calculate

1—
/\/ xdx, 0<zx<l.
x

Solution. Put z = sin?#, where 0 < § < 7/2. Then

dxr = 2sinf cos 6 db, wll_xch)se.
x sin 6

8




Therefore,

1—
/\/ x$d$:2/00829d9:9+Sin06089+0.

arcsin(v/z) + z(1 — z) + C.

/ e®sinx dx.

Solution. Let I = [ e”sinz dx. Integrating by parts twice gives

Returning to =z,

Problem 25. Calculate

I:exsinx—/ewcosxdx,
/ezcosxdx:ezcosx+l.

Substituting the second identity into the first,
2] = e"(sinx — cosx).

Thus,

%(sina: —cosz) + C.

Problem 26. Calculate
/(x +1)e* 1 da.

Solution. Use integration by parts with u = x + 1 and dv = €3 !dz. Then du = dr and
v =¢e*"1/3. Hence,

1 1
/(x+ 1)e** 1 dz = %63%1 _ g/efh—l da

_ 3x;— 263%1 LC

Problem 27. Calculate
/(x%—ﬁ)lnxdx, x> 0.

Solution. We integrate the two terms separately. Integration by parts gives

2 2
/xln:cda: = %lnx— %,



and
2 4
/a:l/Q Inxdx = §x3/2 Inz — §x3/2.

Therefore,

Problem 28. Calculate
(Inz)? dz, x> 0.

Solution. Use integration by parts with v = (Inz)? and dv = dz:
/(1n:1;)2 dx = r(Inx)® — 2/lnxdx
=2(lnx)* - 2(xlnr — )+ C.

Hence,

r(Inz)? —2rInx + 22 + C.

Problem 29. Calculate
/x(ln r)? de, x> 0.

Solution. First take v = (Inx)? and dv = z du:

2

/ﬂm@%x:%@mf—;/ﬂm@%m

Applying integration by parts twice more to the remaining powers of Inz gives

{L‘2

3 3 3
5 ((lnx) 2(111:6) + 21111: 4) +C.

Problem 30. Calculate

/( (4sinz + 6) cos x

x.
sinz — 1)(sin? x + 4)
Solution. Put u = sinz, so du = cosx dx. Then
du+6 2 —2u+ 2

D@44 u—1 w@td

Therefore,

4
/ (u— 11;;;26_'_ 4) du=2In|u — 1| — In(u* + 4) + arctan(u/2) + C.

10



Returning to x,

21In [sinz — 1| — In(sin® z + 4) + arctan (%) +C.

Problem 31. Calculate

rsinx
3 dz.
cos3 x

Solution. Use integration by parts with

sinx
u=ux, dv = ——dx.
cos3 x
Since
1
Q] =
2cos? x’
we obtain
rsinx d T 1 dx
T = — =
cos® x 2cos?2x 2 ) cos?x
T 1
= 5= — 5 tanz + C.
2cos*xr 2

Problem 32. Calculate 6
/—ezw Epr— dx.

Solution. Put u = e*, so dz = du/u. Since u> —u —2 = (u — 2)(u+ 1),

6 6
/eZI—e‘”—de_/u(u—Q)(u—f—l)du'

The partial-fraction decomposition is

6 3 1 2

w(u —2)(u+1) u+u—2+u+1'

Consequently,

-3z +In|e” — 2|+ 2In(e” + 1)+ C,

on every interval not containing In 2.

11



Problem 33. Suppose that f is integrable on every interval required below and that

—10 5

~10 -
/12 f(z)dx =6, f(z)dx = =2, f(x)dx =4.

100 100

12
Calculate / f(x)dx.
-5

Solution. We follow a path from —5 to 12 through 100 and —10:

/_jf(x)dasz/;oof(x)dm—|— l_mf(f)dif+/_zf(:£)d:):.

00

Reversing the limits in the first and third given integrals gives

100 12
/ f(x)de = —4, / f(z)dx = —6.
-5 —10

Therefore,

12
/ flz)de =—-4—-2—-6=—12.
-5

Problem 34. Differentiate the following functions:

(a) g(x)= /w e cos?(1 — 5t) dt,

—4

(b) h(x):/ Ll

S t2 41

Solution. (a) By the Fundamental Theorem of Calculus,

d(x) = €** cos?(1 — 5z).

(b) The variable limit is the lower limit. The chain rule therefore gives
(2 +1
(%) +1
2x(a® + 1)

rr+1

B (z)=— 2

Problem 35. Calculate

Solution. An antiderivative is



Thus,

Problem 36. Calculate
T2 cosx
o 1l-+sin“z

Solution. Put u = sinx, so du = cos x dx. The limits become u = 0 and u = 1. Therefore,
w/2 1 d

/ L.gjzd:p = / A [arctan u, = Ul

o 1l+sin“zx o 1+ u? 4

Problem 37. Calculate

1
/ arctan z dz.
0

Solution. From integration by parts,
1 2
arctan x dr = x arctanz — 3 In(1+27) + C.

Hence,

1 1
1
/ arctan x dx = {x arctan x — 5 In(1 + 2?)
0 0

Problem 38. Calculate

/ an2 x .
0 cos*zw
Solution. Put u = tanx. Then du = dx/ cos® z, and the limits are 0 and 1. Thus,

/4 tan” 1 871
/ an2xdx:/ u du = {u_} =
o Ccos*x 0 8 1o

Problem 39. Calculate
“lnz
—dz.
1 x?

13

ol —




Solution. Use integration by parts with u = Inz and dv = 27 2dz. Then du = dz/x and

v = —1/x. Therefore,

1 | 1
n—;:dx:—ﬂ——+0.
x r x

It follows that

Problem 40. Calculate

Solution. Partial fractions give

20 4+ 62> —1 2 1+ 3
2(z4+1)2 oz 22 (z+1)%

Hence,

+C

/2x3+6x2—1d 91 +1 3
————dr=2lnzr+ - —
2?(x +1)2 r x+1

on [1,2]. Evaluating at the endpoints,

2 3 2 2
2 6x° — 1 1 3
/ 207 62" —1 {zmﬂ__
1

x2(z + 1)? r x+1],
=22 ]

Problem 41. Calculate

2
/ (x —1) |z — 1| e® dx.
0

Solution. The absolute value changes formula at =z = 1:

Y

(x—1)% 0 1
1 2.

=1l —1 = {@_1)27

An antiderivative of (x — 1)%e® is

i
i

NN
VARAY

F(x) = e"(2® — 4x + 5).
Therefore,
/0 (1) |z — 1] de = — [F(@)]} + [F(z)]?

= —(2¢ —5) + (¢ — 2¢)

=| —de+5

14



Problem 42. Let f(x) = 2° + 3z + 2 on [1,4]. Find every number ¢ € (1,4) supplied by
the Mean Value Theorem for integrals; that is, find ¢ such that

t[fwwx:ﬂau—n.

Solution. First calculate the integral:

4 3 2 4
3
/(:p2+3x—|—2)dx: {%—k%—l—Zx}
1

Thus, f(c) must equal the average value
I 33
) @ =3

33
§+30+2:§3

We solve

or equivalently 2¢? + 6¢ — 29 = 0. Hence,

C_—3i¢ﬁ

Only one of these values belongs to (1,4), so

L T3 VOT
_T.

Problem 43. Determine whether the improper integral converges and, if it does, calculate
it:

& —1
A ¢n+m@+1fm

Solution. We have
-1 1 1

(z+2)(z+1) z+2 z+1

Therefore,
/m —1 4= lim [+ 2) — In(z + 1)
r = lim [In(z —In(z
o (@+2)(x+1) R—00 0
= lim In (E) —1In2
R—00 R+1

~[Chz]

Thus, the integral converges.

Problem 44. Determine whether the improper integral converges and, if it does, calculate

it:
/°° dz
Lo L2

15




Solution. An integral over the whole real line must be split at a finite point, for example

at 0:
* o da . O dzx ) B dx
= lim + lim
_Ool—l—l’z A——oo [ 4 1+ 22 Box 0 14+ x2

. . 0 . B
= AEIPOO larctan z], + Bll_rgo [arctan z],

™ ™
=5ty =l

Both component integrals converge, so the original integral converges.

/ e 23 du.
1
Solution. By definition,

[e%s) 1 R
e 23 dr = lim |——e 273
1 R—oo 2 1

I K 1 —2R-3 1 -5
= fim (—56 3¢

Problem 45. Calculate

Problem 46. Calculate

/ < dx
o e+ 1
Solution. Let u = e®. Then dxr = du/u, and the limits become 1 and oo:

/°° dx _/°° du
o e+1 )i u(u+1)

Since

we obtain

& du . R

=0~ (~n2)=In2]

Problem 47. Determine whether the improper integral converges:

w/2 dr
/0 sinz’

16




Solution. The integrand is unbounded at x = 0. Since

/ d = In [tan(z/2)| + C,

sin x

we have

sinx  e—0+

T2 gy P
/O d = lim [ln(tan(x/Q))]E/
= — lim In(tan(e/2)) = 4oo0.

e—0t+

Therefore, the integral diverges.

Problem 48. Calculate - .
/ o
o e +1

Solution. Put u = e*, so du = e” dr. The limits become 1 and oco. Hence,

< et > du
/ > dm:/ a1
g e +1 1 ut+1

= lim [arctanu]l’ =
R—o00

b 3

]
e

Problem 49. Calculate
/_1 dx
o VI —1
Solution. Put uw = /1 — 2. Then v = 1 — v? and do = —2udu. When z — —00, u — 00,
and when r = —1, u = V2. Thus,

1 da V29 V29
/ —:/ —du:/ du
o TV — o 1—u? o u?—1

=In (ﬁ_ 1) —|—2In(vV2 +1).

Problem 50. Calculate

Solution. Put uw = 1/z. Then du = —dx/x*. Asx — 07, u — oo, and as z — oo, u — 0.

Therefore,
0 efl/x 0 oo
/ 5 dx:/ —e_“du:/ e "du=|1]
0 Z oo 0

17




Problem 51. Calculate

/°° dx
0o 12—2x+5

2~ 20 +5=(z—1)7>+4.

Solution. Complete the square:

Thus,

Problem 52. Determine whether the improper integral converges:

/1 dz
2?2 =2z|+ 1

Solution. For —1 < z < 0, the denominator equals
20 +1=(z+1)3
while for 0 < x < 1 it equals
20 +1=(z—1)>2

/1 dx _/0 dx —I—/l dx
T v s Sl AR e ) A A P ER

Each integral diverges to 400 at one endpoint. Hence, the original integral diverges.

Therefore,

Problem 53. Calculate the following improper integrals:

(a) / re " dz, (b) / e Tsinzdx.
0 0

Solution. (a) Integration by parts gives

1
/xe_% dx = —ge_% — 4—16_% + C.

Since xe=2* — 0 as x — 00,

OO —2z L o 1 —2:c:|oo T
re “dr = [——e ——e =|-.
J i R
(b) Let I = [ e *sinzdz. Two integrations by parts give
1
I= —§e_$(sinx +cosx) + C.
Therefore,
© 1. 1]
e “sincdr = |——e “(sinz +cosx)| =|=.
0 2 o 2]

18




